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PREFACE 

rhe technical program  of t he   13 th  Annual  Meeting of the   Soc ie ty  of Engi- 
neer ing  Science,   Inc. ,   consis ted of  159 inv i ted   and   cont r ibu ted   papers   cover ing  
a wide v a r i e t y  of r e sea rch   t op ic s ,  a plenary  session,   and  the  Annual   Society of 
Engineering  Science  Lecture.   Thirty-three of t he   t echn ica l   s e s s ions   con ta ined  
inv i ted   and/or   cont r ibu ted   papers   whi le  two of t h e   s e s s i o n s  were conducted as 
panel   d i scuss ions   wi th   audience   par t ic ipa t ion .  

These  Proceedings,  which  contain  the  technical  program of the  meet ing,  are 
p resen ted   i n   fou r  volumes  arranged  by  subject material. Pape r s   i n  materials 
science are con ta ined   i n  Volume I .  Volume I1 conta ins   the   s t ruc tures ,   dynamics ,  
applied  mathematics,  and  computer  science  papers. Volume 111 conta ins   papers  
i n   t h e  areas of acoust ics ,   environmental   model ing,   and  energy.   Papers   in   the 
area of f l i g h t   s c i e n c e s  are con ta ined   i n  Volume I V .  A complete  Table of Contents 
and an  Author  Index are inc luded   in   each  volume. 

We would l i k e   t o   e x p r e s s   p a r t i c u l a r   a p p r e c i a t i o n   t o   t h e  members of t h e  
S tee r ing  Committee  and the  Technical  Organizing Committee for   a r ranging   an  
exce l l en t   t echn ica l  program. Our thanks are g iven   t o  a l l  f a c u l t y  and s t a f f  
o f   t h e   J o i n t   I n s t i t u t e   f o r  Advancement of   Fl ight   Sciences  (both NASA Langley 
Research  Center  and The George  Washington  University) who c o n t r i b u t e d   t o   t h e  
organization  of  the  Meeting. The a s s i s t ance   i n   p repa ra t ion   fo r   t he   mee t ing  
and t h i s  document of  Sandra  Jones,  Virginia  Lazenby,  and Mary Torian i s  
g r a t e f u l l y  acknowledged. Our g r a t i t u d e   t o   t h e   S c i e n t i f i c  and Technical 
Information  Prgrams  Division  of  the NASA Langley  Research  Center  for pub- 
l i sh ing   these   Proceedings  i s  s incerely  extended.  

Hampton, V i rg in i a  1976 J. E. Duberg 

J. L ,  Whitesides 
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PROSPECTS  FOR  COMPUTATIONAL 

FLUID  DYNAMICS I N  THE NMT DECADE 

Percy J. Bobbitt  
NASA Langley  Research  Center 

With so many of our   l ead ing   numer ica l   f lu id   mechanic ians   par t ic ipa t ing  
' i n  t h e   1 3 t h  Annual  Society  of  Engineering  Science  Meeting,  and  considering the 
phenomenal  progress made i n  the area of   computat ional   f luid  dynamics  during  the 
pas t   few  years ,  i t  was decided by t h e   o r g a n i z e r s   t h a t  now was an a p p r o p r i a t e  
time to   cons ider   where  w e  are going i n  the next   decade.   Predict ions are always 

becomes. S t i l l   w i t h  a l l  t h e   u n c e r t a i n t i e s  a look i n   t h e   c r y s t a l   b a l l   c a n   b e  
v e r y   b e n e f i c i a l ,   p a r t i c u l a r l y   i f  i t ' s  done by a number o f   expe r t s  of d i v e r s e  
backgrounds  and  interests  i n  a n   i n t e r a c t i v e  mode. 

, .  -:. hazardous   and   the   fa r ther  we t r y   t o   l o o k  ahead t h e  more  clouded  our  perception 

The  main b e n e f i t s   t h a t  I see from  such  an  exercise  are th ree fo ld :  It 
enables   those  of u s  who depend  on   o ther   d i sc ip l ines   ( technologies ) ,   say  as a 
computat ional   f luid  dynamicis t   depends  on  the  capabi l i t ies  of h i s  computer,   to 
an t i c ipa t e   fu tu re   deve lopmen t s   i n   t hose  areas and set our  long-range  goals  with 
grea te r   accuracy ,  i t  r equ i r e s   u s   t o   t h ink   abou t   where ,  .and how f a s t ,  we are 
g o i n g   c o l l e c t i v e l y ,   a n d   f i n a l l y  it g ives   u s  a clearer understanding  of how t r u l y  
interdependent w e  are. 

New numerical   techniques,  some of  which were exposed i n  earlier conference 
papers ,  show promise  of  decreasing  our  computation time from  one t o  two o r d e r s  
of  magnitude  during  the  next  few  years. A t  the  Langley  and Ames Research  Centers 
t h e  STAR and ILLIAC computers are now being  employed t o   p r o v i d e   a d d i t i o n a l  
r educ t ions   i n   computa t ion  time. For   instance,  a "Navier-Stokes"  calculation 
made las t  sp r ing   on   t he  STAR computer  reduced CPU time by a f a c t o r  of 65 over 
t ha t   r equ i r ed  by t h e  CDC 6600. These  computers  also  have  greatly  expanded  the 
s i z e  of  problems  that   can  be  handled by v i r t u e  of t h e i r   s t o r a g e   c a p a c i t y .  
Neve r the l e s s ,   i f   t he   pas t  is any   i nd ica t ion  w e  w i l l  soon become impat ient   with 
the   l imi t a t ions   o f ' t hese   mach ines   and  start look ing   fo r   t he   nex t   gene ra t ion  
computer   with  hopeful ly   one  to  two o rde r s  of magnitude  greater  speed  and  storage. 

Numerical  techniques  and  computing power are only two co rne r s  of t h e  compu- 
t a t i o n a l   f l u i d  dynamics  t r iangle .  What about   t rans i t ion   p red ic t ion   and   tu rbu-  
lence  modeling? Well, p rogres s  i s  being made bu.t th i s   t echnology  remains   the  
pacing  one. It w i l l  be  speeded,  however, by t h e   a v a i l a b i l i t y  of  increased 
computing  power  and  more accurate/faster   numerical   methods.  (One c o n t i n u e s   t o  
hope f o r  a more un ive r sa l   concep t ,  a breakthrough,   to   codi fy  a l l  t h e   d i v e r s e  
t u r b u l e n t  phenomena.) So a l l  the  important  elements  of  computational  f luid 
dynamics are moving ahead. What improvements  do  you f o r e s e e   d u r i n g   t h e  next 
decade i n   t h e s e   e l e m e n t s ?  What w i l l  t hey   l ead   t o  i n  terms of  problem  solving 
c a p a b i l i t i e s ?  Are w e  doing a l l  w e  s h o u l d   t o   f u r t h e r   t h e  state of t h e  ar t?  
Hopefu l ly   the   pane l  members w i t h   a n  assist from the   conferees   can   shed  some 
l igh t   on   these   ques t ions .   Br ie f   "pos i t ion   s ta tements"   o f   each   of   the   pane l i s t s  
follow. 
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PROSPECTS FOR COMPUTATIONAL FLUID DYNAMICS 

I N  THE NEXT DECADE 

J .  P. Boris 
U. S.  Naval Research  Laboratory 

The prospec ts   for   computa t iona l   f lu id   dynamics   in   the   next   decade  
coup le   c lose ly   t o   t he   s t eady  improvement  of  computational power. Although 
the Texas Instruments Advanced S c i e n t i f i c  Computer i s  f u l l y   o p e r a t i o n a l  now, 
the  Cray I, which  has   the  potent ia l   to   be more powerful, w i l l  on ly   be   fu l ly  
o p e r a t i o n a l   i n  a couple   o f   years   a f te r  a t  least  a moderate  spectrum  of 
optimizing,  user-oriented  software  has  been  developed. The p r e d i c t i o n s  c a l l  
f o r  a t  most a f a c t o r   o f  2-3 i n  speed  over  the ASC i n  any  case.  Beyond t h e s e  
modest  advances  (roughly a f a c t o r  of ten   to   twenty  a t  most  over  the  large 
IBM and CDC machines),  very l i t t l e  hardware  improvement i s  a c e r t a i n t y .  Both 
Cray  and T.I. speak  hopefully  about  improvements  of a f ac to r   o f  two t o   f o u r  
i n  speed   over   the i r   cur ren t   top   o f   the   l ine   p roducts .   Grant ing   th i s   advance  
dur ing   the   next   t en   years   sugges ts   tha t   the  NRL ASC as i t  i s  c u r r e n t l y  
configured  ( two  ar i thmetic   pipel ines   and 1,000,000 words  of  high  speed  bipolar 
memory) i s  neve r the l e s s   w i th in  a f ac to r   o f   t en   o f   t he   f a s t e s t  machine l i k e l y  
to   be   i n   u se   i n   t he   wor ld  by 1986. 

The hardware  technology  for memory d e n s i t y  i s  progress ing   fas te r   than  
computation  speed  r ight now so  I f e e l   q u i t e   c o n f i d e n t   i n   p r e d i c t i n g  a t  least  
a ten- fo ld   increase   in   useable   h igh   speed  memory, say l-5XlO words  of  primary 
d i r e c t   a c c e s s  memory  by 1986. This  advance i s  timely  because my view  of  the 
l a r g e  I B M  and CDC machines i s  t h a t   t h e y  are unbalanced i n   c u r r e n t   c o n f i g u r a -  
t i o n s .  An I B M  360/91 w i t h   h a l f  a mil l ion  words i s  too small by a f ac to r   o f  
t h ree   o r   fou r   and   t he   s i t ua t ion  i s  worse s t i l l  f o r   t h e  195 and t h e  7600. 

7 

In   computa t iona l   f lu id   dynamics   i t se l f  I expec t   the   g rea tes t   advances  
t o  come from ca re fu l   app l i ca t ion   o f  new but  known techniques   t ak ing   fu l l  
advantage of the   para l le l i sm  of   the  new v e c t o r   a r c h i t e c t u r e s .  These new 
machines are i d e a l l y   s u i t e d  t o  s imple,   brute-force  calculat ions  which  lend 
themse l f   t o   vec to r i za t ion .  Thus the  balance  point   between  expl ic i t  ( i t e r a t ive )  
techniques and  more complicated  implici t   techniques w i l l  s h i f t  somewhat 
toward  the  simpler  explicit   methods  from  even  the  current  posit ion.  To be 
more s p e c i f i c  I would l i k e   t o   c o n s i d e r   t h e   f o u r   f i e l d s  where I feel   computat ion-  
a l  f l u i d  dynamics  can  be  expected to   p l ay   t he   b igges t   ro l e ,  weapons design, 
meteorology,  aerodynamic  (and  reentry)  design,  and  advanced  f luid  mechanics 
f o r  plasma, reactive and turbulen t   f lows .  

The s t r o n g   i n t e r e s t   i n  laser f u s i o n  schemes i s  being  augmented  currently 
by  new ideas   for   fus ion   breakeven   us ing   e lec t ron   and   ion  beams. The nuc lea r  
weapons design  codes are being revamped f o r   t h e  new computer  systems now 
coming on l i n e  and are be ing   app l i ed   t o   t hese  "micro  explosion"  designs. By 
the  end  of  the  decade  breakeven  should  be  obtained  using  designs  developed 
a lmost   exc lus ive ly  by computer  simulation. 
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In meteorology  the  hardware  advances in speed  and  memory  are  not  likely 
to change  current  capabilities  drastically. A doubling  of  resolution  in  all 
three  dimensions  is  the  most  that  can  be  expected  and  this  isn't  going  to 
change  our  capability  of  understanding  qualitatively. I look  for  the  on-line, 
real  time  acquisition  and  integration  of  global  satellite  data  into  the 
numerical  models  to  bring  about  the  biggest  qualitative  changes  in  our  numeri- 
cal  prediction  ability  during  the  decade.  The  patchy,  often  inaccurate  or 
incomplete  data  used  to  drive  existing  models  is  the  major  source  of  error  as 
often  as  not. 

In  aerodynamic  and  reentry  design  many  adequate to excellent  3-dimensional 
calculations  are  already  being  performed on present  day  systems.  The  next 
decade  will  see  a  dissemination  and  solidification of this  computer  technology 
for  steady  state  design  calculations. It is  in  the  realm  of  highly  transient 
unsteady  flow  calculations  that I expect the biggest  gains to be made. Such 
calculations  have  been  performed  in  three  dimensions  already  but  the  resolution 
has  invariably  been  low (40 x 40 x 30 grids  for  example). In plasma  physics 
the  NCTRCC  machines  at  Livermore  can  be  expected  to  significantly  extend 
the  frontiers  of  the  fusion  community  and  the  recently  procured  CRAY  machine 
at  NCAR  should  have  a  corresponding  role  to  play  in  turbulence  calculations 
and  important  atmospheric  flows.  The  ASC  at  NRL  is  already  providing  inroads 
into  transient  reactive  flow  problems  such  as  arise  in  combustion  research 
where  the  goals  are  increased  efficiency,  cleanliness,  and  safety. A s  one 
data  point  of  the new  capabilities  the  four  conservation  equations  of  ideal 
compressible  hydrodynamics ( p ,  pV,, pVy E )  can  be  solved  with  strong  shocks  on 
a 200 x 200 finite-difference  grid in about 2 sec  per  timestep  (NRL  ASC). 
This  speed  which  is  five  to  ten  times  what can be  achieved on the 7600, 
should  allow  us  to  calibrate,  by  direct  computation on finely  resolved 
systems,  the  actual  subgrid  closure  schemes  which will be  used  in  the  large 
macroscopic  reactive  flow  calculations. 
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SOME  THOUGHTS ON NUMERICAL METHODS I N  FLUID DYNAMICS 

George J. F i x  
Carnegie-Mellon  University 

' and ICASE 

Can t h e   f i n i t e   e l e m e n t  methods   be   successfu l ly   used   for   p roblems  in   f lu id  
dynamics?  This  question  strikes m e  as being as inappropr i a t e  and  misleading as 
the   ques t ion  of w h e t h e r   t h e   f i n i t e   d i f f e r e n c e  method can  be  successful ly   used 
i n   f l u i d  dynamics? The i s s u e  of  course is  which f i n i t e   e l e m e n t   o r   f i n i t e   d i f -  
ference method  and i n  which  context?  This  point i s  c r u c i a l   f o r  I f e e l   t h a t   t h e  
"general  problem"  of  computational  fluid  dynamics,  namely  the  integration  of 
the   fu l l   Navier -S tokes   equat ions  a t  phys i ca l ly  real is t ic  Reynolds  numbers, 
e ludes a l l  e x i s t i n g  methods  and awaits major  advances i n  computer  hardware f o r  
i t s  u l t i m a t e   r e s o l u t i o n .   I n   t h e  meantime s ignif icant   advances  can  be made i n  
" spec ia l i zed  models"  where "special ized  techniques"  are both  appropriate   and 
s i g n i f i c a n t .  

For  example, i f   t h e   f l o w  i s  incompressible  and i f   t he   f l ow  r eg ion   has  
rectangular   boundaries ,   then  there  are ve r s ions  of t he   spec t r a l   and  pseudo- 
s p e c t r a l  methods [ l ]  which are very  powerful. They are s u b j e c t   t o  ce l l  Reynolds 
number r e s t r i c t i o n s  [ 2 ] ,  however t h e   e f f i c i e n c y  and  speed  of t h e  F.F.T. permits  
a ve ry   l a rge  number  of modes t o  be  used  ' in  the  approximation  and  hence  very 
large  Reynolds  numbers. I r ema in   qu i t e   skep t i ca l  of g loba l  mapping  techni- 
ques   and   t hus   fo r   cu rv i l i nea r   geomet r i e s   f ee l   t ha t   i n   t h i s   con tex t   spec ia l i zed  
f in i te   e lements   (as   for   example   in   [3] - [5] )and   the  similar ( i f   not   computat ion-  
a l l y   e q u i v a l e n t )   f i n i t e  volume  methods are superior.   These  conclusions may be 
changed  however by the  emergence  of f i n i t e   d i f f e r e n c e s  which  use  local  mappings 
of the  computational  domain. 

The use of t h e   v e l o c i t y   p o t e n t i a l   e q u a t i o n . i n   t r a n s o n i c   f l o w  is another 
example  where s impl i f ica t ion   of   the   fu l l   Navier -S tokes   equat ion   has   l ed   to  
advances.  For  ye,ars  the Murman-Cole-Jameson d i f f e r e n c e  scheme ([6]-[7])  has 
been a rel iable   workhorse.   Fini te   e lements   a lso  have a p o t e n t i a l   u t i l i t y   h e r e  
in   p rovid ing   s tab le   second  order   approximat ions   ( the  Murman-Cole-Jameson scheme 
is  only  f i r s t   o rder   accura te )   and   in   t rea t ing   compl ica ted   geometr ies .   Spec ia l i -  
zed va r i a t iona l   p r inc ip l e s   have   been   r ecen t ly   deve loped  and  compare favorably 
wi th   the   d i f fe rence   approximat ion   [8] .   Spec ia l   no te   should   be  made of f i n i t e  
element  methods  based  on least square  approximation of t h e   a s s o c i a t e d   f i r s t  
order   system  for   t ransonics .   These  ideas  seem t o  work o u t   p a r t i c u l a r l y  w e l l  i n  
t he   i nde f in i t e   ca ses   ( i . e . ,   where   t he  time dependence i n   t h e   p o t e n t i a l   e q u a t i o n  
has  been removed  by an eiwt s u b s t i t u t i o n )   [ 9 ] .  Some r e c e n t   i n v e s t i g a t i o n s  
have shown t h a t  l eas t  squares  approximations may a l s o   b e   e f f e c t i v e   i n   t r e a t i n g  
the   f i r s t   o rde r   equa t ions   i n   gas   dynamics .  
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PROSPECTS  FOR COMPUTATIONAL FLUID  DYNAMICS I N  THE NEXT DECADE 

R. W. MacCormack 

The Navier-Stokes  equations  adequately  describe  aerodynamic  f lows a t  
s tandard   a tmospher ic   t empera tures   and   pressures .   I f  w e  c o u l d   e f f i c i e n t l y  
so lve   t hese   equa t ions ,   t he re  would b e  no  need for   exper imenta l  tests t o  
des ign   f l igh t   vehic les   o r   o ther   aerodynamfc   devices .   Unfor tuna te ly ,   ana ly t ic  
o r   c lo sed  form s o l u t i o n s   t o   t h e s e   e q u a t i o n s  e x i s t  f o r   o n l y  a few  simple 
flow  problems.  During  the  past   decade  the  computer  has  been  used  to  generate 
many  new so lu t ions .  However, even   wi th   the   rap id   p rogress   in   bo th   numer ica l  
methods  and  computer   resources ,   these  solut ions  have  been  res t r ic ted  to  
low  Reynolds number or  two-dimensional  flows. 

Recent  progress i n  t h e  development  of  efficient  numerical   methods  has 
drast ical ly   reduced  the  computat ion time requi red   to   so lve   the   Navier -S tokes  
equat ions a t  f l i g h t  Reynolds  numbers. Though f lows   pas t   comple t e   a i r c ra f t  
con f igu ra t ions  are s t i l l  beyond  our  reach, i t  is now p o s s i b l e  and p r a c t i c a l  
t o   c a l c u l a t e  many important  three-dimensional,  high  Reynolds number flow 
f i e l d s  on  today's  computers. 

During  the  next  decade we must   expect   this   progress   in   both  numerical  
methods  and  computer  hardware  development to   cont inue.   Also we can  expect 
a p a r a l l e l  development in   the   model ing   of   tu rbulen t   separa ted   f lows .  By 
t h e  end  of  the  next  decade w e  s h o u l d   b e   a b l e   t o   s o l v e   f o r   t h e   f l o w   f i e l d  
a b o u t   c o m p l e t e   a i r c r a f t   i n   s u f f i c i e n t   d e t a i l   f o r   d e s i g n   p u r p o s e s .  
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COMMENTS ON "PROSPECTS FOR COMPUTATIONAL 

FLUID  DYNAMICS I N  THE NEXT DECADE" 

Steven A. Orszag 
Department  of  Mathematics 

M.I.T. 
Cambridge, Mass. 02139 

The bas ic   assumpt ion   for   the   fo l lowing   s ta tements  is tha t   the   speed   and  
co re   s to rage  of t he   compute r s   ava i l ab le   i n   1986  w i l l  be  about  100 times l a r g e r  
t han   t hose   ava i l ab le  on a CDC 7600  computer now. 

1. Calcula t ions  of t r a n s i t i o n  and  turbulence. .  Some problems  that  may b e  
solved  within  the  next   decade are: ( i )   B a c k - t r a n s f e r   i n e r t i a l   r a n g e   s t r u c t u r e  
i n  two dimensions;   ( i i )   Structure   of   three-dimensional   turbulent   shear   f lows a t  
moderate  Reynolds  numbers; ( i i i )  Study of three-dimensional  horogeneous  turbu- 
l ence  a t  Reynolds  numbers R =S 500; ( iv )   So lu t ion  of t rans i t ion   p roblems on 
s imple bodies;   (v)   Calculat ions of t r a n s i t i o n  on f l a t   p l a t e s   i n c l u d i n g   a c c u r a t e  
c a l c u l a t i o n s  of turbulent  spot  development.  

2. Numerical  techniques  and  modelling.  Accurate  numerical tests of turbu- 
lence  model l ing  hypotheses   should  be  avai lable .   These w i l l  be  based  on  compari- 
sons of d i rec t   so lu t ions   o f   the   Navier -S tokes   equat ions   wi th   the   model l ing  
predict ions.   Further   developments   in   the  mathematics   of  spectral methods, 
f i n i t e  element  methods  and  difference  techniques w i l l  inf luence  computat ional  
f l u i d  dynamics. 

3 .  Navier-Stokes  computer. It may be   poss ib l e  and p re fe rab le   t o   des ign  
a special   purpose  Navier-Stokes  computer  that  is dedicated  to  problems  of 
computational  f luid  dynamics.   Recent  developments  in  the  minicomputer  f ield 
s u g g e s t   t h e   u t i l i t y  of th i s   approach .  
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Prospects f o r  Computational Fluid Dynamics in the Next  Decade: 
some thoughts by Wi 11 iam C.  Reynolds, Chairman, Department 
of Mechanical Engineering,  Stanford  University. 

Fly in t e re s t  i s  in  the  computation,  of  turbulent  flows  of  practical 
concern.  Great s t r ides  i n  phenomenological turbulence models have been 
taken  in  the  past  decade,  yet  only for  relatively  simple flows can these 
phenomenological models be used t o  accurately compute quant i t ies  o f  in te r -  
es t ,  such as  skin  friction,  heat  transfer,  and separation  points. There 
i s  a growing be l ie f   tha t  the phenomsnological models fa i  1 because  the 
large-scale  turbulent  motions, which provide  the primary  control  over 
these  quantit ies,   differ  considerably from flow t o  flow, making  a "uni- 
versal"  theory o f  turbulence  unobtainable. An approach  with which we 
have  been working may eventually do be t te r .  In th i s  approach the large- 
scale  motions are  computed as part of a three-dimensional  time-dependent 
computation, and one only need model the  smaller  scales,  f o r  which simple 
phenomenological models appear t o  work quite  adequately. Work on "large- 
eddy simulations"  is  progressing, b u t  i t  will be some time  before  flows 
of s ignif icant   technical   in terest  can be handled. There are  many ques- 
t ions which  need t o  be resolved  with  simpler,  laboratory-type  flows, and 
this   is   the   direct ion  of  our current work. 

A t  tile  conference I will  present an update on large-eddy  simulation 
a c t i v i t i e s  , which I believe may become the  basis  for  practical   turbulent 
flow computations i f  computer technology  advances by two orders o f  mag- 
ni tude in speed ands torage  beyond the most advanced  machines now in  ser-  
vice. 
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FLUX-CORRECTED  TRANSPORT  TECHNIQUES FOR TRANSIENT 

CALCULATIONS  OF  STRONGLY  SHOCKED  FLOWS 

J. P. Boris 
U. S. Naval  Research  Laboratory 

SUMMARY 

New  flux-corrected  transport  algorithms  are  described  for solvhg gener- 
alized  continuity  equations.  These  techniques  were  developed  by  requiring 
that  the  finite-difference  formulae  used  ensure  pos.itivity  for  an  initially 
positive  convected  quantity.  Thus FCT is  particularly  valuable for.fluid-like 
problems  with  strong  gradients  or  shocks.  Repeated  application  of  the  same 
subroutine  to  mass,  momentum,  and  energy  conservation  equations  gives a  simple 
solution  of  the  coupled  time-dependent  equations  of  ideal  compressible  fluid 
dynamics  without  introducing  an  artificial  viscosity. FCT algorithms  span 
Eulerian,  sliding-rezone,  and  Lagrangian  finite-difference  grids  in  several 
coordinate  systems.  The  latest FCT techniques  are  fully  vectorized  for 
parallel/pipeline  processing  and  are  being  used on the  Texas  Instruments  ASC 
at  NRL. 

INTRODUCTION 

This  paper  reviews  the  Flux-Correct  Transport  (FCT)  techniques  which  have 
been  developed  to  solve  the  continuity  equation 

Q Q =  - 3  - p x  (conservation form). 
bt (la> 

In  addition  to  (ia),  there  are two other  ways to  write  the  continuity  equation 
which  get  reflected  in  some  of  the  numerical  solution  techniques: 

convection  compression 
(convection  form) 

and 

region  region  boundary 
(integral  form) 

The  convective  term 1 - p ~  displayed  explicity  in  Eq.  (lb)  gives  (la-c)  its 
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intrinsically  hyperbolic  form  and  causes  really  severe  problems  numerically. 
The  compression  term - p p v  'is sometimes  absent,  as  in  the  Liouville 
Equation, in which  case  it  is  often  called  the  convection  or  the  advection 
equation. 

Continuity  equations  underlay  compressible  and  incompressible  fluid 
dynamics,  hydrodynamics,  plasma  physics  (Vlasov  Equation  and MHD moment 
equations)  and  even  quantum  mechanics.  They  appear in most  descriptions of 
dynamic  physical  systems  simply  because  they  express two of  the  more  general 
principles  in  physics,  conservation  and  causality.  Continuity  equations also 
display  the  positivity  property:  a  quantity  being  transported will  never  turn 
negative  anywhere  in  a  reasonable  flow  field  if  that  quantity  was  everwhere 
positive  to  start  with.  This  positivity  property  expresses  in  a  continuum 
way the  intrinsic  corpuscular  nature  of  matter.  Thus  matter  cannot  be re- 
moved  from  a  region  which  is  devoid  of  matter  to  begin  with.  This  duality, 
in  which  matter  obeys  both  particle  and  fluid-like  equations  on  microscopic 
and  macroscopic  scales  respectively,  has  its  ramifications  for  numerical 
solution  techniques  as  well.  The  first  three  of  the  possible  solution  tech- 
niques  listed  below  take  advantage of the  underlying  discrete  basis  of  the 
continuity  equation  while  the  last  three  aim  more  directly  at  solving  the 
partial  differential  equation  itself. 

TABLE 1 - 
Quasiparticle  Methods 
1. Collisionless  particles,  stars  and  plasmas 
2. Collisional  particles  for  fluids 

Characteristic  Methods 

- Lagrangian  Finite  Difference  Methods 

Eulerian  Finite  Difference  Methods 
1. Explicit  vs  implicit 
2. Order  vs  accuracy 

The  Finite  Element  Method 

. The  Spectral  Method 

Because  of  their  speed  and  simplicity,  finite-difference  solutions  of 
the  continuity  equation  must  always  be  considered  carefully  as  the  most  likely 
of the  six  candidate  methods  (ref 1). Quoting  three  conclusions  in  a  similar 
context  from  another  source  (ref 2): 

The  spectral  method  has  no  stability  problems  but  is  much  more 
complicated  and  slower  than  generalized  difference  methods. 

It  is  doubtful  whether  the  finite-element  method,  based  on  piece- 
wise  polynomials,  can  compete  with  the  above  methods. 
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If difference  methods  are  used,  they  should  be  at  least  fourth- 
order  accurate. 

While I agree  basically with these  remarks,  they do  not  really  encompass  the 
quasiparticle  schemes  nor  do  they  adequately  reflect  a  very  important  piece 
of  personal  experience.  Whenever  a  theory  is  to  be  tested,  or  an  algorithm, 
or  a  new  mathematical  technique,  attention  rather  quickly  turns  to  the  crucial 
yet  simple  conservation  equations  of  ideal  compressible  flow. 

Finite-difference  methods  have  solved  the  transient  Rankine-Hugoniot 
shock  problem  adequately.  For  that  matter,  various  flavors  of  quasiparticle 
methods  can  do  the  same  vical  problem  creditably  if  enough  particles  are  used. 
I do not  know of any  calculation,  even  in  one  spatial  dimension,  using  either 
a  finite-element  or  a  spectral  method  which  has  correctly  solved  for  an  ideal 
gas  compressible  shock.  Until  such  calculations  become  common  place  com- 
putationally  attractive,  finite-difference  methods  would  seem  to  have  the 
inside  track. 

IMPROVING  FINITE-DIFFERENCE  TECHNIQUES 

There  is  undoubtedly  some  merit  in  trying  to  boost  the  performance  of 
quasiparticle  methods  on  the  one  hand  and  the  basis-function  expansion  methods 
on the  other  toward  the  performance  obtained  from  finite  differences.  But 
it  is a low  risk-high  return  investment to  patch  up  the  obvious  failings  of 
the  front  runners,  finite  differences. In the  case  of  Lagrangian  finite- 
difference  methods,  the  major  outstanding  problems  arise  from  secularly  un- 
attractive  distortions of the  grid  which  wreck  calculations of interesting 
flows  quite  quickly  (refs. 3,4,5) .  In the  case  of  Eulerian  methods,  the  major 
outstanding  weakness  in  a  hugh  class  of  problems  of  real  interest  is  the  need 
for a large  artificial  damping  (numerical  diffusion)  to  fill  in  what  would 
otherwise be pits of "negative  density"  in  the  calculated  profiles.  Since  the 
"Eulerian"  positivity  problem  is  encountered  even  in  Lagrangian  calculations 
for  many  situations, it demands  the  greater  share  of  attention. 

The  Flux-Corrected  Transport  techniques  (FCT)  which  are  the  subject  of 
this  paper  have  been  designed  carefully  to  satisfy  the  following  six  require- 
ments  of  an  "ideal"  algorithm  for  solving  the  continuity  equation  (ref. 6-9). 
An  ideal  algorithm  shorlld: 

1. 

2 .  

3 -  

4. 

5-  

6 .  

Be  linearly  stable  for  all  cases  of  interest, 

Mirror  conservation  properties  of  the  physics, 

Ensure  the  positivity  property  when  appropriate, 

Be  reasonably  accurate, 

Be  computationally  efficient,  and 

Be  independent  of  specific  properties  of  one  application. 
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FCT algorithms  arise  naturally  (ref 6) as  a  result  of  trying  to  satisfy 
requirement 3. Most  work  in  the  past  has  centered  on  trying  to  increase  the 
mathematical  order  of  accuracy  of  a  scheme  while  ignoring  the  physical 
positivity  property  which  the  fluids  display  prominently. 

Consider  the  rather  general  three-point  approximation  to E q .  (la) 

where e j+1/2 S'j+1/2 bt/hxj+1/2 and 
Equation (2) is  in  finite-difference  conservative  form  with  whole  indices 
representing  cell  centers  and  half  indices  indicating  cell  interfaces.  The 
additional  numerical  diffusion  terms  with  diffusion  coefficients v 

have to  be  added  to  ensure  positivity.  The  stability  of E q .  (2 )  is  ensured, 
at  least  roughly, when 

'j 
is  the  density  at  mesh  point j. 

j+1/2 

The  upper  limit  arises from the  explicit  diffusion  time-step  condition  while 
the  lower  limit  is  the  Lax-Wendroff  damping.  Unfortunately  positivity  is 
only  ensured  linearly when 

the first-order,upstream-centered scheme  result. 

We appear  to  be  caught  between  a  rock  and  a  hard  place  here  but  the 
escape  route  is  signaled  in  the  preceding  sentence  by  the  word  "linearly". 
By  relaxing  the  linearity  implied  by E q .  ( 2 )  and  letting  the  diffusion 
coefficients  be  nonlinear  functionals  of  the  flow  velocities 

we can  hope  to  reduce  the  integrated  dissipation  below  the  rat  er  gh  stly 
limit (3b) and  yet  retain  sufficient  dissipation  near  steep  gradients  to 
ensure  positivity. A literature  is  beginning  to form  about  these  "monotonic" 
difference  schemes  (refs. 6-9, 10, 11) since  the  dilemma  of  accuracy  versus 
positivity  in  Eulerian  difference  schemes  can  be  resolved in  no  other  way. 

tj+l/ea 3 
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I 

FLUX-CORRECTED  TRANSPORT ALGORITHMS 

The  first,  and so far the  most  developed  and  used,  of  the  monotonic 
schemes  is  Flux-Corrected  Transport.  The  calculation in Fig. 1 was performed 
by  the  first FCT Algorithm  SHASTA  (ref. 7) and  had an  error  about  four  or 
five  times  smaller  than  the  simple  linear  methods  also  shown.  The  damping 
was second  order  as  were  the  relative  phase  errors.  Figure 1 shows  a 
comparison  of  four  common  difference  schemes  solving  the  standard  square  wave 
problem.  The  effects  of  excess  numerical  damping in the  donor-cell  treatment 
(upstream-centered  first-order),  and  of  excess  dispersion in the  leap  frog 
and  Lax-Wendroff  treatments  are  clearly  visible.  Dispersion  manifests  itself 
as  a  trail  or  projection  of  oscillations  in  the  computed  solution  near  dis- 
continuities  and  sharp  gradients  of  the  "correct"  solution. 

The  basic FCT technique  shown in Figure 1 was  quickly  generalized  to 
cylindrical  and  spherical  systems,  to  Lagrangian as'well' as  fixed  Eulerian 
grids,  and  was  applied  to  a  number  of  one-, two-, and  three-dimensional 
problems.  More  recent work  has  been devoted  toward  extending  the  basic non- 
linear  flux-correction  techniques  to  convection  algorithms  other  than  SHASTA 
and  toward  discovering  an  "optimum" FCT algorithm. 

Since  the  latest FCT algorithms  have  eliminated  roughly 95% of  the 
removable  error  and  the  removable  error  that  remains  is  barely  half  of  the 
irreducible  error,  it  is  natural  to  have  turned  next  toward  optimization 
in speed,  flexibility,  and  generality  (ref. 12). In Flux-Corrected  Transport 
algorithms,  the  basic  convective  transport  algorithm  is  augmented  with  a 
strong  enough  linear  diffusion  to  ensure  positivity  at  the  expense  of  excess 
smoothing.  Since  the  amount  of  diffusion  which  has  been  added  is  known, FCT 
then  performs  a  conservative  antidiffusion  step  to  remove  the  diffusion  in 
excess  of  the  stability  limit.  However,  the  antidiffusive  fluxes  are 
effectively  multiplied  by  a  coefficient  which  ranges  from  zero  to  unity  to 
preserve  monotonicity.  The  criterion  for  choosing  the  reduction  factors  of 
the  antidiffusive  fluxes  is  that  the  antidiffused  solution will  exhibit  no  new 
maxima  or  minima  where  the  diffused  solution  had  none. 

Although  the  limit (3b) represents  the  minimum  amount  of  diffusion 
needed  for  stability, FCT algorithms  generally  use  a  larger  zero-order 
diffusion  because  it  has  been  found  that  the  correct  choice  of  the 

{ vj+l/*h within  the  monotonic & stable  range  will  reduce  convective  phase 
errors  rom  second  to  fourth  order  as  suggested  by  Kreiss.  Since  the  anti- 
diffusion  can also be chosen correspondingly larger, no  real  price is exacted 
for  this  improvement  in  phase  properties.  The  most  recent  efforts  (ref. 12) 
have  taken  advantage  of  this  fact  to  generate  minimum-operation-count FCT 
algorithms  for  Cartesian,  cylindrical,  and  spherical  coordinate  systems  with 
stationary  (Eulerian)  and  moveable  (Lagrangian)  grid  systems.  Because  these 
algorithms,  and  in  particular  the  nonlinear  flux-correction  formula,  were 
very  carefully  designed,  they  are  fully  "vectorizeable"  for  pipeline  and 
parallel  processing  and  have  been  implemented  in a l l  generality in Fortran  on 
the  Texas  Instruments  Advanced  Scientific  Computer  at  the  Naval  Research 
Laboratory.  The  execution  time  per  continuity  equation  per  grid  point  is 
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roughly 1.3 psec. A complete 2 D  ca lcu la t ion   on  a system  of 200 g r i d   p o i n t s  
X200 g r i d   p o i n t s   r e q u i r e s   r o u g h l y  2 t o  2.5 seconds  per  t imestep  depending on 
ex t r a   phys i c s  and  boundary  conditions  incorporated  in  the  problem. 

Figure 2 shows a 1 D  calculat ion  performed by the  code FASTlD on the .  ASC. 
The problem  chosen i s  t h e  "Lapidus"  problem (ref.  13) i n   c y l i n d r i c a l   c o o r d i -  
n a t e s   w i t h  y = 1.4. The diaphragm i s  o r i g i n a l l y  a t  r - 1.0 i n   F i g  2 and 
b u r s t s  a t  t - 0.0 sec. The d e n s i t y   s o l u t i o n  i s  shown a t  0.6 sec i n   F i g .  2 
j u s t   a f t e r   t he   shock   has   r eached   t he   ax i s  and  rebounded.  Three  different 
r e s o l u t i o n   c a l c u l a t i o n s  are overlapped  to  show the  convergence.  Even  the 
c a l c u l a t i o n   w i t h  50 cells i s  a t  least as accu ra t e  as t h e   o r i g i n a l  Payne  and 
Lapidus   so lu t ions   wi th  200 cells.  The wid th   o f   t he   con tac t   d i scon t inu i ty  
i s  about 3.5 cel ls  while  the  shock i s  smeared  over  only 1.5 cel ls  without  
not iceable   overshoot ing or undershoot ing.   The  calculat ions are performed  without 
any  added a r t i f i c i a l   v i s c o s i t y .  The monotonicity  control  provided by FCT 
on   each   of   the   cont inui ty   equat ions   separa te ly  i s  a d e q u a t e   t o   e n s u r e   s t a b i l i t y  
and  accuracy as shown. 

Figures  3a, b show t h e   e v o l u t i o n   o f   R a y l e i g h - T a y l o r   i n s t a b i l i t y   i n   t h e  
implosion of a laser p e l l e t   s h e l l  30 microns  thick.  The c a l c u l a t i o n  was 
performed  using  the FAST2D code  on t h e  ASC and the  thermal   conduct ivi ty  
was se t  t o   z e r o   t o  show t h e   f u l l   n o n l i n e a r   e v o l u t i o n  of t h e   i n s t a b i l i t y .  An 
Euler ian   "s l id ing- rezone"   g r id  was used  with 200 X 200 g r id   po in t s ,   S t rong  
d e t e r i o r a t i o n  of t h e   s h e l l  i s  apparent by 3.85 nsec  but  breakthrough  has  not 
yet   occurred.  The j e t t i n g  of material o f f  the  backside i s  severe enough by 
t h i s  t i m e  t h a t   g r i d   d i s t o r t i o n  would obvia te   the   usua l   Lagrangian   so lu t ion  
techniques.   Figure 3a shows the   l i nea r   phase  of t h e   i n s t a b i l i t y  and  3b  shows 
the   onse t  of the  nonlinear  regime. 
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(a )  After 1.05  nsec  the  beginnings  of   the  
Rayleigh-Taylor i n s t a b i l i t y   c a n   b e   s e e n  
i n   t h e   l i n e a r   p h a s e   o n   t h e  back  s ide of 
t h e   s h e l l .  

X 

(b)  After 3.85 n s e c   t h e   s h e l l   h a s  moved roughly 
two shell  thicknesses  and the Rayleigh- 
T a y l o r   i n s t a b i l i t y  i s  f u l l y  developed.  Usual 
Lagrangian  treatments would be  breaking down 
here   because   o f   severe   g r id   d i s tor t ion .  

Figure 3.- Two plots   f rom a FAST2D ca lcu la t ion  of a laser p e l l e t   s h e l l   b e i n g  imploded  (toward the 
l e f t )  by a strong  constant  pressure  (high  temperature) on t h e   r i g h t  showing the   non l inea r  
evolu t ion  of the  Rayleigh-Taylor   instabi l i ty .  The s h e l l  is 30 mic rons   t h i ck   w i th   an   i n i t i a l  
densi ty   of  3 gg/cc. 
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SUMMARY 

A new incompress ib l e   l i f t i ng - su r face   t heo ry  is developed   for   th in   rec tan-  
gular   wings.  The s o l u t i o n   r e q u i r e s   t h e  downwash equa t ion   t o   be  i n  t h e  form  of 
Cauchy-type i n t e g r a l s .   L a n ' s  method is  employed f o r   t h e   c h o r d w i s e   i n t e g r a l s  
s i n c e  i t  proper ly   accounts   for   the   l ead ing-edge   s ingular i ty ,  Cauchy s i n g u l a r i t y  
and  Kutta  condition. The Cauchy s i n g u l a r i t y   i n   t h e   s p a n w i s e   i n t e g r a l  is a l s o  
accounted  for  by us ing   t he   midpo in t   t r apezo ida l   ru l e  and theory of Chebychev 
polynomials. The r e su l t i ng   ma t r ix   equa t ion ,  formed  by sa t i s fy ing   t he   boundary  
cond i t ion  a t  c o n t r o l   p o i n t s ,  i s  s impl i e r  and qu icke r   t o  compute  than  other   l i f t -  
i ng   su r f ace   t heo r i e s .   So lu t ions  were found to   converge   wi th   on ly  a small num- 
ber   o f   cont ro l   po in ts   and   to   compare   favorably   wi th   resu l t s   f rom  o ther   methods .  

INTRODUCTION 

Numerous subsonic   l i f t ing   sur face   theor ies   have   been   deve loped   for   th in  
wings   over   the   pas t   th i r ty   years .  A comparison  of  three  of  the more prominent 
numerical  methods i n  1968 is  g i v e n   i n   r e f e r e n c e  1. Although a l l  t h e s e  methods 
g i v e   e s s e n t i a l l y   t h e  same re su l t s ,   t hey   r equ i r e   t ed ious   i n t eg ra t ion   t echn iques  
and  consume considerable   computat ional  t i m e .  Vortex l a t t i ce  methods are s i m -  
p l e r  and  can  be  appl ied  to  more  complex conf igu ra t ions ;  however,  they are gen- 
e r a l l y  less accura t e   t han   l i f t i ng   su r f ace   me thods .  This author  developed a 
l i f t i n g   s u r f a c e  method f o r   t h i n   r e c t a n g u l a r   w i n g s   ( r e f .  2 )  which  can  also  be 
i n t e r p r e t e d  as a v o r t e x  l a t t i ce  method.  The present  paper  examines  the  conver- 
gence  of   solut ions  and  compares   resul ts   wi th  those of t h e  NRL (National Aero- 
space  Laboratory,   Netherlands) method g i v e n   i n   r e f e r e n c e  1. 

SYMBOLS 

A a s p e c t   r a t i o  

b wing  span 

C wing  chord 

~ ~~~~~ 

* This r e sea rch  is supported  by  the U. S. Army Research  Office,   Research T r i -  
angle   Park,  N .  C . ,  under Grant Number  DAAG29-76-G-0045. 
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CR sectional  lift  coefficient 

Cd sectional  drag  coefficient 

cD 
far-field  induced-drag  coefficient 

i 

cD 
near-field  induced-drag  coefficient 

ii 

cL wing  lift  coefficient 

cM 
wing  pitching-moment  coefficient,  about  leading  edge 

cS 
leading-edge  suction  parameter,  see  eq.  (13) 

G parameter  defined  by  eq. (10) 

Kij kR parameter  defined  by  eq.  (15) 

M-1  number  of  spanwise  control  points  over  whole  span 

N  number  of  chordwise  control  points 

NLR National  Aerospace  Laboratory,  Netherlands 

S wing  planform  area 

v, 

\ 

freestream  velocity 

W non-dimensional  downwash  velocity,  referred  to V, and  positive  up- 
wards 

X chordwise  coordinate  measured  from  leading  edge  in  direction  of V, 

X ac’ ‘ac sectional  and  wing  aerodynamic-center  locations,  respectively 

Y  spanwise  coordinate,  positive  to  the  right 

a angle  of  attack 

Y non-dimensional  circulation  per  unit  chord 

r circulation 

e transformed  chordwise  coordinate,  see  eq. (7) 
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4 transformed  spanwise  coordinate,  see eq. (8) 

Subscr ipts :  

i chordwise   cont ro l   po in t ,  see eq. (5) 

j spanwise   cont ro l   po in t ,  see eq.  (17) 

k chordwise   in tegra t ion   po in t ,  see eq. ( 4 )  

R spanwise   in tegra t ion   po in t ,  see eq. (16) 

P evaluated a t  spanwise  posi t ion r$ = pr/M 
P 

ANALYSIS 

For   s impl i c i ty ,   t he   p re sen t  method is  developed  for   rectangular  
wings. The downwash equa t ion   f ro r r   l i f t i ng   su r f ace   t heo ry  is  usua l ly   g iven  by 
one  of   the two fol lowing  forms  ( ref .  3 ) :  

o r  

Equation (1) is t h e  form  used  by t h e   t h r e e  methods  compared i n   r e f e r e n c e  1. It 
con ta ins   t he   Mang le r - type   i n t eg ra l   due   t o   t he  term (y - ~ 1 ) ~  i n   t h e  denominator 
Equation (2), however ,   contains   Cauchy-type  integrals   s ince  the terms (y - y1) 
and  (x - XI) i n   t h e  denominator are l i n e a r .  The p resen t  method r e q u i r e s   t h e  
downwash t o   b e   i n   t h e   f o r m  of  equation ( 2 ) .  

In   o rder   to   unders tand   the   deve lopment  of  the  present  method,  con- 
s ider   the   two-dimens iona l   p roblem  f i r s t .  Lan ( r e f .  4 )  developed  an  ingenious 
method f o r   t h i n   a i r f o i l s  by us ing   t he   midpo in t   t r apezo ida l   ru l e  and the   t heo ry  
of  Chebychev  polynomials to   reduce  the  two-dimensional  downwash i n t e g r a l  
(Cauchy-type i n t e g r a l )   t o  a f i n i t e  sum. The remarkable  accuracy  of  this  tech- 
n ique  i s  due to   t he   fo l lowing   summat iona l   r e su l t :  

2 
N 

( 5  = 0 )  
1 

1 cos e - cos e = ( i  P O , N )  
k = l  k i 

( i = N )  

(3)  
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where 

e =  (2k -  IT 
k 2N ( k  = 1, ..., N )  

are t h e   i n t e g r a t i o n   p o i n t s  and 

are the   cont ro l   po in ts   (pos i t ions   where   the   boundary   condi t ion  is a p p l i e d ) .  
N o t e   t h e   s i m i l a r i t y  of equat ion ( 3 )  t o   t h e   i n t e g r a l   r e s u l t  

Lan  used  these  equations  to  develop  the  two-dimensional downwash summation  which 
p rope r ly   accoun t s   fo r   t he  Cauchy s ingular i ty ,   the   leading-edge  square-root   s in-  
g u l a r i t y ,  and the   Ku t t a   cond i t ion  a t  t h e   t r a i l i n g   e d g e .  

Since  equation  (2)  contains  Cauchy-type  integrals,   Lan's  approach 
w i l l  be   appl ied   to   bo th   the   chordwise   and   spanwise   in tegra ls .   F i r s t ,   t ransform 
the  chordwise  coordinate  by 

2x/c = 1 - cos e (7)  

and the  spanwise  coordinate by 

Then,   use   Mul thopp ' s   in te rpola t ion   formula   to   represent   the   c i rcu la t ion   per  
un i t   chord  by the   t r igonometr ic  sum 

where t h e   s u b s c r i p t  "p" r e f e r s   t o   t h e   s p a n w i s e   p o s i t i o n  $p = pv/M and (M - 1 )  
r e p r e s e n t s   t h e  number of   spanwise   cont ro l   po in ts .   Subs t i tu te   equa t ions  ( 7 ) ,  
( 8 ) ,  and (9)  i n to   equa t ion  (2)  and   cons ide r   t he   cho rdwise   i n t eg ra l   f i r s t .  With 

the   chordwise   in tegra ls  are 
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The i n t e g r a l   o n  the r i g h t   s i d e  can be   reduced   to  a f i n i t e  sum by the  midpoint  
t r a p e z o i d a l   r u l e ;  and equa t ions  (3) and ( 6 )  can  be  used t o  accoun t   fo r   t he  
leading-edge  s ingular i ty ,  Cauchy s i n g u l a r i t y ,   a n d   K u t t a   c o n d i t i o n   ( y p ( ~ )  = 0 )  as 
shown below: 

) s i n  8 G del 1 [yp(9,) sin 8 G - ~ ~ ( € 3 )  s i n  0 Alcos 4 - cos 41 Idel 1 1 
cos e - cos e 1 cos e - cos e 

0 0 
1 

IT N y (8,) s i n  ek 
5z- 1 p 

k= l  cos e - k 

where  8k are the   chordwise   i n t eg ra t ion   po in t s   g iven  by equation  (4)  and are 
the   chordwise   con t ro l   po in t s   g iven  by equat ion (5).  The  leading-edge  suction 
parameter is def ined as 

4cs = l i m  y (8) s i n  8 
P e-+o P 

Now s u b s t i t u t e   e q u a t i o n  (12)  i n to   equa t ion  ( 2 )  and  perform  the  spanwise  inte- 
g r a t i o n   i n  a somewhat similar manner ,   account ing  for   the Cauchy s i n g u l a r i t y ,  t o  
o b t a i n   t h e   f i n a l   f o r m  of t h e  downwash as 

where 

The   spanwise   in tegra t ion   po in ts  are 

(2R - 1)Tr 
$2 = 2M ( R  = 1, ..., M )  

and the   spanwise   con t ro l   po in t s  are 

4j - jT/M ( j  = I, ..., M - 1 \ (17) - 

The tangent-flow  boundary  condition f o r  f l a t  w ings   r equ i r e s   t ha t  wi = - a. ,j 
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The N(M - 1) values   o f  y ,k are ca l cu la t ed   by   so lv ing   t he   ma t r ix   equa t ion  formed 
by  applying  equation  (147  for i # 0 a t  the  chordwise  and  spanwise  control  points 
given by equat ions (5) and  (17).  Then a f t e r   t h e  yp,k are c a l c u l a t e d ,   t h e  ("1) 
leading-edge  suct ion  parameters  C s  can   be  computed  by success ive ly   apply ing  
equation  (14) w i t h  i = 0 ( c o n t r o l   p o i n t  a t  the   l ead ing   edge )  a t  the  spanwise 
p o s i t i o n s  j = 1, ..., M - 1. Regard less   o f   the  number (N) of  chordwise  control 
po in t sused ,   t he re  i s  always a c o n t r o l   p o i n t  a t  the   t ra i l ing   edge   which   accounts  
f o r   t h e   K u t t a   c o n d i t i o n ,  and a n o t h e r   c o n t r o l   p o i n t  a t  the leading  edge  which 
g ives   the   l ead ing-edge   suc t ion   parameter ,  if d e s i r e d .  

j 

The s e c t i o n a l  and  wing  aerodynamic c h a r a c t e r i s t i c s  may  now be  cal- 
cu la t ed  by u s i n g   t h e   m i d p o i n t   t r a p e z o i d a l   r u l e   t o   r e d u c e   t h e   i n t e g r a l s   t o   f i -  
n i t e  sums, as i l l u s t r a t e d  below: 

The  spanwise 

b/2 M-1 
c dy/S - 1 (cRIp s i n  @ 

2M p = l  P 
7T 

-b/2 

2 M-1 
CD = c L o l - -  IT M 1 cS s i n  

ii j= l  j 

loading   can   be  made continuous  by  equat i o n  (9) , and the  chordwise 
loading   can   a l so   be  made continuous by f i t t i n g  C s j  and y j , k  to   t he   chordwise  
l o a d i n g   f u n c t i o n s   f o r   t h i n   a i r f o i l   t h e o r y .  

RESULTS AND DISCUSSION 

For   one  control   point  (N = 1, M = 2) t h e   p r e s e n t  method y i e l d s  

cL/a = r A / ( l  + 7 1 + A /2)  and CD = CL/TA 2 
i 

T h e s e   r e s u l t s   g i v e   t h e   c o r r e c t  l i m i t  as A -f 0, b u t   j u s t  as Lan  found f o r  air- 
f o i l s ,  a t  least two chordwise   con t ro l   po in t s  are needed t o   g e t   a n   a c c u r a t e  
p i t c h i n g  moment. Reference 2 showed t h a t   t h e   p r e s e n t   s p a n w i s e   i n t e g r a t i o n  
method g i v e s   t h e  exact classical s o l u t i o n   t o   P r a n d t l ' s   l i f t i n g   l i n e   e q u a t i o n .  

1306 



Table 1 g ives  a de ta i led   compar ison   of   the   p resent  method w i t h   t h e  
NLR method ( r e f .  1) f o r  an A = 2 r ec t angu la r  wing w i t h  N = 4 and M = 16. A l -  
though  the NLR method  used 15 spanwise  loading  funct ions,   127  spanwise  integra-  
t i o n   p o i n t s  were employed.  Excellent  agreement is  obtained  between  the two 
methods f o r   t h e   l i f t ,   p i t c h i n g  moment, aerodynamic center, fa r - f ie ld   d rag ,   and  
spanwise l i f t   d i s t r i b u t i o n .  The  spanwise  var ia t ion  of   sect ion  drag  and  aero-  
dynamic center  compares w e l l  except   near   the   wing   t ips ,   and   the   near - f ie ld   d rag  
v a l u e s   d i f f e r .  A s  noted i n  r e f e r e n c e  1, a t  least 8 chordwise   cont ro l   po in ts  
are needed to   ge t   conve rgence   o f   t he   s ec t ion   d rag   nea r   t he  wing t i p s  and t h e  
near - f ie ld   d rag .  The computational t i m e  r e q u i r e d   f o r   t h e   r e s u l t s   i n   T a b l e  1 
w a s  22 minu tes   fo r   t he  NLR method  on a CDC'3300 computer,   whereas  the  present 
method required less than  10  seconds  on  an IBM 370/165  computer. 

The e f f e c t s  of t h e  number of   control   points   on  the  convergence  of  
l i f t  and  aerodynamic  center are shown i n   f i g u r e  1 for   rec tangular   wings   wi th  
A = 2 and  7.  These r e s u l t s   i n d i c a t e   t h a t  good r e s u l t s  are o b t a i n e d   f o r   t h e  
A = 7 wing  with N = 2 and M = 10,  whereas  more  chordwise  and less spanwise con- 
t r o l   p o i n t s  are needed f d r   t h e  A = 2 wing.  Figure 2 i l l u s t r a t e s   t h e  conver- 
gence  of  the  near- and f a r - f i e ld   i nduced   d rag   fo r   t he  same two wings.  Note 
t h a t   t h e   f a r - f i e l d   i n d u c e d   d r a g  is  i n s e n s i t i v e   t o   b o t h  M and N f o r   t h e  A = 2 
and A = 7 wings. On the   o ther   hand ,   the   near - f ie ld   induced   drag   depends   on   bo th  
M and N ,  p a r t i c u l a r l y   f o r   t h e  A = 2 wing. 

CONCLUDING REMARKS 

The p r e s e n t   l i f t i n g - s u r f a c e  method fo r   r ec t angu la r   w ings  w a s  found 
t o  compare  favorably  with  other  methods,  but i t  is  s impler   and  requires  smaller 
computational times. The  number of   cont ro l   po in ts   requi red   for   convergence   o f  
the   aerodynamic   charac te r i s t ics  is  dependent   on  both  the  wing  aspect   ra t io   and 
the  aerodynamic  parameter.  Convergence is f a s t   f o r   l i f t ,   p i t c h i n g  moment, 
aerodynamic  center,   far-field  drag,  and  spanwise l i f t   d i s t r i b u t i o n .  For t h e  
A = 7 wing two chordwise  and  about  10  spanwise  control  points  gave good r e s u l t s ,  
whereas a t  least 4 chordwise  and 8 spanwise   cont ro l   po in ts  are needed f o r   t h e  
A = 2 wing.  The fa r - f ie ld   induced   drag  is p a r t i c u l a r l y   i n s e n s i t i v e   t o   t h e  num- 
b e r  of c o n t r o l p o i n t s ,   w i t h  good r e s u l t s   f o r  N = 2 and M = 4 on  both  wings. 
Convergence is  s low  fo r   t he   s ec t ion   d rag  and  aerodynamic  center  near  the  wing 
t i p s .  The near-f ie ld   drag  converges more s lowly  than  any  of   the  other   para-  
meters. Other  planforms are p resen t ly   be ing   i nves t iga t ed .  
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TABLE 1. RESULTS  FOR  RECTANGULAR  PLANFORM, A = 2 

Overall  Values 

Present 

1 I I 

CL/a 

-cMla 

2.4732 2.4744 

0.5187 0.5182 

1 Xac/C I 0.2097 1 0.2094 

2 nACD  /CL 1.0007 1.0007 

nACD /CL 0.9951 1.0108 

i 

ii 

Values of c ICL 

2y/b Present 

0 1.2543 

0.1951 

0.5556 

1.1692  0.3827 

1.2331 

0.2588  0.9808 

0.5045 0.9239 

0.7257 0.8315 

0.9137  0.7071 

1.0625 

NLR 

1.2543 

1.2331 
1.1692 

1.0625 

0.9137 
0.7257 

0.5044 

0.2587 

Values of cd/CL 2 

2y/b 

0 

0.1951 

0.3827 
0.5556 

0.7071 

0.8315 
0.9239 

1 0.9808 

Present 

0.1847 

0.1832 

0.1784 

0.1693 

0.1548 

0.1331 

0.0988 
0.0394 

NLR 

0.1848 

0.1832 

0.1781 

0.1686 

0.1541 

0.1353 

0.1131 
0.0770 

Values of x /c 
ac 

2y/b 

0 

0.1951 

0.3827 

0.5556 

0.7071 

0.8315 

0.9239 

0.9808 

0.2200 0.2199 

0.2187 0.2187 

0.2150 0.2149 

0.2087 0.2085 

0.1999 0.1996 
0.1896 0 -1886 

0.1798 0.1773 

0.1731 0.1685 

1308 



I 

4 . 4 8  

4 .44  

cL - 
a 

4 . 4 3  

4 . 7 6  

.244 

& 
C 

.242 

.24n 

ON = 2 

A!]= 8 

2 . 4 8  

r 
a 

L - 

2.47  

2 . 4 6  

. 22  

& 
C 

. 2 1  

.2c 
4 8 1 2  15 4 8 12 16 

H M 

Figure 1.- Convergence of l i f t  and  aerodynamic cen te r   on   r ec t angu la r  
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Figure 2.- Convergence  of  near-  and  far-field  induced  drag  on rec- 
tangular   wings,  A = 2 and 7. 
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IMPROVED COMPUTATIONAL TREATMENT OF  TRANSONIC F'LOW 
ABOUT SWEPT  WINGS 

W. F. Ballhaus , F. R. Bai ley , and J. F r i ck  
* t 

NASA Ames Research Center 
+ 

INTRODUCTION 

Transonic  small-disturbance  theory is at t ract ive i n   p r a c t i c a l   e n g i n e e r i n g  
des ign   and   ana lys i s   p r imar i ly   because   o f   the   f lex ib i l i ty  i t  o f f e r s   i n   t h e  treat- 
ment of  boundary  conditions. The theory  can  provide  an  understanding  of  the 
physics  of  complex,  three-dimensional  transonic  f lows,  without  the 'need  of 
complicat ing  features   such as a i r fo i l   sur face-or ien ted   coord ina te   t ransformat ions ,  
which are genera l ly   used   in  less approximate  theories .  However, as wi th  any 
other  asymptotic  theory,   problems  can arise when the  theory is a p p l i e d   t o   c a s e s  
t h a t   d i f f e r  from  the  assumptions  under  which it is derived. 

Re laxa t ion   so lu t ions   t o  c lass ical  three-dimensional  small-disturbance (CSD) 
theo ry   fo r   t r anson ic   f l ow  abou t   l i f t i ng  swep t  wings were f i r s t   r e p o r t e d   i n  
r e fe rences  1 and 2 .  A def ic iency  in   the  t reatment   of   wings  with  moderate- to-  
l a r g e  sweep angles  soon became apparent.   For  such  wings,   the CSD theory was 
found t o   b e  a poor   app rox ima t ion   t o   t he   fu l l   po ten t i a l   equa t ion   i n   r eg ions   o f  
t h e   f l o w   f i e l d   t h a t  are essent ia l ly   two-dimens iona l   in  a plane  normal   to   the 
sweep d i rec t ion .   This  w a s  po in ted   ou t   in   re fe rence  3 ,  which  emphasized 
de te rmina t ion   o f   t he   e f f ec t   o f   t h i s   de f i c i ency  on the  capture   of  embedded 
shock  waves i n  terms  of (1) the  conditions  under  which  shock  waves  can  exist 
and ( 2 )  t h e   r e l a t i o n s   t h e y  must s a t i s f y  when they do e x i s t .  A modified small- 
dis turbance (MSD) equat ion,   der ived by r e t a i n i n g  two previously  neglected terms, 
was proposed  and shown t o   b e  a c o n s i s t e n t   a p p r o x i m a t i o n   t o   t h e   f u l l   p o t e n t i a l  
equation  over a wider  range  of sweep angles .  The purpose  of  this p a p e r  i s  t o  
demonst ra te   the   impor tan t   e f fec t   o f   these   ex t ra  terms by comparing CSD,  MSD, 
and experimental   wing  surface  pressures .  

THE EXISTENCE OF SHOCK WAVES ON AN INFINITE ASPECT 
RATIO SWEPT WING 

Consider   an  inf ini te   aspect   ra t io   wing  with sweep angle  x. For a v e r t i c a l  
shock wave t o   e x i s t ,   t h e   f l o w  must b e   s u p e r c r i t i c a l   i n  a d i r ec t ion   no rma l   t o  
t h e  sweep.   Since  the  der ivat ives   of  a l l  f l o w   q u a n t i t i e s   w i t h   r e s p e c t   t o   t h e  
span   d i r ec t ion  are zero,  i t  can  be shown t h a t  Qy + Qx t a n  x = 0 ,  where 

* 
Research   Sc ien t i s t ,  
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4 and $x are p e r t u r b a t i o n   v e l o c i t i e s   p a r a l l e l   t o   t h e ' w i n g   p l a n e   i n   t h e  free- 
seream-normal  and  free-stream  directions,   respectively.  The condi t ion  f rom  the 
fu l l   po ten t i a l   fo rmula t ion   fo r   son ic   f l ow  no rma l   t o   t he  sweep d i r e c t i o n  is 

4x*(x) = -cos2 x 1 " 1 - - [ {{)- Y + l  1,3 

2 

where   t he   ve loc i ty   i n   t he   f r ee - s t r eam  d i r ec t ion  is given  by  Um(l + $x),  and 
t h e   a s t e r i s k   d e n o t e s  c r i t i c a l  ( s o n i c )   c o n d i t i o n s   i n  a d i r ec t ion   no rma l   t o   t he  
shock. A shock  with sweep A can e x i s t  whenever @ , k ( h )  < $, < (@x)M, where 

(@,)MAX corresponds t o  zero  sound  speed. 

For c lass ica l  sma l l -d i s tu rbance   t heo ry ,   t he   gove rn ing   equa t ion   wr i t t en   i n  
conservation  form is 

and t h e   e q u i v a l e n t   e x p r e s s i o n   f o r   ( 1 )  is  

sec2A - K~ 
@,*(A) = 

(y + 1) Mwn 

The exponent n w i l l  be   specif ied  subsequent ly .   Equat ions (1) and (3) are  
compared i n   f i g u r e  1. Note   t he   i nc reas ing   d i spa r i ty  as t h e  sweep increases .  A t  
o the r   t han  small sweep a n g l e s ,   t h e  CSD equat ion  does  not   permit   the   exis tence  of  
shocks  for   values   of  $x f o r  which   they   can   ex is t   accord ing   to   the   fu l l   po ten-  
t i a l  equat ion.  

This  si tuation  can  be  improved by the  use  of   the  MSD equa t ion   ( r e f .  3 ) ,  
w r i t t e n   h e r e   i n   c o n s e r v a t i o n  form 

The co r re spond ing   son ic   cond i t ion ,   a l so   p lo t t ed   i n   f i gu re  1, i s  

sec2A - M,' 
$,*(A> = 

(y + I)M,~ + (y + I > M , ~  tan' A 

The MSD equat ion   sa t i s f ies   two-dimens iona l  sweep theory;  i . e . ,  i t  is as consis-  
t e n t   w i t h   t h e   f u l l   p o t e n t i a l   e q u a t i o n  as the  two-dimensional  transonic small 
d i s tu rbance   t heo ry   t aken   i n  a plane  normal  to  the  sweep. The approximation 
improves as M = M, cos h approaches  unity.  n 

Values  of  n,p i n   e q u a t i o n  ( 4 )  can   be   s e l ec t ed   t o  improve t h e  approxima- 
t i o n   f o r   v a l u e s   o f  M t h a t  are not   c lose   to   un i ty .   For   example ,   n ,p ,   can   be  
determined, f o r  a giu& J!,, t o   b e t t e r   a p p r o x i m a t e   e i t h e r   t h e   f u l l   p o t e n t i a l  
$,"(X) ( the  shock exis tence c o n d i t i o n )   o r  i t s  shock jump condition.  This i s  
i l l u s t r a t e d   i n   f i g u r e  1, where  equation (5)  is  p l o t t e d   f o r  two sets of n and  p: 
(1) n = 1.75, p = 2 ,  u s e d   f o r   t h e   c a l c u l a t i o n s   p r e s e n t e d   i n   t h i s   p a p e r ,  
( 2 )  n = 1.558, p = -0.162, f o r  which t h e  MSD and f u l l   p o t e n t i a l  @,"(A) agree  
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very  w e l l  f o r  Oo < X < 50". We have   no t   ye t  computed  wing s u r f a c e   p r e s s u r e s   f o r  
t h i s  set of   values .   Other  MSD equa t ions   o f   t he  same form  but   wi th   d i f fe ren t  
coeff ic ients   have  recent ly   been  proposed,   such as t h e  NLR equa t ion   ( r e f .  5 ) ;  
+ * ( X >  f o r   t h i s   e q u a t , i o n  is a l s o   p l o t t e d   i n   f i g u r e  1. 

X 

MODIFICATIONS TO THE CLASSICAZ,  SMALL-DISTURBANCE  PROCEDURE 
AND DIFFERENCING TECHNIQUES FOR THE SUPERSONIC REGION 

Use of  an  improved  form  of  the  governing  equation  does  not, i n  i t s e l f ,  
guarantee   tha t   shock  waves w i l l  be  properly  captured  by  the  computational  method. 
The f i n i t e   d i f f e r e n c e  scheme  used to   so lve   the   equat ion   mus t :  (1) enforce  shock 
c o n d i t i o n s   c o n s i s t e n t   w i t h   t h e   g o v e r n i n g   e q u a t i o n   ( t h i s  is g u a r a n t e e d ,   i n   t h e  
l i m i t  of   vanishing mesh spac ing ,   by   d i f f e renc ing   t he   equa t ion   i n   conse rva t ion  
form), (2)  be   adap tab le   t o  a s t a b l e   r e l a x a t i o n   a l g o r i t h m ,   a n d  ( 3 )  avoid  excessive 
d i spe r s ive   o r   d i s s ipa t ive   d i s to r t ion   o f   t he   shock   p ro f i l e .  

In   t ransonic   f low  re laxa t ion   methods ,   the  mixed subsonic-supersonic  charac- 
ter o f   t he   f l ow  f i e ld  i s  accounted  for  by t h e   u s e   o f   c e n t r a l   d i f f e r e n c i n g   i n   s u b -  
sonic   regions  and upwind d i f f e renc ing   i n   supe r son ic   r eg ions .   Fo r   t he  CSD equa- 
t i on   t he   x -coord ina te  i s  t h e  axis of t h e   c h a r a c t e r i s t i c   c o n e   i n   s u p e r s o n i c  
regions.  .Thus,  upwind d i f f e renc ing  of t h e  x d e r i v a t i v e s   a n d   c e n t r a l   d i f f e r -  
enc ing   of   the  y and z d e r i v a t i v e s   l e a d s   t o  a numerical  domain of  dependence 
t h a t  always  includes  the  mathematical domain of  dependence;  consequently, a 
n e c e s s a r y   c o n d i t i o n   f o r   s t a b i l i t y  i s  maintained. However, t h e   c h a r a c t e r i s t i c  
cone   ax is   for   the  MSD equat ion  l i e s  i n  a d i r e c t i o n   t h a t   c o r r e s p o n d s   t o   t h e  
loca l   f low  d i rec t ion   vec tor ,   which   genera l ly  is no t   co inc iden t   w i th   t he  
x-d i rec t ion .   Di f fe renc ing   the  MSD e q u a t i o n   i n   s u p e r s o n i c   r e g i o n s   i n   t h e  same 
manner a s   t h e  CSD equat ion can v i o l a t e   t h e  domain of   dependence   res t r ic t ion ,  
t he reby   p roduc ing   i n s t ab i l i t i e s .  We have   inves t iga ted  f i v e  supersonic   d i f fe rence  
schemes for   modi f ied   equat ions   in   an   a t tempt   to   f ind   one   wi th   su i tab le   s tab i l -  
i t y  and  shock  capturing  properties.  A s  i n   r e f e r e n c e  3 ,  on ly   add i t iona l  terms 
i n   t h e  x and y d i r e c t i o n s  are re ta ined .  

Scheme 1 

I n   t h i s  scheme t h e  CSD terms i n   t h e  MSD equat ion  are d i f f e r e n c e d   i n   t h e  
same manner as f o r   t h e  CSD equat ion;   the  remaining terms are approximated  by 
c e n t r a l   d i f f e r e n c e s .  Thus,  no  account i s  t a k e n   o f   t h e   l o c a l   o r i e n t a t i o n   o f   t h e  
stream d i rec t ion   vec to r .   Th i s   p rocedure   has   t he   advan tage   t ha t   t he   equa t ion   can  
eas i ly   be   d i f f e renced   i n   conse rva t ion  form.  However, convergence .proper t ies  
o f   t he   r e l axa t ion   p rocess  were found to   be   r e l a t ive ly   poor .   Fu r the rmore ,   l a rge  
overshoots  a t  shock waves were observed  in  some cases. 

Scheme 2 

The p r i n c i p a l   p a r t   o f   e q u a t i o n  ( 4 )  can   be   expres sed   i n   t he   canon ica l  form 
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where q and a are p a r t i c l e  and  sound  speeds,  and s and n are t h e   l o c a l  stream 
and  s t ream-normal   direct ions  in   the x-y plane.  According  to  Jameson's  (noncon- 
serva t ive)   ro ta ted   d i f fe renc ing   procedure   ( re f .  6), t h e  @xx, Cp,, $yy compo- 
nents   of  $ss and $,, should  be upwind a n d   c e n t r a l   d i f f e r e n c e d ,   r e s p e c t i v e l y ,  t o  
maintain  proper  domains  of  dependence. An exact ro t a t ion   o f   t he  MSD equat ion is 
unwieldy, so  only  an  approximate  rotat ion,   such as the   one   i n   r e f e rence  5, i s  
used   for  Scheme 2 .  Neg lec t ing   p roduc t s   o f   pe r tu rba t ion   ve loc i t i e s   g ives   fo r   t he  
terms i n   e q u a t i o n  (6)  (with n = p = 2) 

(a2 - q2) /am2 = 1 - M , ~  - (y + 1 ) ~ , 2 + ,   ( 7 4  

' s s  
- - 'xx + 2'y', 

a2/am2 = 1 - (y - 1 ) ~ ~ ~ ' ~  

'nn = -2'y', + ' y y  

Subs t i tu t ing   equat ions   (7)  i n   e q u a t i o n  (6) and  again  neglecting  products of pe r -  
t u r b a t i o n   v e l o c i t i e s   g i v e s  t h e  MSD e q u a t i o n   i n   t h e   s p l i t   f o r m  

where  the  under1 
approximately by 
(8) i s  

ined terms are upwind d i f f e renced   i n   supe r son ic   r eg ions ,   de f ined  11 - Mm2 - (y + 1)Mm2Qx] < 0. The conservation  form  of  equation 

Equation (9)  i s  e q u i v a l e n t   t o   t h e   s p l i t t i n g   g i v e n   i n   r e f e r e n c e  5. The conver- 
gence   p roper t ies   o f   th i s  scheme were found to  be  even  worse  than  those  of Scheme 
1, and  no  computed r e s u l t s   f r o m   e i t h e r   o f   t h e s e  schemes are p r e s e n t e d   i n   t h i s  
r epor t .  

Scheme 3 

This scheme is a lso   an   approximate   ro ta t ion   o f   the  MSD e q u a t i o n .   I n   t h i s  
case, however, t h e  term -2(y + l ) M m 2 ~ x ~ y ~ x y  is no t   neg lec t ed ,   s ince  1 - Mm2 
and (y + 1>Mm2$, can  be  of   the  same order.   Thus,   the  approximation 
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I 

is used.  Note t h a t   t h i s  t e r m ,  i n   con junc t ion   w i th  

is  n o t   c o n s i s t e n t   w i t h   t h e  MSD equation. However, t h i s  new s p l i t t i n g   c a n   b e  
app l i ed  as follows. By d e f i n i n g   t h e  central d i f fe rence   approximat ion   for   the  
MSD equat ion ( 4 )  as L($) = 0, one  can write t h e   r o t a t e d   e q u a t i o n  

L($) + J(0) - J(Q> = 0 (11) 

where J and J are upwind and   cen t ra l   d i f fe rence   approximat ions   to   equa t ion  
( l o ) ,  respect ively.   Unfortunately,   equat ion (11) cannot   be  expressed i n  conser- 
va t ion  form,  and, fo r   t he   computa t ions   p re sen ted   i n   t he   nex t   s ec t ion ,  J from 
equation  (10) w a s  exp res sed   i n   t he  form 

- 

Hence, the  complete  equation i s  d i f fe renced   conserva t ive ly   except   for   the   under -  
l i n e d  term. The $w p a r t  of t h i s  t e r m  i n  J($) was upwind d i f f e r e n c e d   i n  
both x and y. The o t h e r  term i n   e q u a t i o n  (12)  w a s  upwind d i f f e r e n c e d   o n l y   i n  
x. Scheme 3 improved  convergence  and  reduced  shock  overshoots  relative  to 
Scheme 1. Also,  improved cap tu re  of weak s w e p t  shocks w a s  observed,  although 
overshoots   occur red   for   s t ronger   shocks   in  some cases .  

- 

Scheme 4 

A less approximate   and   cons is ten t   ( in   the   sense  of Scheme 2) r o t a t i o n   c a n  
be  accomplished by consider ing a second  modified  small-disturbance  equation  in 
the   quas i - l i nea r  form 

Note t h a t   t h e   c o e f f i c i e n t   o f  is p r e c i s e l y   t h a t   o f   t h e   f u l l   p o t e n t i a l  equa- 
t ion  and  cannot   be  put   into  conservat ion  form.   In   this  scheme t h e   r o t a t i o n  
ang le  is approximated  by 

9, 

 COS^ e = 1 
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r e su l t i ng   i n   t he   app rox ima t ions  

and 

Thus, t h e   s p l i t   e q u a t i o n  becomes 

The less approximate  tr igonometric  forms  in  equation  (14) are necessary   for  
equation (15) to   be   cons is ten t   wi th   equat ion   (13) .   S ince   the   mathemat ics  
involved  with  equat ion  (15)   begins   to   approach  that   of   the   ful l   potent ia l  
e q u a t i o n   i n   t h e  x-y plane,   th is   procedure w a s  n o t   t e s t e d   b u t   r a t h e r  w a s  
abandoned i n   f a v o r   o f  Scheme 5. 

Scheme 5 

The MSD equat ion w a s  modi f ied   to   inc lude  a l l  x-y d e r i v i t i v e s   i n   t h e   f u l l  
po ten t i a l   equa t ion ;   t he   on ly  z d e r i v a t i v e   r e t a i n e d  w a s  I $ ~ ~ .  The equat ion 
was solved  using  Jameson's  rotated  differencing  procedure,   and  Jameson's  rules 
f o r   c o n s t r u c t i n g  a s t a b l e   r e l a x a t i o n   a l g o r i t h m  were r ig id ly   fo l lowed   ( see  
r e f .  6 and appendices B and C o f   r e f .  7 ) .  The relaxation  process  converged 
more rapidly  than  for   the  other   schemes,   and no shock  overshoots were observed. 
However, t he  scheme i s  nonconservat ive  and  highly  diss ipat ive  and  tended  to  
II smear'' supersonic-to-supersonic  shock waves. 

The d i f f e r e n c i n g   i n  a l l  schemes is complicated  by  the  use  of a transform- 
a t i o n   t h a t  maps the  wing  planform  into a r ec t ang le   i n   t he   computa t iona l  domain 
( r e f s .  1, 2 ,  4 ,  8) .  To "empir ical ly   correct"   the  (supersonic- to-subsonic)  
shock  jumps for  viscosity  and  thus  improve  the  agreement  in  comparisons  with 
experiment   ( refs .   3 ,  4 ,  S ) ,  the   shock   po in t   opera tor  w a s  not  used i n  any  of 
the   computa t ions   in   th i s   repor t .  

CSD AND MSD COMPUTATIONS FOR THE ROCKWELL HiMAT RPRV 

An example that   demonstrates   the  usefulness   of   small -dis turbance  theory 
and i l l u s t r a t e s   t h e   e f f e c t   o f   t h e   e x t r a  terms i n   t h e  MSD equat ion is provided 
by computat ions  for   the HiMAT RPRV (highly  maneuverable  aircraft   technology, 
r emote ly   p i lo t ed   r e sea rch   veh ic l e ) .  A t h r e e  view o f   t h e   o r i g i n a l  HiMAT 
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conf igu ra t ion  is shown i n   f i g u r e  2 .  A t  t h e  maneuver d e s i g n   p o i n t   f o r   t h i s  con- 
f igura t ion ,   the   d rag   exceeded   the   des ign   goa l  by several hundred  counts. It 
w a s  decided  that   the   design  goal   could  not   be   achieved,   within  the  specif ied 
budget  and  calendar time c o n s t r a i n t s ,  by  modifying  the  configurat ion  using  the 
t radi t ional   experimental   ' ' cut   and  f i le"   approach.   Rockwell   therefore   adopted 
and   deve loped   the   fo l lowing   in tegra ted   des ign   procedure :   (1)   es tab l i sh   base-  
l i n e  comparisons  of  experimental  and  computed  surface  pressures  obtained  using 
the  Bailey-Ballhaus  Transonic Wing  Code (CSD) , (2) ' 'cut   and  f i le"  computation- 
a l ly   ( ra ther   than   exper imenta l ly) ,   and  (3)  ver i fy   exper imenta l ly .  

A sample  base-line  comparison  of CSD and  experimental   resul ts  is shown i n  
f i g u r e  3.  (The canard was omi t ted   in   bo th   the   exper iment   and   the   ca lcu la t ions . )  
The agreement a t  mid-semi-span is  s a t i s f a c t o r y .  However, i n   t he   ou tboa rd   r eg ion ,  
'where the  f low is nearly  two-dimensional i n  a p lane   normal   to   the  sweep d i r ec -  
t i o n ,   t h e  CSD code  performed  poorly.  Consequently,  the  inboard 70 percent   of  
the  semi-span,  where  the  flow w a s  highly  three-dimensional,  w a s  redesigned 
using  the  Bailey-Ballhaus  code. The outboard 30 pe rcen t  w a s  analyzed  and 
modified  using  the  Garabedian-Korn  two-dimensional  program  and sweep theory.  
The redesign weakened  and  swept embedded shock waves, reducing   the   ex ten t   o f  
f low  separat ion  and  reducing  the  drag  to   within a few counts   of   the   design  goal .  

The HiMAT example   po in ted   ou t   the   need   for   the   ex t ra  terms i n   t h e  gov- 
e rn ing   equat ion   for  s w e p t  wing conf igu ra t ions .  These terms were  subsequently 
added; computed r e s u l t s   u s i n g  Schemes 3 and 5 are compared wi th   the  CSD and 
expe r imen ta l   r e su l t s   i n   f i gu re  3 .  Resul ts  computed using Scheme 1 were very 
similar to   those   o f  Scheme 3 except  the  shock  overshoot w a s  g r e a t e r .  The 
more d i s s i p a t i v e  Scheme 5 shows  no such  overshoot.  

THE DOUBLE SHOCK CONFIGURATION ON THE ONERA M-6 WING 

Figure 4 shows a planform  view  of  the ONERA M-6 wing  along  with  the  double 
shock   conf igu ra t ion   t ha t   occu r s   fo r  M, = 0 . 8 4 ,  c1 = 3 " .  Within  the  supersonic  
reg ion   there  i s  a s w e p t  (35") ,  supersonic-to-supersonic  shock  wave,  sometimes 
r e f e r r e d   t o  as a "conical  shock."  Further  downstream  there i s  a less h igh ly  
swept  shock wave tha t   t e rmina tes   the   supersonic   reg ion .  The two shocks   in te r -  
s e c t   t o  form a s t r o n g ,  unswept  shock  near  the  t ip.  

Computed CSD and   exper imenta l   wing   sur face   p ressures   for   th i s   condi t ion  
were compared i n   r e f e r e n c e  8. Sa t i s fac tory   agreement  was obtained  except   for  
t h e   f a i l u r e   o f   t h e   c o m p u t a t i o n s   t o   r e s o l v e   t h e   r e l a t i v e l y  weak conical   shock.  
It  w a s  mentioned tha t   t he   u se   o f   t he  MSD equa t ion   shou ld   co r rec t   t h i s   de f i c i ency .  
CSD and MSD so lu t ions   have   been  computed  on a g r i d   w i t h   p o i n t s   c l u s t e r e d   i n   t h e  
v i c i n i t y  of  the  conical   shock.  The r e s u l t s ,  compared wi th  ONERA experimental  
d a t a ,  are shown i n   f i g u r e  5. Sec t ion   p re s su res   fo r   t he  MSD equat ion (Scheme 3) 
i n d i c a t e   t h e   e x i s t e n c e  of  a con ica l   shock ;   t hose   fo r   t he  CSD equat ion do not .  
MSD r e s u l t s  are a l s o  compared ( f i g .  6) wi th   f ine   g r id   computa t ions   run   by  M r .  
Ray Hicks  of NASA Ames Research  Center   using  the new f u l l   p o t e n t i a l   w i n g   c o d e  
w r i t t e n  by  Jameson ( r e f .  6 ) .  The  Jameson  code is  based  on  the  nonconservative 
r o t a t e d   d i f f e r e n c e  scheme; the   con ica l   shock  is  badly  smeared a t  q = 0.75 and 
is t o t a l l y  smeared a t  rl = 0.8. Scheme 5,  which a l s o   u s e s   t h e   f u l l   p o t e n t i a l  
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formula t ion   wi th   the   nonconserva t ive   ro ta ted   d i f fe rence  scheme ( f o r   t h e  x and 
y de r iva t ives ) ,   p roduced   t he  same smearing  of  the  conical  shock. Scheme 1 prop- 
e r ly   cap tured   the   conica l   shock   bu t   p roduced  a la rge   overshoot  a t  the  head  of  
t h e  downstream  shock. 

CONCLUDING REMARKS 

Comparisons  of  computed  and  experimental  surface  pressures  for  the HiMAT 
wing  ( f ig .  3b)  and t h e  ONERA M-6 wing   ( f ig .   5 )   i l l u s t r a t e   t he   impor t ance  of 
r e t a in ing   add i t iona l   t e rms   i n   t he   gove rn ing   equa t ions ,  as sugges t ed   i n   r e f e r -  
ence 3. Inclusion  of   these  terms  permit ted  the  capture   of   shock waves f o r  
bo th   conf igu ra t ions   t ha t  had  been  observed  experimentally,  but were not  resolved 
by t h e  CSD theory.   Five  schemes  for   dif ferencing  the small d i s tu rbance  equa- 
t ion,   modif ied  with  addi t ional   terms,   have  been  discussed.  It w a s  determined 
from  numerical tests t h a t  Scheme 3 pe r fo rmed   bes t   i n   t r ea t ing   ca ses   w i th  mul- 
t i p l e  embedded shock  waves. Scheme 5 demonstrated  the  best   convergence  prop- 
erties and  produced r e su l t s   nea r ly   i nd i s t ingu i shab le   ( excep t  a t  the   l ead ing  
edge)  from  those  obtained  from  Jameson's  code  (ref.  6). However, because  of 
i t s  nonconse rva t ive   and   d i s s ipa t ive   p rope r t i e s ,   t h i s  scheme g i v e s   r e l a t i v e l y  
poor   resolut ion  of   the  conical   shock wave on  the ONERA M-6 wing. 
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I 

APPLICATION OF THE NONLINEAR  VORTEX-LATTICE CONCEPT 

TO AIRCRAFT-INTERFERENCE PROBLEMS 

Osama A. Kandil, Dean T .  Mook, and Ali H. Nayfeh 
Virginia  Polytechnic  Institute and State  University 

SUMMARY 

A discrete-vortex model i s -  developed t o  account  for the hazardous e f fec ts  
of the  vortex  t ra i l  issued from the edges of  separation  of a large  leading w i n g  
on a small t r a i l i n g  wing. The model i s  divided i n t o  three main parts:  the lead- 
i n g  wing and i t s  near wake, the  near and f a r  wakes o f  the  leading w i n g ,  and the 
t r a i l i ng  wing  and the portion  of the f a r  wake in i t s   v i c i n i t y .  The problem  of 
the  leading wing and i t s  wake i s  solved by a nonlinear  vortex-lattice  technique 
which accounts  for  tip  separation and the shape  of  the wake i n  the  near and 
f a r   f i e lds .  The t r a i l i n g  w i n g  i s  represented by a conventional  horseshoe- 
vortex  la t t ice   in  which the t ip   separat ion and the shape o f  the wake a r e  ne- 
glected. The solution i s  effected by i te ra t ion   in  a step-by-step  approach. 
The normal-force,  pitching-moment, and ro l l  ing-moment coeff ic ients   for   the 
t r a i l i ng  w i n g  are   calculated.  The circulat ion d i s t r i b u t i o n  in the vor tex   t ra i l  
is   calculated  in the f i r s t  part  of the model where the leading wing i s  f a r  up- 
stream and hence i s  considered  isolated. A numerical  example i s  solved t o  
demonstrate  the  feasibil i ty  of  using  this method to  study  interference between 
a i r c ra f t .  The numerical r e su l t s  show the zorrect  trends: The following wing 
experiences a loss i n   l i f t  between the wing-tip  vortex  systems  of the leading 
wing, a gain  outside this region, and strong  roll ing moments which can change- 
sign  as  the  lateral  relative  position  changes. All the resul ts   are   s t rongly de- 
pendent on  the  ver t ical   re la t ive  posi t ion.  

INTRODUCTION 

In recent  years,  there has been  a s ignif icant   increase  in   the use of  wide- 
body  and jumbo j e t s   f o r   c i v i l   a i r   t r a n s p o r t s .  The vortex  trail   associated  with 
flying these heavy je ts  has h i g h  in tens i ty  and hence presents a serious  hazard 
to small a i r c r a f t  which enter this  wake.  Such  a vortex  encounter.may  produce 
high ro l l ing  moments on the t r a i l i n g   a i r c r a f t  which could  exceed the capabi l i ty  
of the roll-control  devices. In addition, the t r a i l i n g   a i r c r a f t  could suffer 
a loss   of   a l t i tude  or   c l imb  ra te  and s t ructural  damage. The vortex t r a i l s  may 
persist u p  t o  several  miles and fo r  long  periods  of  time  before  they  decay and 
diss ipate  by the  action o f  atmospheric and viscous  effects.  T h u s ,  they play a 
major factor  in  sequencing  landing and take-off  operations a t   a i r p o r t s  where 
heavy  and l i g h t  aircraft  are  operating  near  each  other  (reference 1). 
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The vortices  emanating from the wing  tips of the leading  aircraft  roll  up 
in the vicinity of the wing tips  forming  two  helical-like  cones of contra- 
rotating  vortex  cores. The strength of the  vortex  cores  grows  downstream  from 
the  leading edge up to  the trailing  edge. At the  trailing  edge,  another  wake 
emanates  which  has an increasing  strength in the  spanwise  direction toward the 
wing  tips  (references 2-4). In the near  wake  beyond the trailing edge,  the  roll- 
up process  continues  and  the  strength of the  trailing  vortex  grows  due  to the 
wake  shed from  the  trailing edge. In the far wake,  the  core of the  trailing 
vortex  system  increases  and  the  vorticity  decays  with  distance.  When  an air- 
craft  originally  with  symmetric  flow  penetrates  the wake, its  freestream  is  no 
longer  uniform;  the flow may be asymmetric,  depending on the  aircraft  posi- 
tion  and  orientation  relative  to  this  wake. In reference 5, three  modes of 
penetration  were  reported.  These  modes,  which are shown in figure 1 ,  are called 
cross-track  penetration,  along-track  penetration  between  vortices,  and  along- 
track  penetration  through  the  vortex  center.  Among  these  modes of penetration, 
it was  shown  that  the  third one is  the  most  dangerous due to  the  rolling  motion 
induced by the  wake on the trailing  airplane.  This was calculated  from  an un- 
steady  model of the  trailing  vortices in which  vortex  motion  and  decay  were con- 
sidered  according to  a two-dimensional  model.  Two  equations  based on a  viscous 
vortex  model were  derived  to  calculate  the  change in 1 ift  and  rolling-moment 
coefficients of the  trailing  aircraft wing from  the  undisturbed  equilibrium 
flight  condition (reference 6). In reference 7, a method  was  presented  for  pre- 
dicting  the  geometry  and  the  velocity  field of a  trailing  vortex of an  aircraft. 
The method  is  based on flight  testing, model testing, and a solution of the 
Navier-Stokes  equation  for  a  two-dimensional  axisymmetric  flow.  The  results 
showed  that  the  maximum  tangential  velocity in the  core of the  trailing  vortex 
decreases  with  distance  downstream o f  the  generating  aircraft.  For  large dis- 
tances  behind  the aircraft,  the  decrease in this  velocity  was  found to  be in- 
versely  proporttonal  to the square  root o f  the dl'stance. Moreover,  the  maximum 
tangential  velocity  and the  corresponding  core  radius  were  found to  be indepen- 
dent of the  aircraft  velocity. 

DESCRIPTION OF THE PRESENT  MODEL 

In the  present  paper, we consider  the  three-dimensional flow to  be steady, 
inviscid  and  irrotational  everywhere  except  on  the  vortex  lines  which  represent 
the  wings  and  their  wakes.  This  model  was  successfully  applied  to a  short- 
coupled  wing-wi ng configuration  with  delta  planforms  and 1 eading-edge  separa- 
tions  (reference 2). The full interaction  between  the  wings  and  their  wakes was 
considered,  the  shape of the  wakes  was  determined,  and  the  aerodynamic  loads 
were  calculated.  It  was  found  that  when  the  trailing wing is at a  distance 
equal  to or larger  than  one-half  the  root  chord of the  leading wing, as measur- 
ed from  the  trailing  edge of the leading  wing to  the  nose of the trailing wing, 
the  aerodynamic  loads of the  leading wing are practically  unaffected by the 
presence of the  trailing wing. This  leads  to  the  conclusion  that in the case 
of long-coupled  wing-wing  configurations or in the  case of a trailing aircraft 
penetrating the  wake of the  leading  aircraft,  the  model of the  aerodynamic in- 
teraction  can  be  simplified  without  any  appreciable  error  in  predicting  the 
aerodynamic  characteristics.  This  suggests  modeling  the  flow  fjeld  in  the 
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f o l l ow ing   t h ree   s teps :  I n  t h e   f i r s t  step, we cons ider   the   lead ing   w ing  and i t s  
t r a i l i n g   v o r t e x  system  as  an  isolated  aerodynamic  problem  s imi lar   to  the one 
i n  references 2 and 3. I n  t h i s   s t e p ,   t h e  shape o f   t h e  wake i s  determined  as 
p a r t   o f   t h e   s o l u t i o n  up t o  a d i s t a n c e   o f  two  chords beyond t h e   t r a i l i n g  edge. 
The r e s t   o f   t h e  wake beyond t h i s   d i s t a n c e   i s   c o n s i d e r e d   t o  be p a r a l l e l   t o   t h e  
f rees t ream  ve loc i t y .  The c i r c u l a t i o n   d i s t r i b u t i o n  i n  t h e  wake i s   a l s o   f o u n d  
f r o m   t h i s   s t e p  and kep t   t he  same through  the  next   two  s teps. .  I n  t h e  second  step, 
we c o n s i d e r   t h e   i n t e r a c t i o n  between the  near  wake represented  by  the  two  chords 
beyond t h e   t r a i l i n g  edge  and t h e   r e s t   o f   t h e   f a r  wake i n  a step-by-step  tech- 
nique,  marching  downstream i n  each  step. I n   t h i s  way, t he  wake o f   t h e   l e a d i n g  
wing  can  be  carried  downstream t o  any   d i s tance   un t i l  it e n c o u n t e r s   t h e   t r a i l i n g  
wing. I n   t h e   t h i r d   s t e p ,  we l e t   t h e   t r a i l i n g  w i n g   i n t e r a c t   w i t h   t h e   v o r t e x  
t r a i l   o f   t h e   l e a d i n g   w i n g   o v e r  a c e r t a i n   d i s t a n c e   d e t e r m i n e d   b y   t h e   r a t i o   o f   t h e  
r o o t   c h o r d   o f   t h e   l e a d i n g   w i n g   t o   t h a t   o f   t h e   t r a i l i n g   w i n g .  Here, t h e   t r a i l i n g  
wing may encounter a symmetric o r  an  asymmetric  flow,  depending  on i t s   p o s i t i o n  
and o r i e n t a t i o n   w i t h   r e s p e c t   t o   t h e   v o r t e x   t r a i l .  I n  the  present   s tudy,  we con- 
s ide red   t he   a long - t rac t   pene t ra t i on  mode, i nc lud ing   pene t ra t i ons  between the  
vor t ices,   through  the  vor tex  center ,and  outs ide  the  vor t ices.  

A l though  the  present  model  does no t   accoun t   f o r   t he   g rowth   o f   t he   vo r tex  
core  and  the  vortex  decay, i t   represents a r e a l i s t i c  approach  for   the  three- 
d imens iona l   inv isc id   so lu t ion   wh ich  may be c o n s i d e r e d   f o r   f u r t h e r   m o d i f i c a t i o n s  
t o   a c c o u n t   f o r   t h e   v i s c o u s   e f f e c t s  and the  f low  unsteadiness  as  wel l .  

THE METHOD OF SOLUTION 

The present  model c o n s i s t s   o f   t h r e e  main  parts.  The f i r s t   p a r t   i n c l u d e s  
the  leading  wing  and i t s  near wake, the  second pa r t   i nc ludes   t he   nea r  and f a r  
wakes, and t h e   t h i r d   p a r t   i n c l u d e s   t h e   t r a i l i n g   w i n g  and t h e   p o r t i o n   o f   t h e   f a r  
wake i n  i t s  v i c i n i t y .  

I n   t h e   f i r s t   p a r t ,  we imagine  the  leading  wing  and i t s  wake t o  be a vo r tex  
sheet,  and we use a s e r i e s   o f   d i s c r e t e   v o r t e x   l i n e s   t o   r e p r e s e n t   t h e s e   s h e e t s .  
F o r   t h e   l i f t i n g . s u r f a c e ,   t h e s e   l i n e s   f o r m  a l a t t i c e ;   w h i l e   f o r   t h e  wake, they 
are   non in te rsec t ing .  The segments c o n n e c t i n g   t h e   p o i n t s   o f   i n t e r s e c t i o n   i n   t h e  
l a t t i c e   a r e   s t r a i g h t .  Each l i n e   r e p r e s e n t i n g   t h e  wake i s  composed o f  a se r ies  
o f   s h o r t   s t r a i g h t  segments  and  one f i n a l ,   s e m i - i n f i n i t e  segment. The s h o r t  
s t r a i g h t  segments are  used i n  two  chord   leng ths   beyond  the   t ra i l ing  edge. A l -  
t o g e t h e r   t h e   f i n i t e  segments a r e  used f o r   t h r e e   c h o r d   l e n g t h s ,  because the  
l i f t i n g   s u r f a c e   i t s e l f   i s   i n c l u d e d .  

Associated  wi th  each  element  of   area i n   t h e   l a t t i c e  and w i t h  each f i n i t e  
segment i n   t h e  wake i s  a contro l   po int .   For   the  e lements  o f   area,   the  cont ro l  
p o i n t   i s   t h e   a v e r a g e   o f   t h e   f o u r   c o r n e r s ;   f o r   t h e   f i n i t e  segments i n  t h e  wake, 
t h e   c o n t r o l   p o i n t   i s   t h e   u p s t r e a m  end. 

The d i s tu rbance   ve loc i t y   genera ted   by   t he   d i sc re te   vo r tex  segments i s   c a l -  
cu la ted   accord ing   to   the   B io t -Savar t   law.  Thus, t h e   t o t a l   v e l o c i t y   f i e l d ,   w h i c h  
i s  composed o f   t h e   f r e e s t r e a m  and t h e   d i s t u r b a n c e ,   s a t i s f i e s   t h e   c o n t i n u i t y  
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equat ion   fo r   incompress ib le   f lows.  The c i r c u l a t i o n s   a r o u n d  each vo r tex  segment 
and t h e   p o s i t i o n s   o f   t h e   f i n i t e  segments i n   t h e  wake must  be  determined so t h a t  
s imultaneously  the  normal component o f   t h e   t o t a l   v e l o c i t y   v a n i s h e s   a t  each  con- 
t r o l   p o i n t  on t h e   l a t t i c e ,   c i r c u l a t i o n   i s   s p a t i a l l y  conserved,  and  each f i n i t e  
segment i n   t h e  wake i s   f o r c e - f r e e  (when t h e   f i n i t e  segments a r e   a l i g n e d   w i t h  
t h e   t o t a l   v e l o c i t y   a t   t h e i r   c o n t r o l   p o i n t s ,   t h e y   a r e   p r a c t i c a l l y   f o r c e - f r e e ) .  
To e f f e c t   t h i s ,  we u s e   t h e   i t e r a t i o n  scheme g iven i n  references 2-4. The r e -  
s u l t s   o f   t h i s   s t e p   a r e   t h e  shape o f   t h e  wakes emanat ing  f rom  the  wing  t ips  and 
t r a i l i n g  edge as w e l l  a s   t h e   c i r c u l a t i o n   d i s t r i b u t i o n .   I n   t h i s   p a r t ,   t h e   p o s i -  
t i o n s  and s t r e n g t h s   o f   t h e   f i n i t e  segments i n  o n l y  two  chord  lengths  behind 
t h e   t r a i l i n g  edge a r e   o f   i n t e r e s t .  

The f a c t   t h a t   t h e   d i s t u r b a n c e   d i e s   o u t   r a p i d l y  i n  the   ups t ream  d i rec t ion  
i s   t h e   b a s i s   f o r   t h e  scheme used t o  de te rm ine   t he   pos i t i on   o f   t he  wake a t   l a r g e  
d is tances  behind  the  leading  wing i n   t h e  second p a r t   o f   t h e  model. It i s  
e s s e n t i a l   t h a t   t h i s   p o s i t i o n  be   de termined  be fore   the   t ra i l ing   w ing   i s   con-  
s i d e r e d   i n   t h e   t h i r d   p a r t   o f   t h e  model. To e f f e c t   t h i s ,  we move downstream i n  
s t e p s ,   c o n s i d e r i n g   t h r e e   c h o r d   l e n g t h s   o f   f i n i t e  segments a t  a time,  and i t e r -  
a t i n g   t o   a l i g n   o n l y   t h e  segments i n   t h e  two  downstream  chord  lengths  with  the 
t o t a l   v e l o c i t y .  A t  each  step,  one  chord  length o f   f i n i t e  segments i s  added 
downstream  and  one i s  removed upstream. The r e s u l t   i s   t h e   p o s i t i o n s   o f   t h e  f i -  
n i t e  segments i n  bo th   the   near   and  fa r  wakes. The presence o f   t h e   t r a i l i n g  
w ing   d is tu rbs   the  wake f rom  the   lead ing   w ing ,   bu t   th is   d is tu rbance  d ies  o u t  
r a p i d l y   i n   t h e   u p s t r e a m   d i r e c t i o n   ( r e f e r e n c e  2). Thus, f o r   t h e   t h i r d   p a r t   o f  
t he   mode l ,   on l y   t hose   f i n i t e  segments i n  two c h o r d   l e n g t h s   i n   t h e   v i c i n i t y   o f  
t h e   t r a i l i n g   w i n g   a r e   o f   i n t e r e s t .  

I n   t h e   t h i r d   p a r t   o f   t h e  m o d e l ,   t h e   t r a i l i n g   w i n g   i s  a convent ional   large-  
aspect  wing,  and  hence one c a n   p r e d i c t   i t s   t o t a l   l o a d s   q u i t e   a c c u r a t e l y   b y   s i m -  
p l y   t a k i n g   t h e   v o r t e x   l i n e s   i n   i t s  wake t o  be s t r a i g h t  and  ignor ing  the  wing- 
t i p   v o r t e x  system. A number o f  horseshoe-vortex  methods  have been based on 
these  s imp l i f i ca t ions ;   e .g .   re fe rences  8-9. Obvious ly ,   these  s impl i f icat ions 
cannot be used when one  wants $ to   de te rm ine   t he   d i s t r i bu ted   l oads   o r  a model o f  
the  wake. 

To de te rm ine   t he   c i r cu la t i on  on t h e   t r a i l i n g  wing, we use  the   fo l low ing  
procedure.   F i rs t ,  we se lec t   anchor   po in ts  on  each  vortex l i n e   t r a i l i n g   f r o m  
the   lead ing   w ing   wh ich   a re   ups t ream  f rom  the   t ra i l ing   w ing  and o u t   o f   i t s  
reg ion  o f  in f luence.  Then, we u s e   t h e   u n d i s t u r b e d   p o s i t i o n   o f   t h e   v o r t e x   l i n e s  
f rom  the  leading  wing  as a guess f o r   t h e i r   p o s i t i o n   n e a r   t h e   t r a i l i n g   w i n g  and 
de te rm ine   t he   c i r cu la t i ons  on it. Second, we c a l c u l a t e   t h e   t o t a l   v e l o c i t y  
f i e l d  and, s t a r t i n g   a t   t h e   a n c h o r   p o i n t s ,   a l i g n  each f i n i t e  segment i n   t h e   l i n e s  
f r o m   t h e   l e a d i n g   w i n g   w i t h   t h e   t o t a l   v e l o c i t y   a t   i t s   c o n t r o l   p o i n t .  Then t h i s  
p o s i t i o n   o f   t h e  wake i s  used  as  the new guess  and the  procedure i s  repeated  un- 
til the  pos i t ion  converges.  

The l o a d s   o n   t h e   t r a i l i n g   w i n g   a r e   t h e n   c a l c u l a t e d   b y  summing the   fo rces  
a c t i n g  on the   vo r tex  segments  and t h e i r  moments. I n   c o n t r a s t   w i t h   t h e  conven- 
t iona l   horseshoe- la t t i ce   mode l ,   here   there   a re   s ign i f i can t   fo rces  on the   l egs  
of  the  horseshoe  elements  between  the  spanwise segments  and t h e   t r a i l i n g  edge 
wh ich   a re   p roduced   by   t he   c ross   f l ow   i nduced   by   t he   vo r t i c i t y   i n   t he  wake of 
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the'  leading wing;  these  forces have been included. Many more d e t a i l s  of  the 
i te ra t ing  scheme  and many references  related  to  the  various models  of the flow 
f i e l d  and to  experimental  investigations  of  single wings a r e  given i n  references 
2 and 3 .  

NUMERICAL EXAMPLE 

The  method of solution  outl ined i n  the  preceding  section i s  implemented 
through three computer codes;  each  corresponds t o  one  of the  three  parts of the 
model. In f igure 2 ,  we show a t yp ica l   so lu t ion   fo r   t he   f i r s t  two par ts  of the 
model. This  includes  the  leading wing  and the computed vortex  l ines  represent- 
ing  i t s  near and f a r  wakes. The t r a i l i n g  wing i s   a l s o  shown. The drawing is  
t o  scale.  The portion of the   fa r  wake i n  the   vicini ty  of t he   t r a i l i ng  wing i s  
t h e   f i r s t  guess for  the  solution  of  the  third  part .  The aspec t   ra t io  of the 
leading wing ( / X R )  i s  seven; i t   i s  tapered,  the sweep-back angle of the  leading 
edge  being  twenty  degrees and t h a t  of   the   t ra i l ing edge being  ten  degrees. The 
t r a i l i n g  wing  i s   r ec t angu la r ;   i t s   a spec t   r a t io  (A? t )  i s  s ix .  The root chord  of 
the  leading wing ( c ~ ) ~  i s   t h r e e  times tha t  of t he   t r a i l i ng  wing ( c ~ ) ~ .  The 
coordinates ( X o , Y o , Z o )  give  the  relative  posit ion of t he   t r a i l i ng  w i n g .  For 
all   the  results  presented below, the  angle  of  attack i s  ten  degrees  for both 
wings and Xo/(cr)R i s  9.25. 

In  f igure 3 ,  we show the  influence of the normal separation  Yo/(cr,)a on 
the normal - force  coeff ic ients  (C,)  for  four  values of the  la teral   separat ion 
(Zo/cr),. The corresponding  curves  of  the pitching-moment (Cmz) and rol l ing-  
moment ( C m x )  coeff ic ients   are  shown in  figures 4 and 5 ,  respectively.  The re- 
su l t s  show t h a t  the  load  coefficients  are  very  strongly  dependent on the normal 
and lateral   separations between the   t ra i l ing  and leading  wings. The  maximum in- 
crease and the minimum decrease  in  the  load  coefficients  occur when the   t ra i l ing  
w i n g  i s  one t o  two chord lengths above the  leading w i n g .  This  range  includes 
the  core of the   vor tex   t ra i l .  In the   l a te ra l   d i rec t ion ,   the   vor tex   core   i s   lo -  
cated between two and three chord  lengths from the  plane o f  symmetry of the 
leading wing. When the   t r a i l i ng  wing executes  along-track  penetration between 
the  vortex  cores, i t  suf fe rs  a l o s s   i n   l i f t  due t o  the downwash generated by 
the  contra-rotating  vortex  cores. On increasing  the  lateral   separation,  the 
wing gains l i f t  as i t  passes  outside  the  vortex  cores. The  same trend  occurs 
in  the pitching-moment coef f ic ien ts .  B u t ,  the  rolling-moment  coefficient changes 
from a posit ive  value  to a negative one (figure 6). These e f f ec t s  can cause a 
serious hazard t o  t he   t r a i l i ng   a i r c ra f t .  

The anomalies i n  the  region  near Z o  = 0 a re  probably due t o  round-off 
errors  caused by  some vortex segments gett ing  very  close  to a control  point. 
These  can be eliminated i n  a number of ways: e .g . ,  one  can multiply  the  velo- 
city  predicted by the Biot-Savart law by a pseudo-viscous  term which renders 
the  velocity  zero on the  vortex 1 ine and nearly  equal to   that   predicted by the 

r 
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Biot-Savart law a  short   distance away ( r e f .  l o ) ,  or  one  can p u t  a  "rigid-body" 
finite  core  along  the  vortex segment ( r e f .  11 ), or  one  can  use  small lengths 
for  the  vortex segments so tha t   t he   r a t io  o f  the  distance from the segment to 
the l e n g t h  o f  the segment i s  never smal 1 .  

The present  results  apparently show the  correct  trends and a r e  i n  qual i ta-  
t ive  agreement w i t h  the  results  of  reference 6. 

CONCLUDING REMARKS 

We have demonstrated  the  feasibility  of  using  a  discrete-vortex method t o  
model aerodynamic interference.  Such a method has several   desirable  features.  
As a r e s u l t  of  the way the wake from the  leading wing i s  determined, one  can 
predict  the  influence of the  leading-wing  planform on any t r a i l i n g  wing.  More- 
over,  the method can be extended t o  include  the  tip-vortex system of  t h e   t r a i l -  
ing wing. The growth of  the  vortex  core and vortex decay  can be accounted for  
by including  a  viscous  core  similar  to  that  of  reference 7.  Finally,  an u n -  
steady model, which takes  into  account  the  relative motion between the two wings ,  
can be developed by using  the  technique o f  reference 1 2 .  
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Figure 1.- Illustration of trailing vortex  wake and types of encounter 
(from  ref. 5): cross-track penetration (I), along-track penetration 
between vortices (2), and  along-track penetration through vortex 
center (3). 

Figure 2.- Typical  solution of the near and  far wakes of the leading 
wing. Angle of attack = loo; ARg, = 7; 4 X 8 lattice. 
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Figure 3 . -  Normal-force  coefficient  vs.   normal  separation  above  the  leading 
wing f o r   v a r i o u s  la teral  separat ions  Zo/(cr)a .   Xo/(cr)% = 9.25; 
ARE = 7 ;  ARt = 6 ;  ( c r )g / ( c r ) t  = 3 .  
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Figure 4 . -  Pitching-moment coeff ic ient   vs .   normal   separat ion  above  the 
lead ing  wing f o r   v a r i o u s  la teral  separations  Zo/(c,)a.  
XO/(cr)% = 9-25;  ARC = 7; ARt = 6 ;  (Cr )a / (Cr ) t  = 3. 
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0.3 r --- ISOLATED WING - INTERACTING WING 

Figure 5.- Rolling-moment c o e f f i c i e n t  vs. normal  separation  above  the 
lead ing  wing f o r   v a r i o u s   l a t e r a l   s e p a r a t i o n s   Z o / ( c r ) R .  
Xo/(cr)g = 9 . 2 5 ;  tZRg = 7 ;  A R t  = 6 ;  (Cr)g/(Cr)t  = 3. 
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Figure 6 . -  Normal-force (C,), pitching-moment (C ), and  rolling-moment 
( ) c o e f f i c i e n t s  vs. la teral  separa t ion .  X 3 ( c r ) g  = 9.25; 
Y B c ~ ) ~  = 1; ARg = 7; A R t  = 6 ;  (Cr)g/(Cr) t  = 3.  
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AN APPLICATION  OF THE SUCTION ANALOGY FOR THE 
ANALYSIS OF ASYMMETRIC FLOW SITUATIONS 

James M. Luckring 
NASA Langley  Research  Center 

SUMMARY 

This  paper reviews a recent   ex tens ion   of   the   suc t ion   ana logy   for   es t ima-  
t ion   o f   vor tex   loads   on  asymmetric conf igura t ions .   This   ex tens ion   inc ludes  
asymnetric augmented v o r t e x   l i f t  and the  forward sweep e f f e c t  on s ide  edge 
suc t ion .   App l i ca t ion   o f   t h i s   ex t ens ion   t o  a series of skewed  wings has  
r e s u l t e d   i n   a n  improved e s t i m a t i n g   c a p a b i l i t y   f o r  a wide  range of asymmetric 
f l o w   s i t u a t i o n s .  Hence, the   suc t ion   ana logy   concept  now has  more  general  
a p p l i c a b i l i t y   f o r   s u b s o n i c   l i f t i n g   s u r f a c e   a n a l y s i s .  

INTRODUCTION 

For l i f t i n g   s u r f a c e s   h a v i n g   r e l a t i v e l y   s h a r p   l e a d i n g  and s ide   edges ,   the  
commensurate s e p a r a t i o n   a s s o c i a t e d   w i t h   t h e   v o r t e x - l i f t  phenomena can  have 
considerable  impact on the  performance  of  high-speed  maneuvering  aircraft .  A 
d e t a i l e d  knowledge  of these   f low phenom-ena, which are r e f e r r e d   t o  as v o r t e x  
flows, i s  necessa ry   fo r   p rope r   des ign   and   ana lys i s   o f   such   a i r c ra f t .  

F o r   e s t i m a t i n g   t h e   l i f t   a s s o c i a t e d   w i t h   t h e s e   v o r t e x   f l o w s ,  Polhamus 
introduced  the  concept  of  the  leading-edge  suction  analogy  (ref.  1). The 
suct ion  analogy states t h a t   f o r   t h e   s e p a r a t e d   f l o w s   s i t u a t i o n ,   t h e   p o t e n t i a l -  
f low  leading-edge  suct ion  force becomes r eo r i en ted  from ac t ing   i n   t he   cho rd  
p lane   to   ac t ing   normal   to   the   chord   p lane   (a   ro ta t ion   o f  90°) by t h e   l o c a l  
vo r t ex   ac t ion   r e su l t i ng   i n   an   add i t iona l   no rma l   fo rce .  (See i n s e r t  on 
f i g .  1.) The reasoning is t h a t   t h e   f o r c e   r e q u i r e d   t o   m a i n t a i n   t h e   r e a t t a c h e d  
flow i s  t h e  same as t h a t  which  had  been  required  to  maintain  the  potential  
flow  around  the  leading  edge. 

An app l i ca t ion   o f   t he   suc t ion   ana logy  is  shown i n   f i g u r e  1 f o r  a 75 
swept  sharp-edge d e l t a  wing a t  a low  subsonic Mach number taken  from  reference 
2. Both l i f t  as a func t ion  of  angle of a t t a c k  and  drag  due to l i f t  are seen 
t o  be w e l l  es t imated by the   ana logy .   S ince   t he   o r ig ina l   app l i ca t ion ,   t he  
suct ion  analogy  concept   has   not   only  been  appl ied  to  more general   p lanforms 
( r e f s .  3 and 4 )  but ,   a lso  has   been  extended as shown i n   f i g u r e  2 t o   accoun t  
for   s ide-edge   vor tex   f lows   ( re f .  5).  

0 

Whereas t h e   t h e o r i e s  of r e fe rences  1 t o  5 have   dea l t   wi th   es t imat ing  
the  effects   of   separat ion-induced  vortex  f lows  on  longi tudinal   aerodynamic 
c h a r a c t e r i s t i c s   f o r  symmetrical conf igura t ions   having  symmetrical loads ,  it is 
d e s i r a b l e   t o   h a v e  a method  which  allows f o r  asymmetric conf igura t ions   such  as 
ob l ique   o r  skewed wings,  for  example,  and asymmetric f l i g h t   c o n d i t i o n s   s u c h  
as t h o s e   a s s o c i a t e d   w i t h   s i d e s l i p   o r  l a te ra l  c o n t r o l .  
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Accordingly, th i s  paper  presents  an  overvi.ew  of a recent   ex tens ion  
of t he   suc t ion   ana logy   concep t   t o   i nc lude  asymmetric f l o w   s i t u a t i o n s   ( r e f .  6 ) .  
Al though  analysis  may be  performed  on many d i f f e r e n t  types of asymmetric f low 
s i t u a t i o n s ,  as shown i n   f i g u r e  3 ,  t h i s   p a p e r  w i l l  focus  on  the  analysis   of  
wings  with  geometric asymmetries and ,   i n   pa r t i cu la r ,   on   un tape red  skewed wings 
having   separa ted   vor tex   f lows   a long   lead ing   and   s ide   edges .  The e f f e c t  of 
forward sweep  on s ide-edge  suct ion i s  reviewed  and  the  concept  of  augmented 
v o r t e x   l i f t  as developed i n   r e f e r e n c e  7 i s  a p p l i e d   t o  skewed wings. 

SYMBOLS 

A 

b 

cD 

C 
D,o 

cL 

AC 
L, v 

C 
‘ 6  

C 
‘P 

r 

‘m 

cN 
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a s p e c t   r a t i o  

wing  span 

d r a g   c o e f f i c i e n t ,  Drag 

qmSref 

experimental   value  of   drag  coeff ic ient  a t  CL = 0 

l i f t   c o e f f i c i e n t ,  L i f t  

qwSref 

CL i nc remen t   a s soc ia t ed   w i th   augmen ted   vo r t ex   l i f t  

rolling-moment coe f f i c i en t   abou t   r e f e rence   po in t ,  Rolling moment 

qwsr ef 

= -  

a E) 

pitching-moment  coefficient  about  reference  point  which i s  loca ted  
C ref a t  - un les s   o the rwise   s t a t ed ,  P i t ch ing  moment 

4 qwSr ef ‘r ef 

normal-force  coeff ic ient  , Normal f o r c e  

‘asref 



‘n 

C 
nB 

‘n 
P 

‘n r 

cS 

‘T 

cy 

‘u, se 

C 

- 
C 

C 
S 

C t 

C 
Y 

f 
Y, i 

K 
P 

%, le  

yawing-moment c o e f f i c i e n t   a b o u t   r e f e r e n c e   p o i n t ,  Yawing  moment 

qmsr ef 

- 3% - q3 
l ead ing -edge   suc t ion - fo rce   coe f f i c i en t ,   l s in  a1 s i n  c1 Kv, l e  

leading-edge   th rus t - force   coef f ic ien t ,  C s  cos  A 

leading-edge  s ide-force  coeff ic ient ,  C s i n  A 
S 

s ide-edge   s ide- f   o rce   coef f ic ien t  

streamwise chord 

c h a r a c t e r i s t i c   l e n g t h   u s e d   i n   d e t e r m i n a t i o n  of K 
- 
v, se 

sec t ion   suc t ion - fo rce   coe f f i c i en t ,  

s e c t i o n   t h r u s t - f o r c e   c o e f f i c i e n t ,  

s e c t i o n   s i d e - f o r c e   c o e f f i c i e n t ,  

Sec t ion   suc t ion   fo rce  
qooc 

S e c t i o n   t h r u s t   f o r c e  
qmc 

S e c t i o n   s i d e   f o r c e  
qmc 

e l emen ta l   s ide   fo rce  

a (CN, P) 
p o t e n t i a l - l i f t   f a c t o r ,  a ( s i n  c1 cos a) 

leading-edge-vortex l i f t   f a c t o r ,  

/Leading-edge  suction  force  from  one  edge\ 
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'v, se side-edge-vortex l i f t   f a c t o r ,  

suc t ion   force   f rom  one   edge  

QwSref 
n I 

- 
K v, se 

a sin '  a 

augmented-vortex l i f t   f a c t o r ,  

/ 

K v , l e  - 
(b) sec A 

M free-stream Mach number 

P r o l l  rate, r a d l s e c  

4, free-stream  dynamic  pressure 

r yaw rate, r a d l s e c  

S s u r f a c e   a r e a  

U f ree-s t ream  ve loc i ty  

U i nduced   ve loc i ty   i n   x -d i r ec t ion  a t  point   (x ,y)  

V i nduced   ve loc i ty   i n   y -d i r ec t ion  a t  poin t   (x ,y)  
- 
X cen t ro id  

a ang le  of a t t a c k  

B a n g l e  of s i d e s l i p  

Y d i s t r i b u t e d  bound v o r t i c i t y  a t  point   (x ,y)  

6 d i s t r i b u t e d   t r a i l i n g   v o r t i c i t y  a t  poin t   (x ,y)  

rl spanwise  locat ion  in   percent   semispan 

A leading-edge sweep a n g l e ,   p o s i t i v e   f o r  sweepback 

Subscr ipts :  

av average 

C cen t ro id  

i p a r t i c u l a r  item of l o c a t i o n  
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l e  

P 

1: 

r e f  

se 

t o t  

v le  

vse 

leading  edge 

p o t e n t i a l   o r   a t t a c h e d  f l o w  

r o o t  

r e f e r e n c e ;   f o r  S, t r u e  wing area; f o r  cy mean geometric  chord 

s ide   edge  

t o t a l  

v o r t e x   e f f e c t  a t  leading  edge 

v o r t e x   e f f e c t  a t  s i d e   e d g e  

RESULTS AND DISCUSSION 

Modified  Vortex-Lattice Method 

In   t he   ana lys i s   o f   s epa ra t ion - induced   vo r t ex   f l ow  e f f ec t s   fo r  symmetric 
conf igu ra t ions  by t h e  method  of r e fe rences  8 and 9 ,  t h e   p o t e n t i a l   f l o w  lift 
i s  computed  from. t h e  symmetric v o r t e x  l a t t i ce  and t h e   v o r t e x   l i f t  is  computed 
from  the symmetric p o t e n t i a l   f l o w   s o l u t i o n  by us ing   the   suc t ion   ana logy .  The 
app l i ca t ion   o f   t h i s   t echn ique  i s  no t   l imi t ed ,  however, to   symmetr ic   condi t ions 
and  should  be  appl icable   to  asymmetric cond i t ions   p rov id ing   t he   appropr i a t e  
values   of  K and K can  be  obtained. 

P V 

Accordingly,   the  asymmetric vortex-lat t ice   computer   program w a s  devel-  
oped  from i ts  symmetric p r o g e n i t o r s  (refs. 8 and 9) t o  compute p o t e n t i a l  
f low  so lu t ions   about   a rb i t ra ry   th in   asymmetr ic   conf igura t ions .  Once t h e  
asymmetric potent ia l - f low  solut ion  (and,   hence,  K ) is  known, t h e   s u c t i o n  

analogy may be  invoked t o  compute  corresponding asymmetric v o r t e x   l i f t  .terms, 

Kv , l e  
us ing   the  K and K q u a n t i t i e s  as computed  from t h e  asymmetric po ten t i a l   f l ow.  

P 

and Kv,se. The method  of r e fe rences  8 and 9 may  now be employed by 

P V 
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I n   a p p l y i n g   t h i s   a n a l y s i s   t o  a series of  sharp-edged skewed wings, some 
additional  aerodynamic effects assoc ia ted   wi th   these   wings   had   to   be   cons ider -  
ed. The fo l lowing   s ec t ions   desc r ibe   t hese  effects and p r e s e n t   t h e   a n a l y s i s .  

Additional  Aerodynamic  Considerations 

The e f f e c t  of forward sweep on  side-edge  suction w a s  in t roduced   in  
r e fe rence  6 .  On the  swept  forward  portion  of a skewed wing, shown i n   t h e  
upper   por t ion   o f   f igure  4 ,  the   leading-edge  and  s ide-edge  s ide  forces  are 
seen   t o   ac t   i n   oppos i t i on   t o   one   ano the r  and r e s u l t   i n   r e g i o n s   o f - p o s i t i v e  
and nega t ive   e l emen ta l   s ide   fo rce .  The change  of  sign of the   e lementa l  
s i d e   f o r c e  would  tend t o  imply   tha t   the   pos i t ive   e lementa l   s ide   forces   ac t  on 
the   s ide   edge   whi le   the   nega t ive   e lementa l   s ide   forces  act  on the   l ead ing  
edge. A comparison  of   the  leading-edge  s ide-force  dis t r ibut ion computed  by 
integrat ing  the  negat ive  e lemental   s ide  forces   on  the  sweptforward  semispan 
wi th   the   s ide- force  component  of t he   l ead ing -edge   t h rus t   fo rce  on the  swept- 
forward  semispan i s  p resen ted   i n   t he   l ower   l e f t   pa r t   o f   f i gu re  4 .  The agree- 
ment t ends   t o   subs t an t i a t e   t he   imp l i ca t ion   t ha t   t he   nega t ive   e l emen ta l   s ide  
f o r c e s  are i n   a c t u a l i t y   t h e - s i d e - f o r c e  component of   the  leading-edge  thrust .  
I n   t h a t   t h i s   f o r c e   h a s   a l r e a d y  been  accounted f o r   i n   t h e   p r e s e n t  method,  only 
the   pos i t i ve   e l emen ta l   s ide . fo rces   i nboa rd   o f   t he   s ide   edge  are i n t e g r a t e d   t o  
compute the  s ide-edge  force on the  sweptforward  semispan. 

In   re fe rence  7 ,  Lamar introduced  the  concept  of  augmented  vortex l i f t   f o r  
e s t i m a t i o n . o f   l o a d s   r i s i n g  from a v o r t e x   p e r s i s t i n g  downstream  and  passing 
o v e r   l i f t i n g   s u r f a c e s   s u c h  as t h e   a f t   p a r t  of a wing o r  a t a i l .  This   pers i s -  
t e n c e   r e s u l t s   i n   a n   a d d i t i o n a l   v o r t e x   l i f t  term unaccounted  for by the   suc t ion  
analogy  which  deals   only  with  the  forces   generated  a long a p a r t i c u l a r  edge. 

Figure 5 i l l u s t r a t e s   t h e   c o n c e p t   o f  augmented v o r t e x   l i f t   a p p l i e d   t o  a 
skewed wing. In   apply ing   the  method  of r e fe rence  7 ,  the   leading-edge  vortex 
l i f t   f a c t o r  developed  a long  the  leading-edge  length  pers is ts   over  a p o r t i o n  
of t he  wing a f t  of   the   leading  edge  taken  to   be  the t i p  chord.  This  condi- 
t i o n   r e s u l t s   i n   a n   a d d i t i o n a l   v o r t e x   l i f t   f a c t o r  which  has  the same angle-of- 
a t tack  dependence as t h e   o t h e r   v o r t e x  terms. Since  the  chordwise  centroid of 
side-edge  vortex l i f t   d i s t r i b u t i o n s  is genera l ly   near   the   midpoin t  of t h e  t i p  
chord ,   the   chordwise   cen t ro id   o f   the   aumented   vor tex   l i f t   fac tor  i s  t aken   t o  
be  the  midpoint of t h e   t i p   c h o r d .  It should  be  noted  that   the augmented  vor- 
t e x   l i f t   o c c u r s   o n l y  on t h e  downwind s i d e  edge.. 

A s  long as the   l ead ing -edge   vo r t ex   r ema ins   i n   t he   v i c in i ty   o f   t he   l ead ing  
edge, i t  w i l l  pass   over  a region  of  the wing a f t  o f   the   l ead ing   edge   tha t   has  
a l eng th   rough ly   equa l   t o   t he   t i p   cho rd .  The choice   o f   the   t ip   chord   for   the  
c h a r a c t e r i s t i c   l e n g t h  i s  consis tent   with  the  assumption employed i n   t h i s  
a n a l y s i s   t h a t   t h e   v o r t e x   l o a d s  act  along  the  edge  from  which  they  originate.  
This  assumption i s  v a l i d  as long as a s u b s t a n t i a l  amount of  vortex  growth 
and subsequent  inboard movement of the   vor tex   core  i s  not  encountered. 
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Skewed  Wing Analysis 

Figure 6 p r e s e n t s  a comparison  between a swept  and a skewed wing  of t h e  
span   load   and   sec t ion   suc t ion   d i s t r ibu t ions .   Al though  in   each  case t h e   t o t a l  
l oads   r ema in   e s sen t i a l ly   t he  same f o r   b o t h   w i n g s ,   t h e   d i s t r i b u t i o n  of the 
load is s e e n   t o   s h i f t   f o r   t h e  skewed wing to  the  sweptback  semispan. A com- 
parison  between  the  separated  f low  theory  and  experiment  for  these two wings 
i s  shown i n   f i g u r e  7.  Data f o r   t h e  swept  wing w a s  obtained  f rom  reference  10.  
Although  the l i f t  i s  w e l l  p r e d i c t e d   i n   b o t h  cases, t h e  augmented p i t c h i n g  
moment f o r   t h e  skewed wing is  s e e n   t o   p r e d i c t   t h e   d a t a  w e l l  up t o   a n   a n g l e  
o f   a t t ack  of approximately 6'; above t h i s   a n g l e  i t  o v e r p r e d i c t s   t h e   d a t a .  
The discrepancy  between  theory  and  data  for  the skewed  wing p i t c h i n g  moment 
may p a r t l y   b e   a t t r i b u t e d   t o   e x c e s s i v e   v o r t e x   g r o w t h  and  subsequent movement 
of   the  vortex  core   inboard as t h e   a n g l e   o f   a t t a c k  is  increased.  This  behavior 
i s  i l l u s t r a t e d   i n   f i g u r e  8. In   t he   app l i ca t ion   o f   t he   suc t ion   ana logy ,   t he  
vo r t ex   l oads  are assumed t o  be  edge  forces  and  no  angle-of-attack  dependence 
of t h e   c e n t r o i d s  is computed.  Moreover, as t h e   v o r t e x  moves inboard ,   the  
amount of t h e  wing  over  which  the  vortex  passes  giving r ise t o   t h e  augmented 
term decreases  and may even become negat ive.  Hence, t h e   p r e s e n t   a p p l i c a t i o n  
of  augmentation  for moment c a l c u l a t i o n  may on ly   be   app l i cab le   fo r  low t o  
moderate  angles  of  at tack  depending on how  much va r i ance  ' ? w i l l  experience as 
a func t ion  of a . 

Figures  9 t o  11 p r e s e n t   l i f t ,  pitching-moment,  and  rolling-moment 
c h a r a c t e r i s t i c s   o f   s e v e r a l  skewed wings  having  an  aspect  ratio  of  one and 
varying  leading-edge  sweep. A configurat ion  having a c y l i n d r i c a l   f u s e l a g e  
0.24b i n  diameter and 1 . 8 5 ~  i n   l e n g t h   w i t h  a midwing i s  a l so   p re sen ted .  r 

In  a l l  c a s e s ,   t h e   l i f t - w a s  w e l l  es t imated by including  the  edge-vortex 
and  augmented-vortex  contributions.  Similarly,  the  nonlinear  pitching-moment 
t r ends  were w e l l  p r ed ic t ed  by the  edge-vortex  contr ibut ion,   the   augmentat ion 
enhancing  the  predict ion a t  low to   modera te   angles   o f   a t tack .  The p o t e n t i a l -  
flow  pitching-moment  curve i s  seen  to   have a s ign   oppos i t e  from t h a t  of t h e  
da ta .   Rol l ing  moments were w e l l  p r ed ic t ed  by the  edge-vortex terms up t o  
approximately 8O where the   inboard   vor tex  movement became s i g n i f i c a n t ;   t h i s  
condition  caused a s i g n  reversal i n   t h e   d a t a   e x c e p t   f o r   t h e   w i n g - f u s e l a g e  
configurat ion.  The pr imary   e f fec t   o f   the   fuse lage  i s  to   b reak   the   l ead ing-edge  
v o r t e x   i n t o  two pieces,  one  emanating  from  the  wing  apex  and  bending down- 
stream a t  the   r i gh t -wing   fu se l age   j unc tu re  and the  other   emanat ing  f rom  the 
l e f t  leading-edge  fuselage  juncture  and  bending  downstream a t  t h e   l e f t  wing 
t ip .   Regenera t ing   the   l ead ing-edge   vor tex   wi th   the   fuse lage   subs tan t ia l ly  
decreases   the  extent   of   inboard movement of t h e   v o r t e x  as exh ib i t ed  by t h e  
agreement  between  theory  and  experiment  for  the  pitching-  and  rolling-moment 
c o e f f i c i e n t s   o f   f i g u r e s  10  and 11. 

Figures  1 2  t o   14   p re sen t   t he   l i f t ,   p i t ch ing -moment ,  and  rolling-moment 
c h a r a c t e r i s t i c s   o f  several skewed wings   o f   vary ing   aspec t   ra t io .  A s  i n   t h e  
previous case, t h e   l i f t  w a s  w e l l  p r ed ic t ed   fo r   t he   t h ree   w ings .  The experi-  
menta l   p i tch ing  moments are w e l l  p r ed ic t ed  by inc lud ing   t he  augmented term, 
bu t   t he   expe r imen ta l   ro l l i ng  moments s t i l l  depar t   f rom  the   theory  a t  
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approximately 6'. Hence, for   these   wings   the   chordwise   d i s t r ibu t ion  of t h e  
load i s  being w e l l  es t imated  whereas   the  spanwise  dis t r ibut ion of t h e ' l o a d  
can  be  estimated  only as long as a subs t an t i a l   i nboa rd  movement of t h e   v o r t e x  
is not  encountered. 

CONCLUDING NMARKS 

This  paper  has  presented a recent   ex tens ion   of   the   suc t ion   ana logy   for  
t h e   e s t i m a t i o n   o f   p o t e n t i a l  and vo r t ex   l oads  on asymmetric configurat ions.  
The analysis  has  been  accomplished by the  development  and  application  of  an 
asymmetric vortex-latt ice  computer  program  which may be  used  to compute t h e  
p o t e n t i a l  and vo r t ex   l oads   on  asymmetric conf igu ra t ions .  Tn a p p l y i n g   t h i s  
t o  a series of  sharp-edge skewed wings,   the   effects   of   forward sweep on s ide-  
edge  suction  and of a skewed  geometry  on  augmented v o r t e x   l i f t  have  been 
accounted  for.  Total  loads  have  been well predicted  whereas   pi tching and 
rolling  moments'have  been w e l l  p red ic ted   on ly  as  long as the  assumption  that  
t he   vo r t ex   l oads  act  a long  the  edge  f rom  which  the  vortex  has   or iginated i s  
n o t   v i o l a t e d .  Hence, the  suct ion  analogy  concept  may  now be app l i ed   t o  a 
wider   range  of   isolated  planforms  resul t ing  in   an  improved  es t imat ing  capa-  
b i l i t y  of separat  ion-induced  vortex  flow. 
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Figure 3 . -  Some r e c e n t   a p p l i c a t i o n s  of suc t ion   ana logy   to  aSpm?tr 
v o r t e x  flow s i t u a t i o n s .  
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Figure 4 . -  Forward  sweep e f f e c t s  on side-edge  suction. 
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Figure 5 . -  Concept of augmented vortex l i f t  a p p l i e d  t o  a skewed wing. 
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Figure 6.-  Span load and section  suction  distributions on a swept and 
skewed wing. A = 4 5 O ;  A = 1; M = 0. 
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Figure 7.- Longitudinal  characteristics of a swept and a skewed  wing. 
A = 45; A = 1. 
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(b)  A = 45'; A = 1; a = 10'. 

(c) A = 45O; A = 1; a = 1 5  . 0 

Figure 8 . -  Vortex flow on a skewed wing. 
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Figure 9 . -  Effect  of  leading-edge sweep  on l i f t   c h a r a c t e r i s t i c s  of 
several skewed wings. A = 1; M 0.10. 
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Figure 10.- Effect  of  leading-edge sweep on pitch  characteristics  of 
several skewed wings. A = 1; M :: 0.10. 
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Figure 12.- Effect of aspect  ratio on l i f t   charac ter i s t i c s  of several 
skewed wings. A = 30°; M =: 0.10. 
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Figure 13.- Effec t  of a s p e c t   r a t i o   o n - p i t c h   c h a r a c t e r i s t i c s  of s e v e r a l  
skewed wings. A = 300; M 2 0.10. 
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Figure  14.-   Effect of a s p e c t   r a t i o   o n   r o l l   c h a r a c t e r i s t i c s  of several 
skewed  wings. A = 30°; M z 0.10. 
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TRANSONIC FLOW THEORY OF AIRFOILS 
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AND WINGS* 

Sciences 

SUMMARY 

S u p e r c r i t i c a l  wing  technology i s  expec ted   to   have   a   s ign i f i -  
can t   i n f luence  on the   next   genera t ion   of  commercial a i r c r a f t .  
Computational  fluid  dynamics i s  playing a c e n t r a l  role i n   t h e  
development of new s u p e r c r i t i c a l  wing sec t ions .  One o f   t he   p r in -  
c i p a l   t o o l s  i s  a f a s t  and reliable code t h a t   s i m u l a t e s  t w o -  
dimensional  wind  tunnel data for   t ransonic   f low  a t   h igh  Reynolds  
numbers.  This i s  used widely by indus t ry   t o   a s ses s   d rag   c r eep  and 
drag rise. Codes for t h e   d e s i g n   o f   s h o c k l e s s   a i r f o i l s  by t h e  
hodograph  method  have  not  been so w e l l  received  because  they 
usua l ly   requi re  a lot of trial and e r r o r .  However, a more advanc- 
ed mathematical  approach makes it p o s s i b l e   t o   a s s i g n  t h e  p re s su re  
a s  a func t ion   of   the  arc l eng th  and then   ob ta in  a shockless  air-  
f o i l   t h a t   n e a r l y   a c h i e v e s   t h e   g i v e n   d i s t r i b u t i o n   o f   p r e s s u r e .  
T h i s  too l   should   enable   engineers   to   des ign  families o f   t r anson ic  
a i r f o i l s  more e a s i l y   b o t h  for  a i r p l a n e  wings  and for  compressor 
b lades   in   cascade .  

INTRODUCTION 

There a r e   p l a n s   t o   u s e  t h e  s u p e r c r i t i c a l  wing  on the   nex t  
generat ion of commercial a i r c r a f t  so as t o  economize on f u e l  
consumption by reducing  drag. Computer codes have  served w e l l  i n  
meeting  the  consequent demand f o r  new wing sec t ions .  One of t h e  
most widely  adopted codes w a s  developed a t  the   Couran t   In s t i t u t e  
to   s imula te   two-dimens iona l   t ransonic   f low  over   an   a i r fo i l  a t  high 
Reynolds  numbers (ref. 1) . This  work i s  an  example of t h e   p o s s i b i l -  
i t y   o f   r e p l a c i n g  wind tunnel  tests by computat ional   f luid 
dynamics.  Another  approach t o   t h e   s u p e r c r i t i c a l  wing i s  through 
s h o c k l e s s   a i r f o i l s .  Here a novel  boundary  value  problem i n  the 
hodograph  plane w i l l  be   d i scussed   tha t   enables   one  t o  design a 
s h o c k l e s s   a i r f o i l  so t h a t  i t s  p res su re   d i s t r ibu t ion   ve ry   nea r ly  
takes   on data t h a t  have  been  prescribed. An advanced  design code 
of th i s   k ind   has   been   wr i t t en   r ecen t ly  by David. Korn and is tu rn ing  
o u t  t o  be so s u c c e s s f u l   t h a t  it may u l t ima te ly   ga in   t he  same 
acceptance as t h e   b e t t e r   e s t a b l i s h e d   a n a l y s i s  code. 

*Work supported  by NASA under  Grants NGR 33-016-167 and 
NGR 33-016-201 and  by ERDA under  Contract AT(11-1)-3077. 
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Phys ica l ly  real is t ic  t r anson ic  f l o w  computations  can  be  based 
on a poten t ia l   equa t ion   tha t   p resupposes   conserva t ion   of   en t ropy  
across  shock waves, bu t   permi ts  a jump i n   t h e  normal  component  of 
momentum. However, t o  treat  e i the r   t he   p rob lem of design or  o'f 
a n a l y s i s   f o r   t r a n s o n i c  a i r f o i l s  i n  a s a t i s f a c t o r y  way from t h e  
engineer ing   po in t  of view, it is necessary t o  t ake   i n to   accoun t  
t h e   e f f e c t  of the   tu rbulen t   boundary   l ayer .  The s imples tp roce -  
dure is t o  c a l c u l a t e  the displacement  thickness  of  the  boundary 
l a y e r  from the   i nv i sc id   p re s su re   d i s t r ibu t ion   by  a momentum i n t e -  
g r a l  method  of Nash and  Macdonald (ref.2).  For analysis   one  adds 
the   d i sp lacement   th ickness   to  t h e  p r o f i l e  a t  each cycle   of   an 
i t e r a t i v e  scheme determining  the  f low.   In   the case of   design a 
corresponding  quant i ty  i s  sub t r ac t ed  from the  a i r f o i l   c o o r d i n a t e s ,  
which therefore   have t o  be provided  with a s l i g h t l y  open t r a i l i n g  
edge to  begin wi th .  

l e m  of design i f  t h e r e  is t o  be no loss of l i f t  i n   p r a c t i c e .  This  
can  be  accomplished by imposing a p r e s s u r e   d i s t r i b u t i o n   a t   t h e  
rear of the  upper   surface t ha t  jus t   avoids   separa t ion   accord ing  t o  
a c r i t e r i o n  of S t r a t f o r d  (ref. 3 ) .  The boundary  layer   correct ion 
has  been  found to  g i v e   s a t i s f a c t o r y   r e s u l t s   e v e n  when i t s  imple- 
mentation  only  involves a p r imi t ive  model of the wake i n  which 
pressure  forces balance  across  a p a r a l l e l   p a i r   o f   t r a i l i n g  stream- 
l ines .   Extens ive  wind tunnel  tests from l a b o r a t o r i e s  a l l  over  
t h e  world confirm tha t  t h e   a n a l y s i s  code agrees  w e l l  w i t h  experi-  
mental   data  when the   boundary   l ayer   cor rec t ion  i s  made. Prelimin- 
a r y  test data   on a cascade a i r f o i l  t h a t  was heavi ly   a f t - loaded  
a l so   i n sp i r e   con f idence   i n   t he   concep t  of using a S t r a t fo rd   p re s -  
s u r e   d i s t r i b u t i o n  to  avoid loss of l i f t   i n   d e s i g n  by the hodograph 
method. 

It is  important t o  e l i m i n a t e   s e p a r a t i o n   e n t i r e l y   i n   t h e   p r o b -  

The transonic  flow  codes  developed a t  t h e  Courant I n s t i t u t e  
have   been   d i s t r ibu ted   to   indus t ry  by the  Langley  Research Cen te r .  
I n  t h e  fu tu re   t hey  w i l l  a l s o  become ava i lab le   th rough t h e  Argonne 
Code Center  of t h e  Argonne National  Laboratory. 

THE METHOD O F  COMPLEX CHARACTERISTICS 

The p a r t i a l   d i f f e r e n t i a l   e q u a t i o n s  for the  v e l o c i t y   p o t e n t i a l  
Cp and stream funct ion  $'of  two-dimensional i r ro t a t iona l   f l ow  o f  a 
compress ib l e   f l u id   can   be   wr i t t en   i n  terms of c h a r a c t e r i s t i c  
coord ina tes  5 and T-I i n  the canonical  form 

@ r l  
= -i $-" 1 - M  @rl /p  , 

where t h e  local Mach number M and t h e   d e n s i t y  p are func t ions   o f  
the  speed q def ined  by Bernou l l i ' s  l a w .  A f a s t  and f l e x i b l e  
numerical scheme for the   cons t ruc t ion   of  smooth t r anson ic   f l ows   i n  
t h e  hodograph  plane  has  been  developed by continuing  these  equa- 
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tions  analytically  into  the  domain of complex  values of the t w o  
independent  variables 5 and 17 (ref. 4 ) .  The  coordinates 5 and rl 
can  be  specified  in  terms  of  the  speed q and  the  flow  angle 8 by 
the  formulas 

where f is  any  complex  analytic function.  Prescription 
ond  arbitrary  analytic  function g  serves  to  determine @ 
solutions of the  characteristic initial  value  problem 

+ i0 , 

of a  sec- 
and JI as 

where E o  = ;io is  a  fixed  point  in  the  complex  plane.  With  these 
conventions  -it  turns  out  that $ ( S , q )  = $ (:,E), whence  for  sub- 
sonic  flow  the  real  hodograph  plane  corresponds  to  points  in  the 
complex  domain  where 5 = n .  

Consider  the  nonlinear  boundary  value  problem of designing 
an  airfoil  on  which  the  speed q has  been  assigned  as  a  function 
of the  arc  length s .  To  construct  a  solution  it  is  helpful  to 
view  f  as  a  function  mapping  the  region of flow  onto  the  unit 
circle 151 .c 1. There  both  log f and g have  natural  expansions 
as  power  series  in 5 after  appropriate  singularities  accounting 
for  the  flow  at  infinity  have  been  subtracted  off.  The  coeffici- 
ents  of  truncations  of  these  series  can  be  determined  by  inter- 
polating  to  meet  boundary  conditions  on q and + at  equally 
spaced  points  of  the  circumference 151 = 1. Such  a  numerical 
solution  is  easily  calculated  because  the  matrix of the  system  of 
linear  equations  for  the  coefficients  is  well  conditioned.  This 
analytical  procedure  has  the  advantage  that  its  formulation  can 
be  extended  to  the  case of transonic  flow so as  to  yield  a  shock- 
less  airfoil  nearly  fitting  the  prescribed  data  even  when  an 
exact solution.of the  physical  problem  does  not  exist. 

To  calculate  transonic  flows  by  the  method  that  has  been 
proposed,  it  is  necessary  to  circumvent  the  sonic  locus M = 1, 
which  becomes  a  singularity of the  partial  differential  equations 
for @ and $ in  canonical  form.  In  the  plane 5 = n this  locus - 
separates  the  region of subsonic  flow  from  a  domain  where J 1 ( 5 , S )  
is  no  longer  real.  In  the  latter  domain  it is necessary  to 
extend  in  some  empirical  fashion  the  relationship  between @ and 

tion  of  the  boundary  conditions  that  applies  to  both  the  subsonic 
and  the  supersonic  flow  regimes is given  by  the  formulas 

Re  {log f(5) 1 = h , Re I q ( 5 , f )  1 + k Im { J , ( E , Z ) )  = 0 

- 

, s that  is  imposed  by  assigning q as  a  function of s .  A formula- 

i 

1 on 151 = 1, where k is  a  real  constant  and h is a function of 
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Re { $ ( c , f ) }  obta ined  from t h e  known r e l a t i o n s h i p s  among s ,  q and @. The n o n l i n e a r i t y  of the  problem makes it necessa ry   t o  i terate 
on t h i s   r e l a t i o n s h i p   i n   f i n d i n g  a numerical   solut ion.  

Empirical  data on   the   condi t ion  number of the   mat r ix  for t h e  
l inear   equa t ions   de te rmining   the  power series c o e f f i c i e n t s   o f   t h e  
a n a l y t i c   f u n c t i o n  g i n d i c a t e   t h a t   t h e  boundary  value  problem  for 
I) that   has  been  formulated i s  well posed  even i n   t h e   t r a n s o n i c  
case. I n   c o n t r a s t  w i t h  t h e  Tricomi problem,  boundary  values are 
assigned  around  the  whole  circumference of t h e   u n i t  circle.  The 
success  of  the  procedure  can be a t t r i b u t e d   t o  the  fact  t h a t  data 
are a s s igned   i n  a s u i t a b l e  complex ex tens ion   o f   t he   r ea l   p l ane .  

I n   g e n e r a l   l i m i t i n g   l i n e s  may appea r   i n   t he   phys i ca l   p l ane ,  
bu t  it has  been  found  that these can  be  suppressed by appropr ia te  
s e l e c t i o n   o f   t h e   r u l e s   d e f i n i n g  t h e  func t ion  h and t h e  real  para- 
meter k t ha t  o c c u r   i n   t h e   s p e c i f i c a t i o n   o f  t h e  boundary condi- 
t i o n s .  Thus a t o o l  becomes a v a i l a b l e   f o r  the cons t ruc t ion   of  
s u p e r c r i t i c a l  wing s e c t i o n s  from their  p r e s s u r e   d i s t r i b u t i o n s .  
F i g u r e  1 shows an  example of a s h o c k l e s s   a i r f o i l   t h a t  was obtained 
t h i s  way, toge ther   wi th  i t s  Mach lines.   Observe t h a t  t h e   i n p u t  
p r e s s u r e   c o e f f i c i e n t  C p  differs somewhat from t h e  values  
ca l cu la t ed   a s   ou tpu t  of t h e  flow i n  t h e  supersonic  zone, which i s  
r a t h e r   l a r g e .  The d a t a   t h a t  were assigned are based  on a modifi- 
ca t ion   of   the   exper imenta l   p ressure   d i s t r ibu t ion  on  Whitcomb's 
o r i g i n a l   s u p e r c r i t i c a l  wing ( ref .  5)  shown i n  Figure 2 .  

son ic   a i r fo i l s   i n   ca scade .   Th i s  model seems t o  of fer   cons ider -  
ab le   p romise   for  improvement i n  t h e  e f f i c i e n c y   o f   c e r t a i n   s t a g e s  
of  high  speed  compressors. However, t o  handle  cascades of high 
s o l i d i t y  w i t h  adequate   reso lu t ion  it i s  d e s i r a b l e   t o   r e p l a c e  a 
conformal  mapping  onto  the  unit circle 161 < 1 by t h e  mapping 
on to   an   e l l i p se ,  where t h e  Tchebycheff  polynomials become prefer -  
able t o  powers of < for   expansion  of  t h e  ana ly t i c   func t ions  
log  f and g. Likewise ,  t o   ach ieve   adequa te   r e so lu t ion   a t   t he  
t r a i l i n g  edge in   cases   of   heavy  af t - loading it i s  h e l p f u l   t o  
i n s e r t  a s p e c i a l  t e r m  a t  t h e  t a i l   i n  t h e  r ep resen ta t ion  of t h e  map 
funct ion f .  

The .des ign  code has   been   wr i t ten   to   inc lude   the   case   o f   t ran-  

The new code r e p r e s e n t s  a major  advance  over  what was 
a c h i e v e d   i n   e a r l i e r   v e r s i o n s ,  whose use   r equ i r ed   excess ive   t r i a l  
and e r r o r  (ref. 4 )  . A typ ica l   run   t akes   about   s ix   minutes  on t h e  
CDC 6600 computer.  Closure  of t h e  a i r f o i l  i s  r e a d i l y   a t t a i n e d  by 
a d j u s t i n g   t h e   p r e s s u r e   a t  t h e  t r a i l i n g  edge and t h e   r e l a t i v e  
l eng ths  of arc over  the upper  and  lower  surfaces  between the 
s t agna t ion   po in t  and t h e  t r a i l i n g   e d g e .  A g e n e r a l   p r i n c i p l e   t o  
be  observed when u s i n g   s h o c k l e s s   a i r f o i l s   t o   d e s i g n   s u p e r c r i t i c a l  
wing s e c t i o n s  i s  tha t   d rag   c reep   can  be reduced by diminishing t h e  
s i z e  of the supersonic  zone  of flow, especial ly   toward t h e  r ea r   o f  
t h e   p r o f i l e .   I n   p r a c t i c e  the best way t o  assess the  performance 
of a new design i s  t o   r u n  it through t h e  analysis   code,  which w i l l  
be  discussed  next.  
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ESTIMATION OF THE DRAG 

Analysis of t h e   t r a n s o n i c  f l o w  pas t   an   a i r fo i l   c an   be   based  
on a p a r t i a l   d i f f e r e n t i a l   e q u a t i o n  for the  v e l o c i t y   p o t e n t i a l  4. 
Weak so lu t ions   model l ing  shock waves are ca l cu la t ed  by  adding 
a r t i f i c i a l   v i s c o s i t y .  This  can be accomplished w i t h  a f u l l  con- 
servat ion  form (FCF) of   the   equat ion ,   bu t  a s impler   vers ion   no t  
i n   conse rva t ion  f o r m  (NCF) i s  sometimes more u s e f u l   ( r e f .  1) . To 
handle  the  boundary  conditions it is  convenient t o  map the   reg ion  
of f l o w  conformally  onto the e x t e r i o r   o f  the  u n i t  circle.  If r 
and 8 s t and  for  polar coord ina tes  there, the   quas i l i nea r   equa t ion  
f o r  4 can be w r i t t e n  as 

a % e  + 2b @ e r  + @rr + d = O  

when a r t i f i c i a l   v i s c o s i t y  i s  omitted.  The simplest way of 
introducing a r t i f i c i a l  v iscos i ty   numer ica l ly ,   sugges ted  first by 
Murman .and Cole i n  a fundamental  paper (ref.  6 ) ,  i s  t o  u s e  f i n i t e  
d i f fe rence   approximat ions   tha t   a re   re ta rded   in  t h e  d i r e c t i o n  of 
t h e  flow, which for   p rac t ica l   purposes   can  be taken as t h e  direc- 
t i o n  of 8 .  This   does  not   per turb the Neumann boundary  condition 
on 9. 

The f in i t e   d i f f e rence   equa t ions   fo r   t r anson ic   f l ow  can  be 
s o l v e d   i t e r a t i v e l y  by a v a r i e t y  of r e l a x a t i o n  schemes, a l l  Oi 
which t ake  t h e  form of marching  processes w i t h  respect t o  an a r t i -  
f i c i a l  t i m e  parameter.  Antony  Jameson  has  found t h a t  t h e  rate of 
convergence  can be acce le ra t ed  by s u b s t i t u t i n g  a f a s t   s o l v e r   o v e r  
the subsonic  flow  region  between  every f e w  cyc les   o f   re laxa t ion  
(ref.  7 ) .  Such a procedure has been programmed  by Frances  Bauer 
using fas t  Fourier   t ransform w i t h  r e s p e c t   t o  t he  p e r i o d i c   v a r i a b l e  
8. T h i s  reduces t h e  c a l c u l a t i o n  t i m e  by a f a c t o r  of three even 
when a boundary   l ayer   cor rec t ion  i s  inc luded   in  t he  computation. 
A standard  run  of her a i r f o i l  code now takes less than  three min- 
u t e s  on the  CDC 6600 computer.  

Detailed comparisons w i t h  experimental  data show t h a t   t h e  
NCF t r a n s o n i c   e q u a t i o n   g i v e s   s i g n i f i c a n t l y  better s imula t ion  of 
shock wave-boundary l a y e r   i n t e r a c t i o n   t h a n  does t h e  FCF equat ion,  
e s p e c i a l l y   i n  cases w i t h  a shock a t  t he  rear of the  p r o f i l e  where 
the  turbulent   boundary  layer  i s  r e l a t i v e l y  th i ck .  I t  would  appear 
t ha t  the NCF method leads t o  less radical g r a d i e n t s   i n  the pres- 
sure  behind t h e  shock, which is c o n s i s t e n t  w i t h  t h e  observa t ions .  
The NCF and  experimental  speeds both t end  t o  jump down b a r e l y  
below the  speed of sound  behind a shock.  Figure 2 shows the kind 
of agreement  between theoretical and test data t h a t  i s  usua l ly  
seen. Wall effect i s  accounted for by running  the  computer  code 
a t  t he  same l i f t  c o e f f i c i e n t  CL t h a t  occurs   in   the   exper iment .  

Because of e r roneous   pos i t ive  terms i n   t h e  a r t i f i c i a l  viscos- 
i t y ,  the shock  jumps def ined  by the NCF method crea.te mass i n s t e a d  
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of conserving it. However, t h e  amount of mass produced i s  only  of 
the   o rde r  of magnitude of the   square  of the   shock   s t r eng th   fo r  
nea r ly  sonic flow. The r e s u l t i n g  errors are t h e r e f o r e   n e g l i g i b l e  
except  for t h e i r  effect on t h e   c a l c u l a t i o n  of t h e  wave drag,  which 
has   the   o rder  of 'magnitude  of  the  cube of t h e  shock  strength.  A 
correct estimate of the  drag  can  be  obtained from NCF computations 
by working  with  the  path-independent momentum i n t e g r a l  

where p and  c*  s tand  for  the pressure  and  the c r i t i ca l  speed, 
r e spec t ive ly .  The integrand  has  been  arranged so t h a t  across a 
normal  shock wave p a r a l l e l  to  the   y -ax is  it jumps by an amount of 
t h e   t h i r d  order i n   t h e  shock  s t rength.   Therefore   integrat ion 
around the shocks  gives a reasonable  measure of the wave drag 
even when mass i s  not  conserved. 

de f ine  a s t anda rd   i n t eg ra l   o f   t he   p re s su re   t he re ,   bu t  a co r rec t ion  
term evaluated  over  a l a r g e  circle should  be added because of a 
s i n k   a t   i n f i n i t y   a c c o u n t i n g   f o r   t h e  mass generated by t h e  NCF 
method. L e t  R, p and q, denote   the chord l eng th  of t h e   a i r f o i l ,  
t h e   d e n s i t y  a t  i n ? i n i t y  and the speed a t   i n f i n i t y ,   r e s p e c t i v e l y .  
The corrected  formula for the wave d r a g   c o e f f i c i e n t  CDw becomes 

The pa th   o f   in tegra t ion   can   be   deformed  on to   the   p rof i le   to  

where t h e  first i n t e g r a l  i s  extended  over   the  prof i le   and t h e  
second  integral  i s  extended  over a l a r g e  circle s e p a r a t i n g   t h e  
p r o f i l e  from i n f i n i t y .   I n   F i g u r e  3 a comparison i s  presented 
between  experimental ,   corrected NCF, uncorrected NCF and FCF 
values  of t h e   t o t a l   d r a g   c o e f f i c i e n t  C f o r  a s h o c k l e s s   a i r f o i l  
t e s t e d   a t  Reynolds number R = 2 0 x 1 0  by Jerzy  Kacprzinski  a t  t h e  
Nat iona l   Aeronaut ica l   Es tab l i shment   in  O t t a w a .  The cor rec ted   d rag  
formula i s  seen   t o   g ive  a f a i r l y  reliable assessment  of  the  per- 
formance   of   the   a i r fo i l .  

w e l l  wi th   exper imenta l   da ta   r igh t  up t o   t h e  o n s e t  of b u f f e t .  
Shock l o c a t i o n s  are predicted  with  remarkable  accuracy  over a wide 
range of condi t ions,   a l though some improvement  would  be d e s i r a b l e  
a t  lower Reynolds  numbers  where t r a n s i t i o n  becomes important.  Thus 
t h e   a n a l y s i s  code has   been   adequate ly   va l ida ted   for   s imula t ion   of  
experimental data i n  two-dimensional  flow.  In  particular, i t  
models t h e   t r a i l i n g   e d g e   i n  a s a t i s f a c t o r y  way even  for   heavi ly  
a f t - l o a d e d   a i r f o i l s .  It is  t h e r e f o r e  of some i n t e r e s t   t h a t   t h e  
code  predicts   no loss of  l i f t  f o r   a i r f o i l s   d e s i g n e d  by t h e  hodo- 
graph method when a S t r a t f o r d   d i s t r i b u t i o n  i s  used t o  e l imina te  
separat ion  completely  over   the  whole  prof i le .  It would neverthe- 
less b e   d e s i r a b l e  to conf i rm  th i s   resu l t   exper imenta l ly   by   fur ther  

There are examples  where  the  results of t h e  NCF code  agree 

1354 



testing of shockless  airfoils  such  as the  one  shown  in  Figure 1. 

transonic flow. The progress  in  supercritical  wing technology 
should be extended to cascades of airfoils and flows in turbo- 
machinery. For  the  immediate future, the most challenging problem 
is  analysis of  the flow  past wing-body cornbinations modelling an 
airplane in  three dimensions. As  a first step  it  would  seem that 
the  NCF  equation for a velocity potential furnishes the most 
feasible mathematical formulation. Perhaps  the  Bateman variation- 
al principle  asserting  that  the volume integral of  the pressure is 
a stationary functional  of  the velocity potential, applied in  the 
context of the finite element method, offers the best prospect of 
deriving convenient  difference equations, provided artificial 
viscosity can  be added successfully. 

There is need for more research on computational  methods for 
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Figure 1.- Modification of Whitcomb wing at M = 0.78, CL = 0 . 4 7 .  
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Figure  2.- Whitcomb wing a t  M = 0.78, CL = 0.58. 
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Figure 3.-  Drag p o l a r   f o r   t r a n s o n i c   a i r f o i l  a t  M = 0.76. 
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THE MULTIGRID METHOD: FAST RELAXATION 

FOR  TRANSONIC FLOWS* 
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SUMMARY 

A m u l t i - l e v e l   g r i d  method has   been  s tudied as a p o s s i b l e  means o f   acce l e ra t -  
ing   convergence   in   re laxa t ion   ca lcu la t ions   for   t ransonic   f lows .  The method 
employs a hierarchy  of   gr ids ,   ranging  f rom  very  coarse   (e .g .  4 X 2 mesh c e l l s )  
t o   f i n e   ( e . g .  64 X 32);   the   coarser   gr ids   are   used  to   diminish  the  magni tude  of  
t h e  smooth p a r t  of t he   r e s idua l s ,   hope fu l ly   w i th  far l e s s   t o t a l  work than  would 
be requi red   wi th ,   say ,   op t imal  SLOR i t e r a t i o n s  on t h e   f i n e s t   g r i d .  To d a t e   t h e  
method has   been   appl ied   qu i te   successfu l ly  t o  the   so lu t ion   o f   t he   t r anson ic  
small-dis turbance  equat ion  for  the vela-city p o t e n t i a l   i n   c o n s e r v a t i o n  form. Non- 
l i f t i n g   t r a n s o n i c   f l o w   p a s t  a p a r a b o l i c - a r c   a i r f o i l  i s  t h e  example s tud ied ,   w i th  
meshes  of  both  constant  and  variable  step s i z e .  

INTRODUCTION 

The m u l t i - l e v e l   g r i d  method, for   acce le ra t ing   cof ivergence   in   re laxa t ion   ca l -  
cu la t ions ,   has   been  shown t o   b e   v e r y   e f f i c i e n t   f o r   s o l v i n g   e l l i p t i c  problenis  with 
Dir ichlet   boundary  condi t ions.  For background  and h i s t o r i c a l   m a t e r i a l ,   s e e   r e f -  
erences 1 t o  4. .The i d e a   o f   t h e  method i s  based on t h e   f a c t   t h a t  i n  many t y p i c a l  
e l l i p t i c  boundary-value  problems,  the  error i s  composed of a d iscre te   spec t rum of 
wave l e n g t h s ,  which  range  from the   wid th   o f   the   reg ion  down t o   t h e   w i d t h   o f  a 
mesh c e l l .  The short   wave-length  components  of  the  error  are  usually  diminished 
q u i t e   r a p i d l y   i n  a re laxa t ion   ca lcu la t ion ,   whi le   the   long   wave- length  components 
diminish  very  s lowly.   After   only a few i t e r a t i o n s   t h e   r e s i d u a l  w i l l  be  smooth, 
s ince   the   shor t   wave- length   e r ror  components  have  been e l imina ted ;   and   thus   the  
res idua l   can   be   represented   accura te ly  on a coa r se r  mesh. An equa t ion   ca l l ed  
the   " r e s idua l "   equa t ion  i s  then  solved on t h e   c o a r s e r  mesh,  and t h e   r e s u l t i n g  
c o r r e c t i o n  i s  added t o   t h e  last  approximation on t h e   f i n e  mesh, y i e l d i n g  a s ig-  
n i f i c a n t  improvement with  very l i t t l e  work. 

~~ ~ ~~~~~~ ~ ~~ ~~ ~ ~ ~~~ ~~~ ~ 

*This   research ,   par t ia l ly   suppor ted   by  NASA Grant NGR-47-102-001, w a s  i n i -  
t i a t e d   w h i l e  D r .  Brandt w a s  v i s i t i n g  ICASE ( I n s t i t u t e   f o r  Computer Applications 
in   Sc i ence  and  Engineering) at Langley  Research  Center. 

**Assistant Head, Theore t i ca l  Aerodynamics  Branch. 
***Professor of Mathematics,   currently on leave  a t  IBM Research  Center, 

Mathematics  Dept., Yorktown Heights,  New York. 
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Since   r e l axa t ion  methods are c u r r e n t l y   t h e  most a t t r a c t i v e   f o r   o b t a i n i n g  
numerical   solutions  to  transonic  aerodynamics  problems , t he   ques t ion  arises 
as t o  whether a multi-level, or mult i -gr id  ( M G ) ,  method  can be  used i n  a mixed 
flow  with  shock waves. I n   t h i s   p a p e r  we r e p o r t  some e a r l y   r e s u l t s   u s i n g   t h e  
MG method t o   s o l v e  a simple  transonic  problem: we cons ide r   t he   t r anson ic  s m a l l -  
d is turbance  equat ion for t h e   v e l o c i t y   p o t e n t i a l ,   f o r   n o n l i f t i n g   f l o w   p a s t  a 
p a r a b o l i c - a r c   a i r f o i l .  

PROBLXM D E S C R I P T I O N  

The t ransonic   smal l -d is turbance   equat ion   for   the   ve loc i ty   po ten t ia l   can   be  
wr i t ten   in   conserva t ion   form as: 

where 

Equation (1) i s  t o  be   so lved   subjec t   to   the   boundary   condi t ions   tha t   the   d i s tur -  
bance   po ten t ia l ,  @, vanishes a t  i n f i n i t y  and the  f low i s  t a n g e n t   t o   t h e   a i r f o i l  
sur face  , i n   t h e   i n t e r v a l  / x  I 5 1 / 2  ; i .e.  , 

where F(x)  i s  the   (uppe r   su r f ace )   t h i ckness   d i s t r ibu t ion   func t ion ,  T i s  t h e  
u s u a l   t h i c k n e s s   r a t i o ,  and y, M,, and K a r e   t h e   r a t i o   o f   s p e c i f i c   h e a t s ,  
free-stream Mach number,  and t r anson ic   s imi l a r i t y   pa rame te r ,   r e spec t ive ly .  The 
form  of  equations (1) t o  ( 5 )  i s  a c o r r e c t l y   s c a l e d   t r a n s o n i c   s i m i l a r i t y   f o r m ,  
i n  t h a t  all q u a n t i t i e s   a r e  of order  1. Equation (1) i s  of  hyperbolic or e l l i p t i c  
type  depending on whether 

i s  negat ive or p o s i t i v e ,   r e s p e c t i v e l y .  
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Finite-Difference  Equations 

Murman's  conservative  difference  scheme  (ref. 5) can  be  conveniently pre- 
sented  in  terms of Jameson's  "switching  function"  (ref. 6) as  follows : 

where 

and  where 

- W i j  + 4i-1 
Pij - - Uij 

Ax 2 

Pij = 0 if Uij > o 

= 1 if Uij 5 0 

It  should  be  noted  here  that  in'  the  interest  of  simplicity, we have pre- 
sented  only  the  constant-step-size  (unstretched  grid) form of the  difference 
equations.  The  actual  computer program is  written f o r  a  stretched  grid,  with 
the  identity  transformation  (constant  step  size)  included  as  a  special  case. 

Vertical  Line  Relaxation 

A vertical  line  relaxation  scheme  for  solving  equation (7) by iteration  can 
be  written  as: 

where 
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+ 9 denotes a "new" va lue  of 9, obta ined   dur ing   the  latest  i t e r a t i o n  sweep, 
while 9 i s  the   va lue   f rom  the   p rev ious  sweep. R i j ,  which i s  the   l e f t -hand  
s ide   o f   equa t ion  (71, i s  evaluated  with  "old"  values of @i j  I as are t h e   i t e r a -  
t i o n   c o e f f i c i e n t s  A through E ,  which   a re   g iven   in   the   appendlx .  

Multi-Grid  Approach 

Residual  equation.-  L e t  us   in t roduce  a sequence  of   gr ids  GI, G2, ..., Gm, 
where f o r   s i m p l i c i t y ,  hk = 2hk+l,  and hk r e p r e s e n t s   t h e   s t e p   s i z e   o f   t h e  
Gk g r i d .  We c a n   r e p r e s e n t   t h e   i t e r a t i o n   o p e r a t o r   ( e . g . ,   e q .   ( 1 2 ) )  on t h e  
f i n e s t   g r i d  GM as: 

where i s  t h e   e x a c t   d i s c r e t e   s o l u t i o n  on t h e  G g r i d .  We can  wri te  OM M 

where i s  the  approximate  solution  and v i s  t h e   e r r o r .  Then we have t h e  
r e s idua l   equa t ion :  M 

= - %  

where % i s  the   res idua l   o f   the   approximat ion  % on t h e  G g r id .  LM i s  i n  

genera l   d i f fe ren t   f rom  in   the   nonl inear   case ,   which   compl ica tes  matters. 

Nevertheless ,  i f  % i s  smooth,   the   error  w i l l  be   smooth,   and  the  res idual  

equat ion (16) can  be  solved on a coarser   gr id .   Thus,   for   example,  w e  can   wr i te  

0 

M 

where wMm1 i s  an  approximation t o   t h e   e r r o r  vM  on t h e  GM-l g r i d ,  and 

denotes   in te rpola t ion   f rom  the  Gk t o  GR. After   solving  the  problem (17) 
(usua l ly   wi th  homogeneous boundary  condi t ions) ,  we i n t e r p o l a t e   t h e   f u n c t i o n  

back  onto  the G mesh,  and  thus  form  an  improved  approximation: W M-1 M 
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In   t he   comple t e  MG a lgo r i thm,   t he   so lu t ion   o f   equa t ion  (17) i s  a l so   pe r -  
formed  by  relaxation;  and i f  the  convergence rate falls below a prescr ibed  
l e v e l ,  w e  can  apply a similar procedure ,   backing   up   to   the  GM-2 g r i d   l e v e l ,  
and so on, until w e  a r r i v e  at G i f  necessary.  The G1 g r i d  i s  so c o a r s e   t h a t  
a d i r e c t   s o l u t i o n   c o u l d   b e  used economically,   but we have   u sed   i t e r a t ion   he re  
a l so .  

I' 

Full approximation.-   In   the  general   nonl inear   case,   the   form of t h e  
opera t ion  E can be quite  complicated  -more so t h a n   t h e   o r i g i n a l   o p e r a t o r ,  
L - a n d   t h u s   a p p l i c a t i o n s   t o ,   s a y ,   t h e   f u l l   p o t e n t i a l   e q u a t i o n  may be   t ed ious  
t o  program. It tu rns   ou t   t ha t   fo r   t he   t r anson ic   sma l l -d i s tu rbance   equa t ion ,  
the job i s  simple,  and  our f i rs t  program did u s e   t h e   e x a c t   e x p r e s s i o n   f o r  x 
i n  a n   e f f i c i e n t  way. However, t h e r e  i s  an   equ iva len t ,   e a s i e r  method f o r   s o l v i n g  
the residual   equat ion,   which we c a l l   t h e  fu l l  approximation  method, as fo l lows:  

Suppose we add t o   b o t h  sides of  equation (17) the   f 'unct ion 

Then,  since 

we have 

T de can now use   t he   o r ig ina l   ope ra to r  on a l l   t h e   g r i d s ,  which   grea t ly   s impl i f ies  
t h e  programming. The right-hand s ide of  equation (20)  'is the d i f f e rence  
between the r e s i d u a l s  of ca lcu la t ed  w i t h  the   coarse-  and f ine-gr id   opera-  

t o r s .  Note t h a t  when the   so lu t ion   conve rges  on t h e  GM g r i d ,   t h e n  

but  RM,l w i l l  r e m a i n   f i n i t e ,   s i n c e  $M i s  a s o l u t i o n  on t h e  G g r i d ;  

i s  e s s e n t i a l l y   t h e   t r u n c a t i o n   e r r o r  of the $,1 opera tor .  

w 

M 34-1 
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After equat ion (20) i s  s o l v e d   t o   s u f f i c i e n t   a c c u r a c y ,  we determine  the 
func t ion  

W 
M-1 

M-1 = 9, - IM (UM) 

by  subt rac t ion  at all p o i n t s   o f   t h e   g r i d  G and   t hen   i n t e rpo la t e  w t o  
t h e  G g r i d  as be fo re   i n   equa t ion  (18). M-1' M-1 

M 

RESULTS AND DISCUSSION 

I n  o r d e r   t o   e s t i m a t e   t h e   e f f i c i e n c y   o f   t h e   m e t h o d ,  a work uni t   can  be 
def ined  as t h e  amount of computa t iona l   e f fo r t   r equ i r ed   fo r   one   r e l axa t ion  sweep 

n = (1/4)M-k wGk u n i t s  , f o r  example.  Likewise , when w e  c a l c u l a t e   t h e   r e s i d -  

g r i d ,  i .e. ,  as few  poin ts ;   hence   each   res idua l   ca lcu la t ion .cos ts   l ess  

" on t h e   ( f i n e s t )  GM grid. Thus a r e l a x a t i o n  sweep  on t h e  G k g r i d   c o s t s  

u x l s   f o r   t h e   g r i d ,  we pe r fo rm  these   ca l cu la t ions   a t   t he   po in t s   o f   t he  G k-1 

than  1/4 he   e f fo r t   o f  a r e l a x a t i o n  sweep  on t h e  $ g r i d ,  o r  approximately 
(1/b)"k+4. Note t h a t   t h i s  i s  an  overestimate , s ince   t he   t r i d i agona l   sys t em (12) 
i s  not   inver ted ,   nor  do we c a l c u l a t e   t h e   i t e r a t i o n   c o e f f i c i e n t s   d u r i n g  the 
r e s i d u a l   c a l c u l a t i o n s .  On the   o ther   hand  we d id  not   count   the work o f   i n t e r -  
po la t ion   i n   equa t ion  (18), f o r  example, o r  any  other  "overhead" of t h a t   t y p e .  

An o v e r a l l  estimate of   eff ic iency  can  be  given  by the e f f e c t i v e   s p e c t r a l  
r ad ius  

where 

RM a f t e r  f i r s t  sweep on G M 

I /%,nwJ 1 = norm of 
% a f t e r  nw work u n i t s  

and 
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Hence t h e  norm we use i s  t h e   r o o t  mean squa re   o f   t he   r e s idua l  on G This 
number i s  typ ica l ly   abou t  5 t o  10 t imes smaller t h a n   t h e  maximum norm i n  
transonic  problems. We cons ider  an approximate  solut ion  to   be  converged when 

M' 

where the   p re sc r ibed   cons t an t  C i s  typica l ly   chosen  as 1 so as t o   e s t i m a t e   t h e  
nominal   t runcat ion  error .  

Unstretched  Grids 

I n   t h e   c a s e   o f  a g r i d   w i t h   c o n s t a n t   s t e p s   i n   b o t h   d i r e c t i o n s ,   t h e   p r e s e n t  
MG method  performed  quite w e l l .  Some t y p i c a l   r e s u l t s  are summarized i n   t a b l e  I 
and   d i scussed   br ie f ly   in   the   fo l lowing .  

I n  a l l  c a s e s ,   t h e  MG runs were made with a r e l a x a t i o n   f a c t o r  w = 1.0 on 
all gr ids .  

Laplace's   equation  with smooth  boundary  conditions.- To i l l u s t r a t e   j u s t  
how f a s t   t h e  MG method  works f o r  a n ice ,   smooth ,   e l l ip t ic   p roblem,  we present  
i n   t a b l e  I r e s u l t s   f o r   t h e   s o l u t i o n   o f   L a p l a c e ' s   e q u a t i o n   w i t h   t h e   p r e s c r i b e d  
no rma l   de r iva t ive   equa l   t o   s in  TX along y = 0. Because  of  the  smoothness of 
the  boundary  data ,  it cou ld   be   expec ted   t ha t   i n t e rpo la t ing  a converged G4 
(32 X 16 g r i d )   s o l u t i o n   o n t o  G w i l l  give a very good s t a r t i ng   approx ima t ion  
for G5.  This  i s  t r u e  , for   a l tzough  the   convergence  rate on G5 y i e lded  
a = . 583 ,   t he   e f f i c i ency   o f   t he  two  combined l e v e l s  i s  more l i k e  a = .46! I n  
con t r a s t ,   success ive  l i n e  ove r re l axa t ion  (SLOR) achieved a = .924  on G5,  
s t a r t i n g  from t h e   z e r o   s o l u t i o n ,  and  using a r e l a x a t i o n   f a c t o r  w = 1.85. 

Non l inea r   a i r fo i l   f l ows . -  The n e x t   t h r e e   e n t r i e s   i n   t a b l e  1 show t h e  
results for   the   nonl inear   p roblem  of   f low  over  a p a r a b o l i c - a r c   a i r f o i l .  I n  
these   ca ses  , t h e  Neumann boundary  condition i s  an "N-wave" - far from  smooth.- 
b u t   t h e  M, = 0.7 s u b c r i t i c a l   c a s e   ( i . e . ,  no supersonic  f low)  converged as 
well as the   p rev ious  smooth  problem;  hence, it can  be  concluded  that   discontinu- 
ous boundary  conditions do n o t   d e t e r i o r a t e  MG performance. The "combined" mode 
of   opera t ion ,   where   the   converged   so lu t ion   for  G4 i s  used t o  start G5,  was 
no t   he lp fu l ,   s ince   t he   t runca t ion   e r ro r s   a round   boundary   s ingu lax i t i e s   and  
shock  waves  were so large.   That  i s ,  t h e  Gl+-solution  gives a l a r g e   r e s i d u a l .  
when i n t e r p o l a t e d  on t h e  G5-mesh. The M, = 0 .85   (modera t e ly   supe rc r i t i ca l )  
case  had  124  supersonic   points   out   of  a t o t a l  of  2145 mesh p o i n t s  on G 5 ,  or  6%. 
The r e l a t i v e   e f f i c i e n c y   b e t w e e n  MG and SLOR i s  s t i l l  unaf fec ted .   In   bo th   o f  
t he   a fo remen t ioned   non l inea r   ca ses ,   t he  SLOR runs were ca r r i ed   ou t   w i th  w = 1.85, 

I which was found t o  be near optimal  by  experiment. 

The last  of the   uns t r e t ched   g r id   ca ses  i s  M, = 0 . 9 5   ( h i g h l y   s u p e r c r i t i c a l ) ,  
wi th  355 supersonic   po in ts .  The f low  pa t t e rn   exh ib i t ed  a weak oblique  shock a t  
t h e   t r a i l i n g   e d g e ,   f o l l o w e d   b y  a t r i angu la r   r eg ion   o f   nea r ly   cons t an t   supe r son ic  
flow,  which was  terminated  by a normal  shock i n   t h e  wake.  The f i n a l  number of 
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supersonic   po in ts  was e s t a b l i s h e d  after 38 work u n i t s ,   a n d   t h e   s o l u t i o n  con- 
verged after 67.6 work u n i t s ,   g i v i n g  a = 0.858. The SLOR run was uns tab le  
wi th  w = 1.85 , and  had t o  be  "babied" by s lowly   increas ing  w, us ing   an   i n t e r -  
ac t ive   remote   t e rmina l .  The b e s t   r e s u l t   a c h i e v e d  w a s  nw = 228, wi th  a = .957. 

S t r e t ched  Grigs 

An a t t r a c t i v e  way t o   s a t i s f y   t h e  boundary  condition a t  i n f i n i t y  i s  t o  
t r a n s f o r m   t h e   i n d e p e n d e n t   v a r i a b l e s   s u c h   t h a t   t h e   i n f i n i t e   s p a c e  i s  mapped 
onto a f i n i t e  domain.  However, it became quickly  evident  that  v e r t i c a l   l i n e  
r e l axa t ion   a lone  i s  n o t   t h e  best way t o   r e l a x   t h e   s o l u t i o n   f o r  a s t r e t c h e d   g r i d ,  
e i t h e r   i n   t h e  MG mode or   s imple  SLOR. A n a l y s i s   o f   t h e   d i f f i c u l t y  shows t h a t  a l l  
the   h igh- f requency   e r ror  modes .are not r a p i d l y  damped i f  t h e  mesh a s p e c t   r a t i o  
d i f f e r s   s i g n i f i c a n t l y  from 1.0;  the   success   o f   the  MG method,  of  course,  hinges 
on t h i s   f e a t u r e .  The ana lys i s ,   no t   g iven   he re ,   a l so   i nd ica t e s   t ha t  a so lu t ion  
t o   t h i s  problem i s  t o  sweep i n  a l l  d i rec t ions   a l te rna te ly   ( forward ,   backward ,  
up , and  down). 

The las t  e n t r y   i n   t a b l e  I shows t h e   r e s u l t s   o f  a s t r e t ched-g r id   ca se ,  
aga in   fo r  M, = 0.95. The d e t e r i o r a t i o n   o f  the MG method i s  c l e a r ;  some bene- 
fit over SLOR i s  achieved,  however,  by  the MG method. 

CONCLUDING REMARKS 

The MG method f o r   a c c e l e r a t i n g   r e l a x a t i o n   c a l c u l a t i o n s   h a s   p r o v e d   t o  be 
a p p l i c a b l e   t o   n o n l i f t i n g   t r a n s o n i c   f l o w s   w i t h  embedded shock  waves. The method 
a p p e a r s   t o  work  from t h r e e   t o   f i v e   t i m e s  faster than opt imal  SLOR on uns t re tched  
grids  of  moderate s i z e  (64 X 32);  t h e   r e l a t i v e   a d v a n t a g e   o f  MG over SLOR 
inc reases  as t h e   g r i d   g e t s   f i n e r ,   s i n c e   t h e  MG convergence rate i s  near ly   inde-  
pendent  of mesh s i z e .  It i s  p robab le   t ha t   t he   ga ins   i n   t h ree -d imens iona l   ca l -  
cu la t ions  would  be  even  more  impressive,   since  each  coarser  grid  requires 
only 1/8 t h e  work of t he  n e x t   f i n e r   g r i d .  

On s t r e t c h e d   g r i d s ,   t h e   p r e s e n t  MG approach  slows down, being  only  about 
twice as fast as SLOR. It i s  f e l t  t h a t  a remedy i s  t h e   u s e  of a l t e r n a t i n g -  
d i rec t ion   re laxa t ion   sweeps .  

In   the   f 'u ture  we hope t o  develop  the MG method for   f lows   wi th  l i f t ;  f o r  
otherwise it w i l l  have  l imited  usefulness   in   aerodynamics.  

During  the  course  of  our work,  Professor Antony  Jameson  of  the  Courant 
Ins t i tu te   o f   Mathemat ica l   Sc iences ,  New York U n i v e r s i t y ,   a l s o   c a r r i e d   o u t  
research  on the  multi-grid  method. He showed independen t ly   t ha t   t he   " fu l l  
approximation"  approach  would  work,  and some o f   h i s   a t t empt s  at a l t e rna t ing -  
d i r e c t i o n  sweeps  have  been  encouraging. Our many discussions  have  been 
b e n e f i c i a l .  
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II - 

APPENDIX 

ITERATION  COEFFICIENTS 

We have   u sed   va r ious   cho ices   fo r   i t e r a t ion   coe f f i c i en t s   i n   equa t ion  (12). 
The c o e f f i c i e n t s   u s e d   t o  make t h e   c a l c u l a t i o n s   p r e s e n t e d   i n   t h i s   p a p e r   a r e  
simply  based  on  the Newton l i n e a r i z a t i o n   o f   e q u a t i o n s  ( T ) ,  (8) , and (10). They 
are as fol lows:  

F i r s t   de f ine :   (d ropp ing   t he  j i n d e x ,   s i n c e   a l l   q u a n t i t i e s   a r e  
e v a l u a t e d   a t   t h e  same j) 

Then we have 

- 1  = - (b. 1 + b. 1) = UiAx -2 
2 1+- 

2 2 
1- 

A = C = -Ay -2 

where 

P i  = O  i f  U i > O  

= 1  i f  U i I O  
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TABLE I.- SUMMARY OF' MULTI-GRID RESULTS, 64 X 32 CELLS 

E f f e c t i v e   s p e c t r a l   r a d i u s   f o r  - a 
Problem  descr ipt ion 

MG 

0.924  0.583 Laplace ' s   equa t ion ,  smooth Unstretched 

SLOR 

g r i d  (0.46  combined l e v e l s )  boundary  conditions 

P a r a b o l i c   a i r f o i l  , M, = 0.70 

.957 .858 P a r a b o l i c   a i r f o i l ,  M, = .95 

855 593 P a r a b o l i c   a i r f o i l ,  M, = .85 

.868 - 549 

S t r e t ched  P a r a b o l i c   a i r f o i l ,  M, = 0.95 
g r i d  

aSee equat ion  (23) 
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APPLICATION  OF  FINITE  ELEMENT  APPROACH  TO  TRANSONIC  FLOW  PROBLEMS* 

Mohamed M. Hafez,  Earl1 M. Murman,and  London  C.  Wellford** 
Flow  Research,  Inc. 

SUMMARY 

A variational  finite  element  model  for  transonic  small  disturbance 
calculations  is  described.  Different  strategy  is  adopted  in  subsonic  and 
supersonic  regions,  and  blending  elements  are  introduced  between  different 
regions. In  the  supersonic  region,  no  upstream  effect  is  allowed. If rec- 
tangular  elements  with  linear  shape  functions  are  us.ed,  the  model  is  similar 
to  Murman's  finite  difference  operators.  Higher  order  shape  functions,  non- 
rectangular  elements,  and  discontinuous  approximation  of  shock  waves  are  also 
discussed. 

INTRODUCTION 

The  plane,steady,  inviscid  flow  past a  smooth  configuration  near  sonic 
speed  can  be  described  by a  perturbation  velocity  potential c$ satisfying 
the  transonic  small  disturbance  equation (TSDE) 

(K-Ox) OXX + @YY = o  

where K is a sim4larity  parameter.  This  equation  is  nonlinear  and of mixed 
hyperbolic-elliptic  type.  Its  weak  solution  admits  discontinuity  in  the 
pressure, 

D 2  
<K-$ X > = - (%) 

and 

where < > and [r 1 signify  the  average  and  the  jump  across  the  shock  x (y). 
The  flow  field  solution  is  required  to  determine  the  pressure  distribution  on 
the  airfoil  (unlike  the  methods  of  singularities,or  Kernel  methods,used  for 
incompressible  flow  calculations).  Recently,  finite  difference  solutions 
have  been  obtained  with  marked  success  (refs. 1 - 4 ) .  

D 

In this  paper,  the  feasibility  of  applying  a  finite  element  approach  to 
transonic  flow  problems  will  be  studied. A finite  element  method  should  handle 

%upported by NASA  under  Contract NAS1-14246. 
**Consultant,  University of Southern  California, LOS Angeles,  California. 
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t h e  same problems  tha t   f in i te   d i f fe rences   d id ,   namely ,   the   change   of   the   type  
of   the   equat ion  i n  t h e  domain o f   i n t e r e s t   w i t h  a d i scon t inuous   so lu t ion  
s a t i s f y i n g   p r e s c r i b e d  jump c o n d i t i o n s .   I n   p a s s i n g ,   t h e   p o t e n t i a l   s o l u t i o n  i s  
comple t e ly   r eve r s ib l e  (no  entropy  changes),   and  an  expansion  shock must be 
excluded  (using  an a r t i f i c i a l  v i s c o s i t y   o r  a s h o c k   f i t t i n g   p r o c e d u r e ) .  Hope- 
fu l ly ,   compl ica ted   boundary   condi t ions  w i l l  b e   h a n d l e d   e a s i l y   i n   t h e   p h y s i c a l  
space ,   and   the   use   o f   h igher   o rder   shape   func t ions  w i l l  b e   e f f i c i e n t .  

FINITE ELEMENTS - BACKGROUND 

E l l i p t i c  Problems 

Consider  the  classical   boundary  value  problem, 

where $ is known on aR; K > 0. The a s s o c i a t e d   f u n c t i o n a l  i s  

I ( $ )  = f l K $ x 2  + ($y2 + 2f$ dxdy 
R 

The f i r s t   v a r i a t i o n  i s  set equa l   t o   ze ro  
1 1  

and  the   second  var ia t ion  i s  p o s i t i v e   d e f i n i t e .  

I f   l i n e a r   s h a p e   f u n c t i o n s  on t r i angu la r   e l emen t s  a re  used ,   t he   a lgeb ra i c  
e q u a t i o n s   f o r   t h e   n o d a l   v a l u e s   a r e   i d e n t i c a l   t o   t h o s e   o b t a i n e d  by applying a 
cen te red   d i f f e rence  scheme. 

A grad ien t  method f o r   s o l v i n g   t h i s  problem i s  

& $ = $  - ( $  = -  n+l n 
P 61 ($3 

where n i n d i c a t e s   t h e   i t e r a t i o n  and t h e  optimum p may be o b t a i n e d   i n  terms 
of  the  Residual  and  the  Hessian.  

Many n o n l i n e a r   e l l i p t i c   p r o b l e m s  a re  s o l v e d   i t e r a t i v e l y  by c a s t i n g  them 
in   Po i s son’ s   fo rm,   where   non l inea r i ty   ac t s  as  a dr iv ing   force   ( incompress ib le  
sources)  = 

6@xx 
+ 

and  where R i s  the  Residual   and w is a r e l axa t ion   pa rame te r .  

Argyr i s   ( r e f .  5 )  ca lcu la ted   compress ib le   subsonic   f lows  by the   Galerk in  
I 

method  and ob ta ined   impress ive   r e su l t s   w i th in  a few i t e r a t i o n s .   S i m i l a r  
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applications  were  reported  by  Gelder  (ref. 6 ) ,  Norrie  and  DeVries  (ref. 7), 
Periaux (ref. 8) , and  Chan  and  Brashears  (ref. 9 ) .  

Hyperbolic  Problems 

Finite  element  methods  were  also  developed  for  approximate  solutions  of 
initial  value  problems.  Both  variational  and  weighted  Residual  methods  were 
used  (see  refs. 10 - 16). Most  of  these  investigators  used  either  finite 
element  in  space  with  finite  difference  in  time,  a  quasi-variational  principle, 
or  a  convolution'  bilinear  form. A variational  formulation  for  initial  value 
problems  is  not  possible  in  the  classical  context  of  the  calculus of varia- 
tions.  Consider  the  simple  linear  wave  equation 

where @(x = 0 )  and @J~(X = 0) are  given  as  initial  conditions  and  x  is 
the  time-like  coordinate.  Application  of  Hamilton's  principle  requires  know- 
ledge  of  the  conditions  at  the  beginning  and  end  of a time  interval  and  does 
not  apply  here.  This  is  difficult  because  we  persist  in  employing  boundary 
value  techniques  to  solve  an  initial  value  problem. 

Contrary  to  the  conventional  shooting  method  (an  initial  value  technique), 
which  employs a marching  (step-by-step)  scheme  to  solve a boundary  value 
problem,  here  we  will  solve  the  initial  value  problem  by  a  formal  application 
of Hamilton's  principle.  The  success  of  the  shooting  methods  depends  on  the 
assumption  that a  variation  in  the  initial  slope  has  a  one-to-one  correspond- 
ence  with a  variation  in  the-  end  position;  hence,  the  problem  can  be  solved 
iteratively.  At  each  iteration,  only an initial  value  problem  is  solved.  For 
linear  problems,  .iterations  may  not  be  needed.  The  reverse of this  process  is 
valid  if  the  same  assumption  holds,  namely,  initial  value  problems  can  be 
solved  iteratively,  with  each  iteration  consisting of a boundary  value  problem. 
Again,  iterations  may  not  be  needed  for  linear  problems. 

So, if we  assume  that  the  end  value @(x = X) is  known  instead of the 
initial  slope @,(x = 0), the  associated  functional  (po'tential  and  kinetic 
energy)  would  be 

x 1  

0 0  

which  can  be  discretized  and  expressed  as  a  sum  over  finite  elements. A basic 
requirement  for  application of Hamilton's  principle  is  that we not  vary  the 
extreme  positions  of  the  physical  system.  The  missing  equation  (the  variation 
with  respect  to  the  end  position)'is  replaced  by an equation  prescribing  the 
variation  with  respect  to  the  initial  slope  (see  fig. 1). 

Note  that  the  second  variation  is  not  positive  (stationary  but  not 
extremum),  and  there  may  be  no  advantage  over  weighted  Residual  methods  with 
a  sensible  choice  of  suitable  weighting  functions.  We  note  also.  that 
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arrangement  of  the  elements  is not completely  arbitrary,  and  sometimes 
the  element  size  is  restricted  by  stability  requirements.  For  example,  if we 
use linear  shape  functions on triangular  elements,  the  algebraic  equations 
for  the  nodal  values  are  identical  to  those  obtained  by  explicit  centered 
difference  schemes.  These  requirements  arise  because  a  hyperbolic  system  has 
characteristics  (or  preferred  directions  of  propagation)  and  by  just  minimizing 
the  energy,  we  have  not  taken  these  features  into  account.  Implicit 
(unconditionally  stable)  schemes  will  be  discussed  below. 

For  many  nonlinear  hyperbolic  equations,  the  following  iterative 
procedure  can  be  used: 

where a is  determined to guarantee  convergence  of  iterations  (the  approximate 
domain  of  dependence  contains  the  exact  one). 

TRANSONIC FLOWS 

Consider  the  functional 

Perturbing @ in  any  direction V ( r l  is an  admissible  function) 

Vanishing  of  the  first  variation  gives 

Applying  Green's  theorem,  equation (3)  becomes 

Note  that  the  second  variation  is  not  always  positive. 
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Iterative  Procedures 

For  a nonlinear  problem, we need a linearization  procedure  and a 
discretization  technique. In general,  they  do  not  commute. 

If we  start  by  discretizing  the  integral  expression,  minimization  will 
lead  to a nonlinear  system  of  algebraic  equations to be  solved  iteratively 
(e.g. , Newton's  method). On  the  other  hand,  consider  the  sequence  of 
functionals 

At each  iteration,  only a linear  system  of  equations  will  be  solved. 

Discretization  Procedures 

The  finite  element  method  has  been  used  to  solve  efficiently  subsonic 
flow  problems,with  complex  geometries  employing  nonrectangular  elements, 
with a better  approximation  of  the  boundary  conditions  than  finite  differences. 
Although  the  matrix  for  the  nodal  values  will  not  have  the  same  regular 
structure  as  in  finite  differences,  the  number  of  unknowns  is  usually  less 
(for  higher  order  elements),  and  the  matrix  inversion  procedure  is  different 
(banded  Gaussian  Elimination). 

For  transonic  small  disturbance  theory,  the  streamlines  are  almost 
parallel  to  the x-axis, and  the  body  boundary  condition  can  be  applied  at 
y = 0 .  Moreover,  in  the  supersonic  bubble, x  is the  time-like  coordinate, 
and  the  nodes  may  be  located  along x = constant  lines.  Finite  differences 
suit  the  problem  very  well.  The  small  disturbance  simplifications  eliminate 
the  advantages  of  finite  elements.  The  situation  will  be  different,  however, 
if  the  full  potential  equation is considered  where  the  flow  direction  is 
unknown  and  if  the  exact  boundary  conditions  are  applied  at  the  surface of the 
body. 

Nevertheless,  we  will  consider a simple  example  and  use  rectangular 
elements  to  study  the  feasibility of using a  finite  element  approach to a 
mixed  type  equation.  As a matter  of  fact,  efficient  finite  difference  schemes 
for  elliptic  and  parabolic  equations are constructed  this  way  (see  refs. 17 - 
19). 

Semi-Discretization 

Let 

where m  is the  number  of  strips  in  the y-direction.  The  functional I 
becomes n 
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I n (41) = fKij {'X.. . dx + 
m m  

s"' Mi dx  dx 

dX.  dX 
2 i dx 

i=l j=1 1 J  x1 x1 j 

where 

and 

The  kinetic  and  potential  energies  are 

The  Euler-Lagrange  equation  reads 

= 0 (i.e., - (MX) + Kx = 0) 
. .  

where  M  and  K  are  the  mass  and  the  stiffness  matrices.  Or,  in  the 
canonical form, 

M x = P  P = + K X  

where  X.(x)  must  satisfy  the  essential  boundary  conditions.  For  local 
hyperbollc  regions,  the  end  value  X.(x = x ) will  be  replaced  by an initial 

condition, -- (x = x ). 

1 

dXi 
dx 1 

1 2 

Full-Discretization 

Instead  of  solving a  system  of  ordinary  differential  equations  along  lines, 
we  will  consider  different  discretization  procedures  also  in  the  x-direction. 

Finite  Element  in  Space,  Finite  Difference  in  Time. - - - If  linear  hat 
functions  in y are  used, M will  be a  triadiagonal  matrix 

and K  will  read 

These  two  matrices  will  be  modified  by  introduction of the  boundary  conditions. 

In  the  x-direction,  centered  differences  in  the  subsonic  segment  will  give 
star A ,  as  shown  in  figure 2, while  backward  differences in the  supersonic 
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segment w i l l  g ive  star B. A t  t he   pa rabo l i c   po in t  P, Kg i s  set e q u a l   t o   z e r o .  
A t  the   shock   po in t  S t h e   l o c a l l y  normal   shock  re la t ion <K-$ > = 0 provides  
$ downstream  of the  shock  and i s  used as a de r iva t ive   boundary   cond i t ion   fo r  
tffe rest of t h e  unknowns o n   t h e   l i n e .  

X 

F i n i t e  Element i n  Space  and Time .  - I f   l i n e a r   h a t   f u n c t i o n s   i n   b o t h  y 
and x are used,  both stars A and B w i l l  be   t he  same as i n   f i g u r e  3 .  

Higher  Order  Shape  Functions:  Linear H a t  F u n c t i o n s   i n  y and Hermite 
Cubics i n   x .  - The cubic  polynomial  on 0 5 x 5 Ax , which  takes  on  the  four 
p re sc r ibed   va lues  $o ,  9xo, $1, and $ Y is  

., . _ _  ” 

X 1  

with 

3 
= (e - 28 = e)Ax 

2 
H 1 O  

3 
= (e - e )AX 

2 
H1l 

X (e = ”> Ax 

In   the   subsonic   reg ion ,   the   cont r ibu t ion   of   the   ne ighbor ing   e lement  w i l l  be  
included  through  the  assembly of  t he   e l emen ta l   exp res s ion   i n to   t he   g loba l  
s y s t e m  ( s e e   f i g u r e  4 ) .  In   t he   supe r son ic   r eg ion ,   t he   s t a t iona ry   va lue   w i th  
respec t   to   @x(0)   and  @ (Ax) ,. assuming $(O)  and  $(Ax) are known, w i l l  g ive  
two a lgebra ic   equa t ions  tgat  w i l l  be   u sed   t o   so lve   fo r  @(Ax)  and @,(Ax) 
(accord ing   to   the   inverse   shoot ing  method d e s c r i b e d   e a r l i e r ) ,  namely, 

o r  

Note, no ups t ream  e f fec t  is  a l lowed   i n   t he   supe r son ic   r eg ion .  

Nonrectangular Elements. - A l l  the   p rev ious   approximates  were s p e c i a l  
cases of tensor   p roducts .  To r e l a x   t h i s   r e s t r i c t i o n ,   c o n s i d e r  

$ = C $ i N i ( ~ , ~ )  (21)  
i 



where Ni are t h e   g l o b a l   s h a p e   f u n c t i o n s .   ( F o r   e x a m p l e ,   t h e   i s o p a r a m e t r i c  
e lement   wi th   four   nodes ,   where  4, $X, and @ are g i v e n  a t  each  node,  curved 
boundar ies  are a l l o w e d   w i t h   t h e   r e s t r i c t i o n   t h x t   t h e   n o d e s   i n   t h e   s u p e r s o n i c  
r e g i o n  l i e  04 x = c o n s t a n t   l i n e s . )  

Element Equat ions  and  Assembly  Procedures  

F o r   s i m p l i c i t y ,   c o n s i d e r  a b i l i n e a r   e l e m e n t   w i t h   f o u r   n o d e s :  

@e = a + bx + cy + dxy 

The c o e f f i c i e n t s  a ,  b ,  c ,  and d are g i v e n   i n  terms o f   t h e   f o u r   n o d a l   v a l u e s .  
( I f   t h e   e l e m e n t s  were r e c t a n g u l a r ,   t h i s  case w o u l d   r e d u c e   t o   t h e   t e n s o r   p r o d u c t  
of l i n e a r   h a t   f u n c t i o n s   i n  x and y .) I f  w e  c o n s i d e r   t h e   e l e m e n t   e q u a t i o n s  
r a t h e r   t h a n   t h e   n o d a l   e q u a t i o n s ,   t h e   u s u a l   f i n i t e   e l e m e n t   a s s e m b l y   p r o c e d u r e  
i n   t h e   s u p e r s o n i c   r e g i o n   m u s t   b e   m o d i f i e d   a c c o r d i n g   t o   t h e   i n v e r s e   s h o o t i n g  
method, as shown i n   f i g u r e  5. 

The t r a n s i t i o n   b e t w e e n   t h e   e l l i p t i c   a n d   h y p e r b o l i c   p a r t s  of t h e   f l o w  is  
ach ieved   by   i n t roduc ing   b l end ing   e l emen t s   be tween   d i f f e ren t   r eg ions .  Two such  
e lements  are  u s e d :   o n e   f o r   t h e   s o n i c   l i n e ;   o n e   f o r   s h o c k   w a v e s .  

Sonic  Elements 

F o r   s o n i c   e l e m e n t s ,   t h e   a v e r a g e   o f  (K-$Z) i s  set  to   ze ro .   These  
e l e m e n t s   a c t  as a "buf fe r   zone ' '   be tween   subson ic   and   supe r son ic   e l emen t s .  We 
can show t h a t   t h e   s y s t e m   m a t r i x  w i l l  b e   p o s i t i v e   d e f i n i t e   i f   t h e   a b o v e  
a s s e m b l i n g   s t r a t e g y  i s  adop ted   and   i f   t he   son ic   e l emen t  is  inc luded .  

Shock  Elements 

I n   t r a n s o n i c  small d i s t u r b a n c e   c a l c u l a t i o n s   b y   f i n i t e   d i f f e r e n c e s ,   s h o c k s  
are  e i t h e r   c a p t u r e d   ( u s i n g   a r t i f i c i a l   v i s c o s i t y )   o r   f i t t e d   ( a s  a d i s c o n t i n u i t y ) .  
The a r t i f i c i a l   v i s c o s i t y  term r e q u i r e d   t o   s m o o t h   o u t   t h e   d i s c o n t i n u i t y  i s  
u s u a l l y   o f   t h e  same o r d e r  as  t h e  mesh s i z e   ( b e c a u s e   o f   l a r g e ,   b u t   f i n i t e ,  
g r a d i e n t s   o f   t h e   s o l u t i o n   i n   t h e   s h o c k   r e g i o n ,   e v e n   i f   h i g h e r   o r d e r   s c h e m e s  a re  
u s e d ) .  The same comment h o l d s   f o r   f i n i t e   e l e m e n t s .  On t h e   o t h e r   h a n d ,   t h e  
d i s c o n t i n u o u s   f i n i t e   e l e m e n t   a p p r o x i m a t i o n   o f   s h o c k  waves p r o v e d   t o   b e   e f f i c i e n t  
i n   n o n l i n e a r   e l a s t i c i t y   ( s e e   r e f .  20) .  Here w e  w i l l  d e s c r i b e  a f i n i t e   e l e m e n t  
a n a l o g u e   f o r   t h e   s h o c k   f i t t i n g   p r o c e d u r e   u s e d  by Hafez  and  Cheng  (ref.  21). 

Consider  a shock   e lement ,  as shown i n   f i g u r e  6 .  The  Rankine-Hugoniot 
r e l a t i o n s   u n d e r   t h e   t r a n s o n i c  small d i s t u r b a n c e   a s s u m p t i o n s  are  g i v e n   i n  
equat ions   (13)   and  (14). 

The f i r s t   r e l a t i o n   c a n   b e   d e r i v e d   a c t u a l l y   f r o m   t h e  weak s o l u t i o n   a d -  
mi t ted   by  TSDE, w h i l e   t h e   s e c o n d  i s  c o n s i s t e n t   w i t h   t h e   i r r o t a t i o n a l i t y  
cond i t ion ,   wh ich  is  e q u i v a l e n t   t o  [@I] = 0 . The e q u a t i o n   f o r   t h e   n o d a l   v a l u e  
a t  i - 1 w i l l  n o t   b e   a f f e c t e d .  The e q u a t i o n  a t  i , however, w i l l  b e  
d i f f e r e n t   s i n c e   o n l y   t h e   c o n t r i b u t i o n   o f   s e g m e n t  I1 downstream  of  the  shock 
w i l l  be   cons idered .  To t h e   f i r s t   o r d e r   o f   a c c u r a c y ,   k n o w i n g  @i-l and  @i-2 3 
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w e  know the  condi t ion  upstream  of   the  shock.  can  be  determined  according 
t o   r e l a t i o n   ( 2 )  and i n  terms of $ . The r ig   t hand   s ide   (dx /dy )2  may be 
evaluated  from a p r e v i o u s   i t e r a t i o n  as the  average  of   the  s lope  of   the  shock 
in   t he   ad j acen t   e l emen t s .  I f  t h i s  term is  neg lec t ed ,   t he  scheme w i l l  reduce 
t o   t h e   s h o c k   p o i n t   o p e r a t o r ,  as d iscussed  earlier. The c o m p a t i b i l i t y   r e l a t i o n  
( 3 ’ )  is  s a t i s f i e d  by u s i n g   l i n e a r   s h a p e   f u n c t i o n s   i n   u p s t r e a m  and  downstream 
segmen t s .   Thus ,   ( i n   f i n i t e   d i f f e rence   ca l cu la t ions )   t he   i n t roduc t ion   o f  
shock   r e l a t ions  w i l l  n o t  make the  system matrix s i n g u l a r   o r   d i s t u r b   t h e  con- 
vergence   o f   i t e ra t ions .  

3 
i 

As a n   a l t e r n a t i v e   a p p r o a c h ,   i n s t e a d  of a l t e r i n g   t h e   n o d a l   e q u a t i o n  a t  t h e  
shock  point   to   admit  the jump i n  9, between i and i-1, accord ing   t o  
equat ion (l), we may u s e   t h e   d i v e r g e n c e   t h e o r e m   t o   o b t a i n   a n   i n t e g r a l   r e l a t i o n  
as a conserva t ion  of mass over  the element. The e lenent   equa t ion  will read  

B i l i n e a r   s h a p e   f u n c t i o n s   i n  I t h r u  I V  ( f ig .  6 )  may be  used  with a jump i n  $x 
a c r o s s   t h e   s h o c k .   S i m i l a r l y ,   t h e   i r r o t a t i o n i l i t y   c o n d i t i o n   ( e x i s t e n c e  of 
po ten t i a l )   imp l i e s   ze ro   vo r t i c i ty   ove r   each   e l emen t   and ,  by Stokes  theorem,  zero 
c i r c u l a t i o n .  namely 

where 

f f V  x G-ndA = 4” V-ds = 0 

So,  as an   a l t e rna t ive   approach ,   r e l a t ions   (2 )  and  (3) are replaced by 
re la t ions   (22)   and   (23) .  

REMARKS AND COMMENTS 

Mixed Var i a t iona l   P r inc ip l e s  

Note that   h igher   order   shape  funct ions,   namely,  Hemite cubics ,   l ead  
to   equat ions   (20)   and   (20’ )   for  (9 and @x a t  the  nodes.  The r e s u l t i n g  
a lgebra ic   e -qua t ions   can   be   cons idered  as f l n i t e   d i f f e r e n c e   a p p r o x i m a t i o n s   o f  
two d i f f e r e n t i a l   e q u a t i o n s :   t h e   f i r s t  is t h e  TSDE (l), and the  second is  t h e  
x -de r iva t ive  of t h e  TSDE. Ins tead ,   the   p roblem  can   be   formula ted   in  terms of 
two unknown func t ions  (9 and u , where (9 is  governed  by  the TSDE and u 
is governed by a c o m p a t a b i l i t y   r e l a t i o n  u = $x. A mixed v a r i a t i o n a l   p r i n c i p l e  
( i n  terms of (9 and u ), t oge the r   w i th  a dua l  i terative p rocedure   fo r  TSDE, 
is s t u d i e d   i n  a separate   paper   where  the merits and t h e   e f f i c i e n c y   o f   t h e  new 
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method is assessed. 

Weighted  Residual  Methods 

Chan  and  Brashears  (ref. 9) used  least  squares  to  solve  TSDE.  Straight- 
forward  application of the  method  fails  (the  solution  diverges), so results 
can  be  obtained  by  changing  the  system  matrix.  The  element  matrices  are 
constructed in the  usual  manner.  Before  assembling  the  element  matrices  into 
the  system  matrix,  the  rows  corresponding  to  the  nodes  along  the  upstream  side 
of  any  element  in  the  supersonic  zone are zeroed  out;  hence,  no  upstream  effect 
is allowed  there.  Applying a  similar  procedure  using  the  Galerkin  method  and 
cubic  elements in the  x-direction  gives 

Note  that  equations ( 2 4 )  and ( 2 4 ' )  differ  from  equations ( 2 0 )  and ( 2 0 ' )  since 
different  weighting  functions are used. 

Type-Insensitive  Methods 

In  our  method,  a  different  strategy  is  adopted  in  subsonic  and  supersonic 
regions. A unified,  type-insensitve  method  may  be  simpler,  but  not  efficient, 
since  different  requirements  in  each  region  must  be  satisifTed  simultaneously. 

To  obtain  such a  procedure,  the  steady  problem  is  embedded  in  a  higher 
dimensional  space,  where  the  problem  is  more  amenable  for  analysis.  The  extra 
dimension  may  have  a  physical  meaning,as  in  the  unsteady  (time-dependent) 
method  or  may  be  just a  mathematical  trick,like  the  use  of complex character- 
istics  or  any  parameter  as  in  the  method  of  parametric  differentiation.  Also, 
extra  dependent  variables  may  be  used, as  in  the  mixed  variational  principle. 
The  usefulness  of  these  imbedding  techniques  depends  on  how  fast  the  limit . 

solution  will  be  obtained.  As  an  example  of  a  unified  procedure,  consider  the 
TSDE  in  the  form  of a system  of  first  order  equations, 

K u   = v  = f  
R x  Y 

KR = K-u 

u - v   = g  
Y X 

or 
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For cases where KE w a s  a l i n e a r   f u n c t i o n  of y , F r i e d r i c h s   ( r e f .  2 2 )  
and Chu ( r e f .  2 3 )  found a t r ans fo rma t ion   t ha t   pu t   t h i s   sys t em  in to  a p o s i t i v e  
symmetric form. A s  shown by L e s a i n t   ( r e f .  2 4 )  and  reported by Levanthal  and 
Aziz   ( re f .  25)', t h e   f i n i t e   e l e m e n t  method can   be   app l i ed   success fu l ly   u s ing  
th i s   t r ans fo rma t ion .  In general,  however,  such a t ransformat ion  may no t  exist. 
Never the less ,   i f   the   p roblem is  considered as the   asymptot ' c  l i m i t  of a n  un- 

s teady  problem,  where. the  vector  (i) is rep laced  by (" 0 ') B tlt , t h e   s i t u a t i o n  is 
d i f f e r e n t .  The modified  system is  symmetric and  hyperbol ic .   Unl ike  ' the  
equ i l ib r ium  equa t ions ,   fo r  symmetric hype rbo l i c   equa t ions   pos i t i v i ty   cou ld   a lways  
b e   a t t a i n e d  by a s imple  t ransformation,  as shown by  Fr iedr ichs   ( re f .  22). For 
such a modified  system, no spec ia l   t r ea tmen t   fo r   subson ic  and  supersonic 
reg ions  is  needed. 

However, b a s e d   o n   t h e   f i n i t e   d i f f e r e n c e   c a l c u l a t i o n s  of t he   Eu le r  
equat ions ,   where   cen tered   d i f fe rences  are used  everywhere i n   s p a c e ,   t h i s  
' ' i t e ra t ive"   p rocedure  may be slow. On the   o ther   hand ,  i t  seems t h a t   e f f i c i e n t  
a p p l i c a t i o n s  of f i n i t e   e l e m e n t   m e t h o d s   t o   t h e   f u l l   p o t e n t i a l   e q u a t i o n  may 
r equ i r e   such  imbedding  techniques  (art if icial   t ime-dependent and v i s c o s i t y  
terms) . 

CONCLUSIONS 

Appl ica t ions  of a f in i t e   e l emen t   app roach   t o   t r anson ic   f l ow  p rob lems   have  
been  discussed. Only small d i s tu rbance   equa t ions   w i th   s t r eaml ines   a lmos t  
para l le l  to   the  x-axis   (hence,   the   nodes are  loca ted   a long  x = c o n s t a n t   l i n e s  
in   the  supersonic   region)   have  been  considered.   Current ly ,   computat ions of a 
s i m p l e  numerical  example are  underway.  Extension of t h i s   a p p r o a c h   t o   t h e   f u l l  
po ten t i a l   equa t ion  i s  p o s s i b l e  as long as t h e   d i r e c t i o n  of t h e   f l o w   i n  t h e  
supersonic   region i s  almost known a p r i o r i .  
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L HYPERBOLIC 

(a) Character  of equations. 

BOUNDARY 
VALUE  PROBLEM 

2 

SHOOT1 NG 
METHODS 

(b) Solution methods. 

I N I T I A L  
VALUE  PROBLEM 

Figure 1.- Mixed  flow problems. 
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Figure 2.- Element  for  calculations  using  finite  element 
in  space,  finite  difference  in time. 
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Figure  3 . -  E l e m e n t s   f o r   c a l c u l a t i o n s   u s i n g   f i n i t e   e l e m e n t   i n   s p a c e  
and  time. 

SUBSON IC SUPERSONIC 

Figure  4 . -  F i n i t e   e l e m e n t   c a l c u l a t i o n s   u s i n g   h i g h e r   o r d e r   s h a p e   f u n c t i o n s .  
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Figure  5.- F in i te   e lement   assembly   modi f ied   accord ing   to   the   inverse  
shooting  method. 

F igure  6 . -  Shock  element i n   f i n i t e   e l e m e n t  scheme. 
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INVERSE  TRANSONIC AIRFOIL DESIGN 

INCLUDING VISCOUS INTERACTION* 

Leland A. Carlson 
Texas A&M Unive r s i ty  

SUMMARY 

A numer ica l   t echnique   has   been   deve loped   for   the   ana lys i s   o f   spec i f ied  
t r a n s o n i c   a i r f o i l s   o r   f o r   t h e   d e s i g n   o f   a i r f o i l s   h a v i n g  a prescr ibed   pressure  
d i s t r i b u t i o n ,   i n c l u d i n g   t h e   e f f e c t  of weak v iscous   in te rac t ion .   The 'method 
u s e s   t h e   f u l l   p o t e n t i a l   e q u a t i o n ,  a s t re tched  Cartesian  coordinate   system,  and 
t h e  Nash-Macdonald turbulent   boundary  layer  method.  .Comparisons  with  experi- 
m e n t a l   d a t a   f o r   t y p i c a l   t r a n s o n i c   a i r f o i l s  show excel lent   agreement .  An ex- 
ample  shows t h e   a p p l i c a t i o n  of t h e  method t o   d e s i g n  a thick  aft-cambered air- 
f o i l ,  and   t he   e f f ec t s  o f   v i scous   i n t e rac t ion  on i t s  performance are discussed.  

INTRODUCTION 

A numerical  method f o r   t h e   d e s i g n   o r   a n a l y s i s  of t r a n s o n i c   a i r f o i l s   s h o u l d  
no t   on ly   be   accu ra t e   bu t   a l so   shou ld   be  as s imple as poss ib l e   i n   concep t   and  
approach. It  should  use  coordinate   systems,   input   var iables ,   and  boundary 
condi t ion   t rea tments   tha t   can   be   eas i ly   unders tood  by the   u se r .   F ina l ly ,  i t  
should  be  able   to   handle   both  shocked  and  shockless   f lows  and  be  sui table   not  
o n l y   f o r   c o m p l e t e   d e s i g n   b u t   a l s o   f o r   a i r f o i l   m o d i f i c a t i o n .  

One approach   to   th i s   p roblem is  t h e   i n v e r s e  method i n  which t h e   a i r f o i l  
su r f ace   p re s su re  is  s p e c i f i e d  and the   a i r fo i l   shape   subsequen t ly   de t e rmined .  
Admit tedly,   th is   approach  requires   knowledge of what  would be  a d e s i r a b l e  
p r e s s u r e   d i s t r i b u t i o n ,   b u t   t h i s   c h a r a c t e r i s t i c  is  probably  understood  by  the 
des igner  as w e l l  as any  other .   Furthermore,   the   designer   can select a p res su re  
d i s t r i b u t i o n   t h a t  w i l l  approximate a d e s i r e d   l i f t  and moment, have a reasonable  
supe r son ic   zone ,   y i e ld   des i r ab le   boundary   l aye r   p rope r t i e s ,  and s a t i s f y .   o t h e r  
t ransonic   f low cri teria.  

The purpose  of   this   paper  is  t o   p r e s e n t   r e s u l t s   o b t a i n e d   w i t h  a numerical  
method t h a t  i s  s u i t a b l e   f o r   t h e   a n a l y s i s ,   d e s i g n ,   o r   m o d i f i c a t i o n  of  subsonic 
and t r a n s o n i c   a i r f o i l s .  The method i s  similar t o   t h a t  of r e fe rences  1-3, b u t  
i t  has  been  modified t o  inc lude   t he   e f f ec t s   o f  weak v i s c o u s   i n t e r a c t i o n .  

SYMBOLS 

CD d r a g   c o e f f i c i e n t  

CL l i f t   c o e f f i c i e n t  

CM p i t c h i n g  moment c o e f f i c i e n t  

*Pa r t i a l ly   suppor t ed  by NASA Grant NSG1174. 
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C 
P 

C 

RN 

W 

a 

6* 

p r e s s u r e   c o e f f i c i e n t  

chord 

f r e e  stream Mach number 

Reynolds number 

we igh t ing   f ac to r  

a n g l e   o f   a t t a c k  

boundary  layer   displacement   thickness  

PROBLEM FORMULATION 

To s o l v e   t h e   i n v i s c i d   p a r t  of t he   f l owf ie ld ,   t he  method uses   t he   exac t  
e q u a t i o n   f o r   t h e   p e r t u r b a t i o n   p o t e n t i a l   i n   C a r t e s i a n   c o o r d i n a t e s .   I n   o r d e r   t o  
avoid a t  s u p e r s o n i c   p o i n t s   d i f f i c u l t i e s   a s s o c i a t e d   w i t h   n o n a l i g n m e n t  of t h e  
coord ina tes   and   the   f lowf ie ld ,  a r o t a t e d   f i n i t e   d i f f e r e n c e  scheme ( r e f .  4 )  is 
used i n   t h e   s o l u t i o n ;   a n d   i n   t h e   a c t u a l   p r o g r a m   t h e   i n f i n i t e   p h y s i c a l   p l a n e  i s  
mapped t o  a rectangular  computational  box. The r e s u l t i n g   t r a n s f o r m e d   f i n i t e  
d i f f e rence   equa t ions  are s o l v e d   i t e r a t i v e l y  by  column relaxation  sweeping  from 
upstream  to  downstream. 

In   t he   des ign  mode, the   shape  of t he   nose   r eg ion   ( t yp ica l ly  6-10% chord) 
i s  spec i f ied   and  a p r e s s u r e   d i s t r i b u t i o n  i s  prescr ibed  over   the  remainder   of  
t h e   a i r f o i l .  T h u s ,   t h e   a p p r o p r i a t e   a i r f o i l   b o u n d a r y   c o n d i t i o n   i n   t h e   d i r e c t  
reg ion   near   the   l ead ing   edge  is the  surface  tangency  requirement   and  in   the 
inverse  region,   where  the  pressure is s p e c i f i e d ,  i t  is  e s s e n t i a l l y   t h e   s p e c i f i -  
c a t i o n  of t h e   d e r i v a t i v e   o f   t h e   p e r t u r b a t i o n   p o t e n t i a l   i n   t h e   x - d i r e c t i o n .   I n  
o r d e r   t o   s a t i s f y   t h e s e  a t  t h e   a i r f o i l   b o u n d a r y ,   w h i c h   i n   g e n e r a l  w i l l  not   coin-  
c ide   w i th   t he   Ca r t e s i an   g r id   po in t s ,   t he   de r iva t ives   i n   t he   boundary   cond i t ions  
are expanded as two term Taylor series a b o u t   d u m y   p o i n t s   i n s i d e   t h e   a i r f o i l .  
The d e r i v a t i v e s   i n   t h e s e  series are t h e n   w r i t t e n   i n   f i n i t e   d i f f e r e n c e   f o r m  
us ing   second  order   formulas   for  a l l  f i r s t   d e r i v a t i v e s  and a t  least f i r s t   o r d e r  
o n e s   f o r   h i g h e r   d e r i v a t i v e s .   I n   t h e   d i r e c t   r e g i o n ,   c e n t r a l   d i f f e r e n c e s  are 
used  for   x-der ivat ives   and  forward  (on  the  upper   surface)   for   the  y-der ivat ives .  
However, t o   p r e v e n t   n u m e r i c a l   i n s t a b i l i t y ,   t h e   i n v e r s e   r e g i o n   u s e s  a second  or- 
de r  backward d i f f e r e n c e   f o r m u l a   f o r   t h e   f i r s t  term of the   Taylor  series rep- 
r e sen t ing   t he   x -de r iva t ive .  

I n   t h e   i n v e r s e  case t h e   a i r f o i l  must a l s o   b e  computed  by i n t e g r a t i n g   t h e  
su r face   t angency   cond i t ion   fo r   t he   o rd ina te s ,  y ,  as a func t ion  of x, w i t h   t h e  
i n i t i a l   c o n d i t i o n s   g i v e n  by the - s lope   and   su r f ace   o rd ina te  a t  t h e   i n t e r f a c e  
between  the  direct   and  inverse  regions.   In   the  present   method,   the l a t t e r  are 
known because  the  nose  region i s  s o l v e d   d i r e c t l y ,  and t h e   i n t e g r a t i o n  is accom- 
p l i shed   u s ing   t he  Runge-Kutta  method  of  order  four. 

It is  be l ieved ,   based  on compar ison   wi th   o ther   resu l t s   ( re f .  3 ) ,  t h a t   t h i s  
method i s  an   accura te   and   numer ica l ly   cons is ten t   approach   to   the   des ign   and  
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a n a l y s i s  of t r a n s o n i c   a i r f o i l s   i n   i n v i s c i d   f l o w .   F o r   f u r t h e r   d e t a i l s   c o n c e r n i n g  
the   f i n i t e   d i f f e rence ,   boundary   cond i t ion ,   fo rmula t ions ,  etc., see re fe rences  
1 and  2. 

Experimental   evidence  ( ref .  5-6) ind ica tes   tha t   v i scous   boundary   l ayer  
e f f e c t s  are very   impor tan t   in   t ransonic   f low.   For   example ,   the   d i f fe rence  be- 
tween t h e   a c t u a l   a i r f o i l   s u r f a c e   a n d   t h e   e f f e c t i v e   s u r f a c e ,  i .e. the   d i sp l ace -  
ment surface,   can  cause an a i r f o i l   i n v i s c i d l y   d e s i g n e d   t o   h a v e  a l i f t  coef- 
f i c i e n t  of 0.6 t o   a c t u a l l y   d e v e l o p  25%-50% less l i f t .  To prevent   such  discrep-  
a n c i e s ,   t h e   e f f e c t  of the  boundary  layer   displacement   thickness ,  6 * ,  should   be  
inc luded   i n   bo th   t he   ana lys i s   and   des ign   po r t ions  of  any  numerical  method. 

I n   t h e   p r e s e n t   a p p r o a c h ,   t h e   b a s i c   i d e a   i n   t h e   d e s i g n  case is  t o  treat  t h e  
a i r f o i l   d e t e r m i n e d   b y   t h e   i n v e r s e  method as the   d i sp lacement   sur face   and   to  
s u b t r a c t  from i t  the  displacement   thickness   determined by a boundary  layer com- 
pu ta t ion .  The r e s u l t   s h o u l d   b e   t h e   a c t u a l   a i r f o i l   o r d i n a t e s .   F o r   t h e   a n a l y s i s  
case, the  approach i s  t o   c a l c u l a t e  a boundary  layer   displacement   thickness   and 
t o   u s e  i t  t o   c o r r e c t   t h e   l o c a t i o n  of t he   d i sp l acemen t   su r f ace   ( i . e .   a i r fo i l   o r -  
d i n a t e   p l u s  S*). The i n v i s c i d   f l o w f i e l d  i s  then  solved as b e f o r e   ( r e f .  l ) ,  
where a t  present   the   d i sp lacement   sur face  is updated   every   t en   re laxa t ion   cyc les .  

Obviously  the  boundary  layer   scheme  must   be  eff ic ient ,   re l iable ,   and 
accu ra t e .   Thus ,   t h ree   i n t eg ra l  methods were c o n s i d e r e d   f o r   i n c l u s i o n   i n   t h e  
present   numerical  method-Walz Method I1 ( r e f .  7 ) ,  t h e  Nash-Macdonald  method 
wi th   smooth ing   ( re f .  8-9 ) ,  and  Green's  lag-entrainment method ( r e f .  10). 
Figure 1 compares f o r  a t y p i c a l   t r a n s o n i c  case the  upper   surface  displacement  
thickness   predict ions  f rom  these  methods  with  those  obtained by Bavi tz  
( r e f .  l l ) ,  who used   the  Bradshaw  scheme ( r e f .  12) modif ied  with a t r a i l i n g   e d g e  
co r rec t ion .  (The Walz r e s u l t s  are n o t   p l o t t e d   b u t  are between  the Bradshaw  and 
Nash-Macdonald da t a . )   No t i ce   t ha t   t he   p red ic t ions  are e s s e n t i a l l y   i d e n t i c a l  
over most  of t h e   a i r f o i l ,  and a l l  but   Green 's  method p r e d i c t   s e p a r a t i o n   n e a r  
t h e   t r a i l i n g  edge.  Apparently  Green's  method  needs some type   o f   t r a i l i ng   edge  
cor rec t ion .   S ince   the  Walz and  Green  methods  numerically f a i l  a t  s e p a r a t i o n  
due t o   t h e i r   e m p i r i c a l   e q u a t i o n s   a n d   s i n c e   t h e  Nash-Macdonald approach i s  3-6 
times f a s t e r ,  i t  w a s  s e l e c t e d   f o r   i n c o r p o r a t i o n   i n t o   t h e   p r e s e n t   t r a n s o n i c  air- 
f o i l   d e s i g n - a n a l y s i s  program. 

ANALYSIS  RESULTS 

To start t h e   d i r e c t   p r o b l e m   t h e   a i r f o i l   s h a p e  i s  inputed  and a cubic  
s p l i n e   f i t  and  used t o   d e t e r m i n e   t h e   o r d i n a t e s   a n d   s l o p e s  i n  the   computa t iona l  
plane.  Next, t o   g e t  some r e a s o n a b l e   p e r t u r b a t i o n   p o t e n t i a l s ,   f i f t y   r e l a x a t i o n  
cyc le s  are performed  on a v e r y   c o a r s e   g r i d   ( t y p i c a l l y  13 x 7). Then t h e   g r i d  
spac ing  is  h a l v e d   t o  a coa r se   g r id   (25  x 13) and f i f t y  more cyc le s  computed. 
A t  t h a t   p o i n t  6* is  computed  and the   d i sp lacement   sur face   o rd ina tes   updated  
us ing   under   re laxa t ion ,  i .e .  &*new = + w(6* - 6*old).  The  slopes are then  
determined  f rom  cubic   spl ines   through  the new o r d i n a t e s 7 T h e   o r d i n a t e s  are 
upda ted   eve ry   t en   cyc le s   t he rea f t e r .   Typ ica l ly ,  400 cyc le s  are performed  on 
t h e   c o a r s e   g r i d   b e f o r e   h a l v i n g   t o   t h e  medium g r i d  (49.x 25) , .where  200-250 
cyc le s  are c a r r i e d   o u t .  While t h i s   g r i d   y i e l d s  66 p o i n t s   o n   t h e   a i r f o i l ,   t h e  
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g r i d  may be,  i f  des i r ed ,   ha lved   aga in   ( t o   97  x 4 9 ) - t o   o b t a i n  130 po in t s   on   t he  
a i r f o i l .  Compared t o   i n v i s c i d  cases, convergence   on   the   f ine   g r id  i s  slow,  and 
400 r e l a x a t i o n   c y c l e s  may b e   r e q u i r e d .   F o r t u n a t e l y ,   i n  many cases accura t e  
r e su l t s   can   be   ob ta ined  on t h e  medium grFd.  However, i f  double   shocks   ex is t ,  
t h e   f i n e   g r i d  may be   needed   to   reso lve  them accurately.  Convergence is de ter -  
mined  by mon i to r ing   t he   changes   i n   pe r tu rba t ion   po ten t i a l   and  6*. 

Typ ica l   t o t a l   computa t ion  times on an Amdahl 470/V6 are one  minute   for  
medium g r i d   r e s u l t s  and less than  4 m i n u t e s   f o r   f i n e   g r i d   d a t a   ( a b o u t  10 min- 
u t e s  on a CDC 6600). Convergence i s  u s u a l l y   f a s t e r  on CDC type  machines  due  to 
t h e   i n c r e a s e   i n   s i g n i f i c a n t   d i g i t s .  

A s  shown on f i g u r e   2 ,   t h e   p r e s e n t  method  can be   used   to   demonst ra te   the  
e f f e c t s  o f   v i scous   i n t e rac t ion  on a Korn 75-06-12 a i r f o i l   ( r e f .  9) near  i t s  
design  point.   While  the  primary  effect   of  the  bourldary  -yer i s  a 25% decrease 
i n   l i f t  from the   i nv i sc id   des ign   va lue   due   t o   t he   p re s su re   change  on the  upper  
su r face ,   t he   l ower   su r f ace   p re s su re   d i s t r ibu t ion  i s  a l s o   a f f e c t e d . .   I n   a d d i t i o n ,  
not ice   the  excel lent   agreement   between  the  viscous  theory  predict ions  and NAE 
wind  tunnel   data   ( ref .  6 ) .  

Another  comparison  with  experimental   data is  shown  on f i g u r e  3,  a g a i n   f o r  
t h e  Korn a i r f o i l   b u t  a t  an  off-design  condi t ion.   Al though  the minimum peak 
pressure  and  shock jump are s l i g h t l y   i n   e r r o r ,   w h i c h  i s  n o t   s u r p r i s i n g   s i n c e  
the  method uses   nonconserva t ive   f in i te   d i f fe rences ,   the   overa l l   agreement  is 
e x c e l l e n t .   O t h e r   r e s u l t s  are shown i n   T a b l e  I,  which  compares da ta   ob ta ined  
wi th   the   p resent   theory   wi th   exper imenta l   va lues  a t  about   the  same l i f t .  Many 
of t h e s e  were obta ined   us ing   the  medium g r i d   r e s u l t s   o n l y ,   a n d  i t  is be l ieved  
t h a t   t h e y   i n d i c a t e   t h a t   t h e   p r e s e n t   v i s c o u s   a n a l y s i s  method is adequa te   fo r  
e n g i n e e r i n g   s t u d i e s   o f   l i f t ,   d r a g ,  and moment va r i a t ion .   Th i s  i s  p a r t i c u l a r l y  
t r u e  when the   l a rge   d i sc repenc ie s   be tween   v i scous   and   i nv i sc id   r e su l t s  and t h e  
small differences  between  viscous  resul ts   and  experiments  are considered.  

DESIGN  RESULTS 

The computational  procedure usdid i n   t h e   i n v e r s e  case is  t h e  same as de- 
s c r i b e d   i n   r e f e r e n c e s  2 and 3 excep t   t ha t  6* is  subt rac ted   f rom  the   d i sp lace-  
ment sur face .  The f i n a l   d e s i g n  i s  usua l ly   ob ta ined   on   the  medium g r i d   a f t e r  
250 re laxa t ion   cyc les ,   a l though  s t rong   a f t -cambered  cases may r e q u i r e  400. 
A t  p re sen t   t he re  are some minor d i f f i c u l t i e s ,   d u e   t o   t h e   u s e  of  backward d i f -  
fe rences  on the   p ressure   boundary   condi t ion ,   in   ob ta in ing  a des i r ed   p re s su re  
d i s t r i b u t i o n   n e a r   t h e   t r a i l i n g   e d g e ; ,  and   t hus ,   t he   pas s ib i l i t y   o f   u s ing   t he  
f i n e   g r i d   i n   d e s i g n  is  under  study. A t  p re sen t ,  a t y p i c a l   i n v e r s e   r u n   t a k e s  
about 70 seconds (Amdahl 470/V6). It s h o u l d   b e   n o t e d   t h a t   i n   o b t a i n i n g   t h e  
a c t u a l   a i r f o i l   o r d i n a t e s  a t r a n s i t i o n   p o i n t  must b e   s e l e c t e d ,  and t h e   f i n a l  
shape i s  somewhat s e n s i t i v e   t o   t h i s   c h o i c e .  

The impor tance   o f   inc luding   the   boundary   l ayer   in   the   des ign   process  is 
shown on f i g u r e  4.  The shock le s s   p re s su re   d i s t r ibu t ion   ( so l id   l i ne )   u sed   fo r  
t h i s   t y p i c a l   i n v e r s e   d e s i g n   y i e l d e d   f o r   t h i s  Mach 0.72 case a 16% t h i c k ,   h i g h l y  
a f t - l o a d e d   a i r f o i l .   I f   t h e   d i s p l a c e m e n t   s u r f a c e   o r d i n a t e s  were t o   b e   u s e d   t o  
f a b r i c a t e   t h e   a i r f o i l   i n s t e a d   o f   t h e   c o r r e c t   v a l u e s  ( i .e.  i f   t h e  boundary  layer 
were i g n o r e d ) ,   t h e   a c t u a l   p r e s s u r e   d i s t r i b u t i o n  would b e  as shown by  the 
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symbols.  This  result,  which  was  obtained  using  the  present  viscous  analysis 
method,  shows  a  lift  and  moment 20% less  than  the  design  values. 

On the  other hand,  when 6* is  included in determining  the  ordinates  and 
the  resultant  airfoil is analyzed  with  viscous  effects  included,  the  agreement 
is much  batter.  The  medium  grid  results  for  this  case  are  shown on  figure 5. 
Here,  transition is assumed  to  occur just  aft  of  the  minimum  peak  pressure;  and 
the 6* computed  for  the  design  pressure  distribution  differs  by  less  than 
0.013%  from  the 6* determined in the  analysis  calculation.  Nevertheless,  as 
can be seen  on  figure 5, there is still  a  slight  difference in the  pressure 
distributions.  However,  considering  the.accuracy  of  boundary  layer  computa- 
tions,  sensitivity  to  transition  location,  and  the  large  difference  between 
viscous  and  inviscid  results,  the  agreement  is  quite  good. In addition,  it 
indicates  acceptable  numerical  consistency  between  the  present  analysis  and 
design  techniques. 

CONCLUSION 

Based  upon  experimental  comparisons,  it  is  believed  that  the  present 
viscous  analysis  method  is  suitable  for  obtaining  engineering  estimates  of  the 
characteristics  of  transonic  airfoils. In addition,  while  the  inverse  design 
method  has  not  been  verified,  it  has  been  shown  to  be  numerically  consistent 
with  the  analysis  results  at  the  medium  grid  level.  Efforts  to  extend  the 
design  procedure  to  a  fine  grid  are  in  progress  and will  be reported  later. 
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NUMERICAL SOLUTIONS  FOR LAMINAR AND TURBULENT VISCOUS  FLOW OVER SINGLE 

AND MULTI-ELEMENT AIRFOILS  USING  BODY-FITTED COORDINATE SYSTEMS* 

J o e  F. Thompson, Z.  U. A. Warsi, and B. B. Amlicke 
M i s s i s s i p p i   S t a t e   U n i v e r s i t y  

The technique  of   body-f i t ted  coordinate   systems,   whereby  curvi l inear   coor-  
d ina te   sys tems  having   coord ina te   l ines   co inc ident   wi th  a l l  boundaries  are gen- 
e ra ted   numer ica l ly  as s o l u t i o n s   o f   a n   e l l i p t i c   p a r t i a l   d i f f e r e n t i a l   s y s t e m ,  is 
a p p l i e d   i n   n u m e r i c a l   s o l u t i o n s  of the  complete  time-dependent  compressible  and 
incompressible  Navier-Stokes  equations  for  laminar  f low  and  to  the  t ime-depend- 
e n t  mean turbulen t   equa t ions   c losed  by modified Kolmogorov hypotheses   for   tu r -  
bu len t   f low.   Coordina te   l ines  are au tomat i ca l ly   concen t r a t ed   nea r   t o   t he  
bodies  a t  higher  Reynolds number s o  t h a t   a c c u r a t e   r e s o l u t i o n  of t h e   l a r g e   g r a -  
d i en t s   nea r   t he   so l id   boundar i e s  i s  achieved.  Two-dimensional  bodies  of  arbi- 
t ra ry   shapes  are t r e a t e d ,   t h e  body contour(s )   be ing   s imply   input   to   the   p ro-  
gram. The complicat ion  of   the body  shape i s  thus  removed from the  problem. 

INTRODUCTION 

These   so lu t ions  are based  on a method of   automatic   numerical   generat ion  of  
a g e n e r a l   c u r v i l i n e a r   c o o r d i n a t e   s y s t e m   w i t h   c o o r d i n a t e   l i n e s   c o i n c i d e n t   w i t h  
a l l  boundaries  of a general   mult i -connected  region  containing  any number of 
a r b i t r a r y  shaped  bodies   ( ref .  1). The c u r v i l i n e a r   c o o r d i n a t e s  are genera ted  as 
t h e   s o l u t i o n  of two e l l i p t i c   p a r t i a l   d i f f e r e n t i a l   e q u a t i o n s   w i t h   D i r i c h l e t  
boundary   cond i t ions ,   one   coord ina te   be ing   spec i f i ed   t o   be   cons t an t   on   each   o f  
the  boundaries ,   and a d i s t r i b u t i o n  of t h e   o t h e r   b e i n g   s p e c i f i e d   a l o n g   t h e  bound- 
aries. Regardless   of   the   shape,  number, o r  movement of   the  bodies   and  regard-  
less of  spacing of t h e   c u r v i l i n e a r   c o o r d i n a t e  l ines ,  a l l  numerical  computa- 
t i ons ,   bo th   t o   gene ra t e   t he   coo rd ina te   sys t em and to   subsequen t ly   so lve   t he  
Nav ie r -S tokes   equa t ions   o r   any   o the r   pa r t i a l   d i f f e ren t i a l   equa t ions   on   t he  
coordinate   system, are done  on a r e c t a n g u l a r   g r i d   w i t h  a square  mesh, (i.e., i n  
the  t ransformed  plane) .   The  physical   coordinate   system  has   been,  i n  e f f e c t ,  
e l i m i n a t e d f r m t h e   p r o b l e m ,  a t  the  expense  of  adding two e l l i p t i c   e q u a t i o n s   t o  

* Research  sponsored  by NASA Langley  Research  Center,   (Grant NGR 25-001-005) 
and AFOSR (Grant AFOSR-76-2922) 
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t h e   o r i g i n a l   s y s t e m .   S i n c e   t h e   c u r v i l i n e a r   c o o r d i n a t e   s y s t e m   h a s   c o o r d i n a t e  
l i n e s   c o i n c i d e n t   w i t h   t h e   s u r f a c e   c o n t o u r s  of a l l  bod ies   p re sen t ,  a l l  boundary 
cond i t ions  may be  expressed a t  g r id   po in t s ,   and   no rma l   de r iva t ives   on   t he   bod ie s  
may be   r ep resen ted   u s ing   on ly   f i n i t e   d i f f e rences   be tween   g r id   po in t s   on   coor -  
d ina t e   l i nes ,   w i thou t   need  of  any  interpolation  even  though  the  coordinate  sys- 
t e m  i s  not   or thogonal  a t  the   boundary .   Numer ica l   so lu t ions   fo r   t he   l i f t i ng  and 
non- l i f t i ng   po ten t i a l   f l ow  abou t  KarmSn-Trefftz a i r f o i l s   u s i n g   t h i s   c o o r d i n a t e  
system  generat ion show exce l len t   agreement   wi th   the   ana ly t ic   so lu t ions   ( re fs .  1 
and 2) .  

This  method of   au tomat ic   body-f i t ted   curv i l inear   coord ina te   genera t ion   has  
been   u sed   t o   cons t ruc t   f i n i t e -d i f f e rence   so lu t ions   o f   t he   fu l l   t ime-dependen t  
Nav ie r -S tokes   so lu t ions   fo r   uns t eady   v i scous   f l ow  abou t   a rb i t r a ry  two-dimension- 
a l  a i r f o i l s   ( r e f s .  2 , 3 , 4 ,  and 5) and  submerged  and p a r t i a l l y  submerged  hydro- 
f o i l s   ( r e f s .  4 and 5) .  

A method  of c o n t r o l l i n g   t h e   s p a c i n g   o f   t h e   c o o r d i n a t e   l i n e s   e n c i r c l i n g   t h e  
body has  been  developed i n   o r d e r   t o  treat higher  Reynolds number f low,   s ince  
t h e   c o o r d i n a t e   l i n e s   m u s t   c o n c e n t r a t e   n e a r   t h e   s u r f a c e   t o  a g rea t e r   deg ree  as 
the  Reynolds number i n c r e a s e s .  The s o l u t i o n  shows excel lent   comparison  with 
the   B las ius   boundary   l aye r   so lu t ion   fo r   t he   f l ow  pas t  a s e m i - i n f i n i t e   p l a t e  
( r e f s .  6 and 7 ) .  So lu t ions  are also  being  developed  for   compressible   viscous 
t r anson ic   f l ow  wi th   bo th   subson ic   and   supe r son ic   f r ee  streams, and f o r  compres- 
s ib l e   t u rbu len t   f l ow.  

BOUNDARY-FITTED COORDINATE SYSTEMS 

The bas ic   approach   of   cons t ruc t ing   body-f i t ted   curv i l inear   coord ina te   sys-  
tems in   gene ra l   mu l t i - connec ted   r eg ions  as t h e   s o l u t i o n  of   an   e l l ip t ic   boundary  
va lue   p roblem  has   been   d i scussed   in   p rev ious   publ ica t ions   ( re fs .   1 ,3  and 8), 
and   r e fe rence   t o   r e l a t ed  work  by o thers   has   been  made t h e r e i n .  A d e t a i l e d  re- 
p o r t  of the  technique  and  code is  now a v a i l a b l e   ( r e f .  8) ,  t oge the r   w i th   t he  
code, a use r ' s   manua l ,   and   i n s t ruc t ions   w i th   i l l u s t r a t ions   o f  i t s  a p p l i c a t i o n   t o  
t h e   n u m e r i c a l   s o l u t i o n   o f   p a r t i a l   d i f f e r e n t i a l   e q u a t i o n s .  

Ce r t a in   cons ide ra t ions  must  be  taken  into  account i n   t h e   c h o i c e  of a s u i t -  
a b l e   e l l i p t i c   g e n e r a t i n g   s y s t e m   f o r   t h e   c o o r d i n a t e s  as  d i s c u s s e d   i n   r e f e r e n c e s  
3 and 8. The system  chosen i n   t h e   p r e s e n t  work a l lows   cons ide rab le   con t ro l  of 
t h e   c o o r d i n a t e   l i n e   s p a c i n g  as is  i l l u s t r a t e d   i n   r e f e r e n c e  8. Cont ro l   o f   the  
spac ing   of   the   coord ina te   l ines   on   the  body is  eas i ly   accompl ished ,   s ince   the  
po in t s   on   t he  body are i n p u t   t o   t h e  program. The spac ing   of   the   coord ina te  
l i n e s   i n   t h e   f i e l d ,  however ,   mus t   be   cont ro l led   by   vary ing   the   e l l ip t ic   gener -  
a t ing   sys t em  fo r   t he   coo rd ina te s .  One method  of v a r i a t i o n  i s  t o  add  inhomogen- 
eous terms t o   t h e   r i g h t   s i d e s  of the  Laplace  equat ion,  so  tha t   t he   gene ra t ing  
sys  t e m  becomes 

EXX + cy, = P(SY17) 9 rl,, + uyy = Q ( E , n )  (1) 

Since i t  i s  des i r ed   t o   pe r fo rm a l l  numerical   computat ions  in   the  uniform 
rec tangular   t ransformed  p lane ,   the   dependent   and   independent   var iab les   mus t   be  
i n t e r c h a n g e d   i n   e q .   ( 1 ) .   T h i s   r e s u l t s   i n   t h e   c o u p l e d   s y s t e m  (see r e f .  8 f o r  
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where 

a = x  + y ;  2 
rl 

2 2  B = X5Xn + Y5Y, y = x  5 + 
J = XSYn - X,Ys 

The  inhomogeneous func t ions  P (c ,> )  and Q(5,rl) a l l o w   c o o r d i n a t e   l i n e s   t o   b e  
a t t r a a t e d   t o   s p e c i f i e d   l i n e s   a n d / o r   p o i n t s  i n  t h e   f i e l d   o r   o n   t h e   b o u n d a r i e s  as 
d i s c u s s e d   i n   d e t a i l   i n   r e f e r e n c e  8. It i s  necessa ry   t o   g ive  some cons ide ra t ion  
t o   t h e   r a p i d i t y   w i t h  which  the  spacing  var ies  else t r u n c a t i o n   e r r o r   e f f e c t s   i n  
t h e  form  of  numerical   diffusion,  possibly  negative,  may be  introduced..  A l l  
d e r i v a t i v e s   i n   e q u a t i o n   ( 2 )  are approximated   by   second-order   cen t ra l   f in i te  
d i f f e rence   expres s ions .  The r e su l t i ng   d i f f e rence   equa t ions  are g i v e n   i n   r e f -  
e rence  8. The set of   nonl inear   s imul tan .nous   d i f f r rence   equat ions  is solved  by 
p o i n t  SOR i t e r a t i o n .  

I n   t h e   p r e s e n t   a p p l i c a t i o n   t o   t h e   N a v i e r - S t o k e s   e q u a t i o n s ,  a l l  d i f f u s s i v e  
space   de r iva t ives   i n   t he   t r ans fo rmed   equa t ions  are represented  by second-order, 
c e n t r a l   d i f f e r e n c e   e x p r e s s i o n s .  Both  -,econd-c:-l?r c e n t r a l  and.  second-order 
upwind d i f f e rences   have   been   i nves t iga t ed   fo r   convec t ive   de r iva t ives .  Deriva- 
t i v e s   o f f  a boundary are represented  by  backward d i f f e rence   expres s ions   be ing  
solved  s imultaneously by p o i n t  SOR i t e r a t i o n  a t  each time s t e p .  

LAMINAR FLOW ABOUT MULTIPLE AIRFOILS 

With the   ve loc i ty   and   p re s su re  as the  dependent   var iables   the  t ransformed 
Navier-Stokes  equations are (ref. 8) 

+ (Qu + Pu ) /R 17 5 

(5) 
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where R is  t h e  Reynolds number 

and 
D - E  ( Y U  - Y U + X V  - x v ) / J  t n 5  srl 5 n  rls 

Equation (5) is the   t r ans fo rmed   Po i s son .equa t ion   fo r   t he   p re s su re ,   ob ta ined  by 
taking  the  divergence  of   the  Navier-Stokes  equat ions.  

The boundary  conditions are 

u = v = 0 on  body  surface  (7a) 

u = cos6, v = s i n e ,  p = 0 on  remote  boundary  (7b) 
The p res su re  a t  each   po in t   on   t he  body w a s  ad jus t ed  a t  e a c h   i t e r a t i o n  by  an 
amount propor t iona l   to   the   ve loc i ty   d ivergence   eva lua ted   us ing   second-order  one- 
s ided   d i f f e rences   fo r   t he   n -de r iva t ive   on   t he  body. 

The body f o r c e  components are obta ined   f rom  the   in tegra t ion   of   the   p ressure  
and shear   forces   a round  the  body su r face :  

F = - 4 P X ~  dS - E 6 WY< d5 
2 

Y 
and  the l i f t  and   d rag   coe f f i c i en t s  are given by 

CL = F cos6 - F s i n 6  
Y X 

CD = F s i n e  + F cos6 
Y X 

where 6 i s  the   ang le  of a t t a c k .  
In   the   ve loc i ty-pressure   formula t ion  i t  is n e c e s s a r y   t o   c a l c u l a t e   t h e  body  vor- 
t i c i t y   b e f o r e   a p p l y i n g   e q u a t i o n  (8) from 

a = -  I 
J(YEVTl 5 rl 

+ x u )  (10) 

Figure l a  shows the   coord ina te   sys tem  for  a m u l t i p l e   a i r f o i l   c o n s i s t i n g  of two 
Ksrmsn-Tref f tz   a i r fo i l s ,   one   s imula t ing  a separa ted   f lap .   Coordina te   sys tem con- 
t r o l  was used  to  a t t r a c t  t h e   c o o r d i n a t e   l i n e s   s t r o n g l y   t o   t h e   f i r s t   t e n   l i n e s  
around  the  bodies   and  to   the  intersect ions of the  cut   between  the  bodies   with 
t h e   t r a i l i n g   e d g e  of the  forebody  and  the  leading  edge of the   a f tbody.  Veloc-. 
i t y   v e c t o r s  fo r  the viscous flow a t  R = 1000 a r e  shown i n  f igures  lb - e. In- 
c l u d e d   i n   t h e s e   p l o t s  are de ta i l   v i ews  of t h e   s l o t  be tween   t he   a i r fo i l s ,   t he  
t r a i l i n g  edge  of  the a f t   a i r f o i l ,  and   t he   s epa ra t ed   r eg ion   abou t   t he   a f t   a i r fo i l .  

Resul ts   have  recent ly   been  obtained by Hodge a t  F l i g h t  Dynamics Laboratory,  
Wright-Patterson  Airforce Base, ( r e f .  5 ) ,  f o r  a s i n g l e  NACA 0018 a i r f o i l  a t  R = 
41,400  which  compare  very w e l l  wi th   experimental   drag  values .  

TURBULENT SHEAR FLOW AROUND A CIRCULAR  CYLINDER 

The aim of   the   fo l lowing   ana lys i s  is  t o   s e l e c t  a turbulence model f o r   t h e  
computation of mean turbulent   f low  f ie lds   around  two-dimensional   bodies  of a rb i -  
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t r a ry   shapes   i n   t he   body- f i t t ed   coord ina te   sys t ems .  A s  a test case the  coordi-  
na te   sys tem  for  a c i r c u l a r   c y l i n d e r  w a s  generated  over  which  the  model  equations 
of mean turbulen t   f low were solved.  

As is, w e l l  known, t h e  mean turbulen t   f low  equat ions   and   the  moment equa- 
t i o n s  of the  desired  order  can  be  obtained  from  the  non-steady  three-dimension- 
a l  Navier-Stokes  equations.  The s p e c i f i c a t i o n   o f   t h e  unknown cor re la t ions   forms  
the   c losure   p roblem.   This   l ine  of approach   for   c los ing   the   sys tem  of   equa t ions  
w a s  i n i t i a t e d  by Chou ( r e f .  9)  and   Rot ta   ( re f .   10) .   S ince   then  much work has  
been  done  on  the  closure  problem (see r e f s .  11 and 12) .  

A ph i losoph ica l ly   d i f f e ren t   app roach  w a s  i n i t i a t e d  by  Kolmogorov ( r e f .   1 3 )  
i n  which   the   tu rbulen t   t ranspor t   equa t ions  were w r i t t e n  down h e u r i s t i c a l l y   t o  
model t h e   p h y s i c s   r a t h e r   t h a n   t o  model t h e  unknown c o r r e l a t i o n s   r e s u l t i n g   f r o m  
the  averaged  Navier-Stokes  equations.  A set of   equa t ions  similar t o   t h o s e  of 
Kolmogorov were proposed  by  Saffman  (refs.   14  and  15).  The p red ic t ion   capab i l -  
i t i e s  of the  Kolmogorov's  equations  have  not  been  investigated a t  a l l ,  whi le  
Saf fman  h imsel f   has   used   h i s   equa t ions   on ly   in   the  cases of plane  Couet te   f low,  
p lane   Poiseui l le   f low,   and  the two-dimensional j e t  and wake. 

The . turbulence  model  chosen i n   t h i s   p a p e r   t o   d e s c r i b e   t h e  two-dimensional 
mean tu rbu len t   f l ow  a round   f i n i t e   bod ie s  i s  comprised  of  the  energy  transport  
equat ion  of   Kolmogorov 's   model   and  the  vort ic i ty-densi ty   t ransport   equat ion of 
the  Saffman  model.  Both  models  have  been  described  by  Saffman Cref, 15). 

Using  Cartesian  tensor  rotation  and  the  summation  convention  the  equations 
of con t inu i ty   and  momentum fo r   an   i ncompress ib l e   f l ow are 

where t i s  the   phys i ca l  t i m e ,  p , t ! ~ e  d e n s i t y ,  v the   k inemat ic   v i . scos i ty ,  U .  t h e  
Car t e s i an  components  of t he  mean ve loc i ty   vec to r   and  u t h e   f l u c t u a t i n g  cokpo- 
nents .  An overbar   denotes   the  average.  

1 
i 

To c lose   the   sys tem  of   equa t ions   (11)   and   (12) ,   the   eddy  v i scos i ty  formu- 
l a t ion   due   t o   Bouss inesq  i s  used 

u.u = - 2 -  
1 j  

e g i j  - 2vTSij 

where 
6 2 2  is  the  Kronecker   del ta  

- 1- 
e = - u u t h e  mean turbulence  energy 2 i i '  
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v = kinemat ic   eddy   v i scos i ty  
T 

The  Kolmogorov-Saffman  model now depends i n   s p e c i f y i n g  v as 
T 

" 

aZe 
0 v = -  

T 0 
where c1 is a constant   and 8 i s  the   squa re   roo t  of t h e   t u r b u l e n c e   v o r t i c i t y -  
dens i ty   de f ined  as 0 

11 2 112 
e = (T) = (-w.w.) 

1- 
2 1 1  

w. b e i n g   t h e   v o r t i c i t y   f l u c t u a t i o n s .  The q u a n t i t i e s  e and T are to   be   de t e r -  
mlned  from t h e i r  own t ransport   equat ions  which are 3. 

where 

ae 
- - 

2- " a T a: 
ax 2 ax  

V 
ae  - VV e + u Q - ee + -  (----"> 

-+'j a X -  J 1 T j j 

- 
Q = 2(S. .> 2 

a$J 

J j  
v12 = ax. ax 

The boundary  condi t ions  for   equat ions  (11) ,   (12) ,   (15) ,   and  (16)  are 
a t  t h e  w a l l :  - - a2 s2u 

'i 
= 0 ,  e = 0 ,  $ =  0 ir' 

V 2  (17) 

a t  irif i n i   t y  : Ui - - Umi , e = o o r  em, I$ = 0 
- - _  

where  u. i s  t h e   f r i c t i o n   v e l o c i t y  and S a non-dimensional  constant  having  the 
va lue  OT about 8000 and a =O.  3,  b=5/3. 

0 

The r equ i r ed   equa t ions   t o   p red ic t   t he  mean t u r b u l e n t   f l o w   i n  two dimensions 
are equations  (11)-(16).   For  the  numerical   computation  the  vorticity-stream 
funct ion   formula t ion  is adopted i n  which 

so t h a t   i n   p l a c e  of  (11)  and  (12)  the  equations are 

v ,2+ = - w 
- - 

and 
- - " 

- 2- a 2  2 2 a 2  a 2  + u j  a"j a w  = vv 
a 1 + ax ax (ul -u2  + (2 - "-1 ("- 2 u1u2) 1 2  ax ax 2 1 
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The p e r t i n e n t  

E = e/V",  w = 

T = VT/2VL, $ 

Q = L2$V2, R 

u = u p ,  v = 

equat ions  are now non-dimensionalized as fo l lows  

Lw/V, x = L +/V K , 2- 2 2 

- 
= $/VL, t = V t l l L ,  P = LF/V, 

= vL/v ,  x = Xl/L, y = x2/L; 
a2 a2 u2/v, v2 = + av" 

where V and L are t h e   c h a r a c t e r i s t i c   v e l o c i t y  and   length   respec t ive ly .  

I n   t h e   e x p r e s s i o n   f o r  x t he   func t ion  K is assumed t o   b e  a non-dimensional 
func t ion  of t h e   f r i c t i o n   v e l o c i t y   u . .   T h i s   f u n c t i o n   h a s   b e e n   i n t r o d u c e d   t o   a b s o r b  
t h e   v a r i a t i o n   o f  5 a t  t h e   s u r f a c e  as i n d i c a t e d   i n   e q u a t i o n   ( 1 7 )  so  as t o  make 
x = a cons tan t  a t  

U. 
where U = - .X* 

9 V '  
so 

From t h e   a n a l y s i s  
8000., Since R is  

t h e  w a l l .  Now a t  t h e  w a l l  

x -  0 
- a 2S2R2U.4/K2 

56' 
t h a t   t h e   c h o i c e  x = 1 a t  t h e  w a l l  g ives  

K = a0SR U 
0 

of  Saffman ( r e f .  15) the   va lue   o f  S f o r  smooth walls is  about 
t h e   f r e e  stream Reynolds number the   numer ica l   va lues   o f  K are 

q u i t e   l a r g e .   N e g l e c t i n g   t h e   g r a d i e n t s  of K i n   t h e  x equa t ion ,   t he  non-dimension- 
a1 equations  for  numerical   computation are 

V2$ = --w 

= - V2X + M(TxXx + T X )+Ah + B 1 
At  'yXx - 'xXy H Y Y  

where R 
H =  1 H R  T 

o E  

2Kx112 

a2 (24) 
T =  

and t h e   v a r i a b l e   s u b s c r i p t s   d e n o t e   p a r t i a l   d i f f e r e n t i a t i o n s .  The values   of  A ,  
B, M and C depend 
below. X = w :  A 

M 

X = E :  A 

X = x :  A 

on the -   cho ice   o f   t he   su r roga te   va r i ab le  X which are descr ibed 

= 2V2T, B = 4(T u - T v + 2T v ) ,  
xx Y YY x XY Y 

= 4, c = 2. 
11 2 "Kx B = 2TQ, M = 1, C = 1 

The boundary  conditions are 

a t  t h e  body su r face :  $=O, $ =0, x = l ,  E=O, 

a t  i n f i n i t y :  W-tO,  x*, E-tO. (28) 
Y 

Equations  (22)  and  (23)  have  been  transformed  to  the  body-fit ted  coordinates  and 
s u b j e c t e d   t o   t h e   f i n i t e   d i f f e r e n c e   a p p r o x i m a t i o n s  similar to t h a t   u s e d   i n   t h e  
l a m i n a r   c a l c u l a t i o n .   V e l o c i t y   v e c t o r   p l o t s   a n d   t h e   e n e r g y   d i s t r i b u t i o n   f o r  a cir-  
c u l a r   c y l i n d e r  at R = 5 ~ 1 0 ~  are shown i n   f i g u r e s  2a  and  2b. I n   f i g u r e  2b 

Rnr = .0576~1(1.2) , r = non-dimens iona l   rad ia l   d i s tance .  
TI-40 
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d. e. 

Figure 1. M u l t i p l e   A i r f o i l  (R = 1000, t = 1.2) :   (a )   coord ina te  
system, (b) v e l o c i t y   v e c t o r s   ( c )   a f t   t r a i l i n g   e d g e ,   ( d )   s l o t  
d e t a i l ,   ( e )   p o t e n t i a l  
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Figure 2. Turbulent flow past a circular cylinder (R = 500,000, 
t = 0.29;transition introduced at t = 0.12):(a)velocity vectors 
from 90" to the aft stagnation point, (b)turbulence energy 
distribution (1. front stagnation, 2. aft stagnation, 3. 90") 
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THREE-DIMENSIONAL BOUNDARY LAYERS 

APPROACHING  SEPARATION 

James C. Williams, 111 
Department  of  Mechanical  and  Aerospace  Engineering 

North  Carolina  State  University 

SUMMARY 

The  theory  of  semi-similar  solutions  of  the  laminar  boundary  layer  equa- 
tions  is  applied  to  several  flows  in  which  the  boundary  layer  approaches  a 
three-dimensional  separation  line.  The  solutions  obtained  are  used  to  deduce 
the  nature  of  three-dimensional  separation. It is  shown  that  in  these  cases 
separation  is of the  "ordinary"  type. A solution  is  also  presented  for  a  case 
in  which  a  vortex  is  embedded  within  the  three-dimensional  boundary  layer. 

INTRODUCTION 

The  determination of the  aerodynamic  forces  and  moments  on  many  practical 
bodies  requires  the  prediction of the  location of boundary  layer  separation  on 
the  body.  When  the  boundary  layer  is  both  laminar  and  two-dimensional  this  is 
not  a  very  difficult  problem.  The  phenomenon  of  two-dimensional  separation  is 
well  understood  and  there  are  methods  available  which  can  be  used  to  predict 
the  flow  up to separation  and  the  location  of  separation  with  reasonable  accu- 
racy.  When  the  boundary  layer  is  three-dimensional  the  problem  of  predicting 
separation  is  considerably  more  difficult.  In  this  case  the  usual  methods  of 
calculation,  which  involve  such  assumptionsas  similarity,  small  perturbations 
or  yawed  infinite  cylinders,  offer  little  aid.  Furthermore,  there  are  still 
pressing  questions  as  to  the  nature of three-dimensional  separation. 

The  criterion  for  three-dimensional  laminar  boundary  layer  separation  is 
not  necessarily  the  same  as  that  for  two-dimensional  separation  (i.e.,  the 
vanishing of the  wall  shear  at  the  point of separation).  In  fact,  both  Maskell 
(ref. 1) and  Lighthill  (ref. 2) have  pointed  out  that  there  are two possible 
modes  of  separation  for  the  three-dimensional  boundary  layer.  In  one  case  the 
total  wall  shear  may  vanish  at  separation.  This  type  of  separation  has  been 
named  by  Maskell  "singular"  separation.  In  the  second  case  the  limiting  stream- 
lines,  or  streamlines  closest  to  the  solid  wall,  run  close  together  and  become 
tangent  to  the  line  of  separation  at  separation.  This type.of separation  has 
been  named  by  Maskell  "ordinary"  separation. 

The  number  of  three-dimensional  boundary  layer  calculations  which  have 
been  carried  out  up to the  vicinity  of  separation  is  quite  limited.  This  is 
true,  in  part  at  least,  because  of  the  added  mathematical  difficulty  arising 
from  the  addition of another  independent  variable  (the  third  spatial  coordinate) 
and  the  corresponding  dependent  variable  (the  third  velocity  component)  in  the 
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three-dimensional  problem.  Another  difficulty  which  has  served  to  limit  solu- 
tions  in  the  vicinity  of  separation  is  the  fact  that  flow  reversal  of  one  ve- 
locity  component  parallel  to  the  wall  often  occurs  near  separation. 

The  present  work  presents  an  investigation  of  several  three-dimensional 
boundary  layer  flows,  which  approach  separation,  with  the  objective  of  studying, 
in  some  detail,  the  nature  of  the  flow  in  the  vicinity  of  separation.  The 
method  employed  in  the  present  analysis  is  that  of  semi-similar  solutions. 
Mathematically  the  method  of  semi-similar  solutions  is a technique  by  which  the 
three  independent  variables  are  reduced  to  two  by  an  appropriate  scaling.  In 
cases  where  separation  occurs,  the  technique  has a more  important  physical  in- 
terpretation. It may  be  viewed  as a scaling  of  the  two  surface  coordinates  in 
such a way  that  separation  occurs  at a constant  value  of  the  new  scaled.surface 
coordinate  (although  the  value  of  the  new  scaled  coordinate  corresponding  to 
separation  is  not  known a p r i o r i ) .  This  property  is  extremely  helpful  in  de- 
termining,  from  the  solutions,  the  physical  characteristics  of  separation. 

Solutions  are  presented  for  two  cases  which  lead  to  three-dimensional  se- 
paration  of  the  ordinary  type.  In  one  of  these  cases  one  of  the  velocity  com- 
ponents  parallel  to  the  wall  becomes  negative  prior  to  separation.  Finally, a 
case  is  presented  in  which a vortex  is  embedded  within  the  three-dimensional 
boundary  layer. 

SYMBOLS 

coefficients  of 5 in  the  reduced  momentum  equation 
(eq. (7)) 

dimensionless  stream  functions 

scaling  function  for  the  z-coordinate 

characteristic  length  for  the  flow 

pressure 

characteristic  velocity  for  the  flow 

the x, y and z components  of  velocity,  respectively 

coordinate  directions  on  the  body  surface  (fig. 1) 

coordinate  direction  normal  to  body  surface 

scaled  z-coordinate 

kinematic  viscosity 

scaled x and y coordinate 



I 

P 

TW 

Subscripts 

6 

W 

dens i ty  

w a l l  shear 

conditions a t  t h e  "upper"  edge  of t h e  boundary  layer 

condition a t  t h e  body surface  (wal l )  

ANALYSIS 

The boundary layer  equations  for  steady,  incompressible  motion  in  three- 
dimensions  over a su r face   w i th   l a rge   r ad i i  of curvature are: 

u - + v - + ~ - - " L 1 + + "  aV av av a v  
ay a2 . 

2 

ax a Y  aZ 2 

The boundary  condi t ions  for   this  set of  equations are: 

Here x and y are orthogonal  Cartesian  coordinates  tangent  to  the body sur face  
and z is  the  coordinate   normal   to   this   surface  (Fig.   1) .  A s  noted earlier w e  
wish to   sca le   the   phys ica l   coord ina tes   x ,   y ,  and z i n t o  a new set of two scaled 
coordinates. The appropr ia te   sca l ing  is: q = z / g ( x , y ) f i ,  5 = <(x,y),  where 
g(x,y) and g(x,y) are a t  t h i s   p o i n t  unknown funct ions .   In   addi t ion ,  w e  def ine  
two dimensionless stream funct ions  F(<,q)  and  G(5,q) constructed s o  t h a t   t h e  
continuity  equation is i d e n t i c a l l y   s a t i s f i e d .  The v e l o c i t y  components wr i t t en  
i n  terms of these   func t ions  become: 

aF 
U = U 6 a r l  6 aq 

a G  v = v  - 

It is e a s i l y  shown, by d i r e c t   s u b s t i t u t i o n ,   t h a t   t h i s   c h o i c e   s a t i s f i e s   t h e  
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con t inu i ty   equa t ion .  Now i f  t h e   v e l o c i t y  components  given  by  equations (4) and 
t h e i r   d e r i v a t i v e s  are in t roduced   i n to  the x and y momentum equat ions  (2)  and (3), 
one   ob ta ins  the f o l l o w i n g   p a i r   o f   p a r t i a l   d i f f e r e n t i a l   e q u a t i o n s   i n   t h e  two 
v a r i a b l e s  rl and 5: 

F! 1 f + (A + B ) F  F"+ (C + D) G F" + A ( l  - F t 2 )  + 

G I  1 t + (C + D) G G" + (A + B) F G I '  + C ( l  - G t 2 )  + 

In   the  t ransformed  coordinate   system  the  boundary  condi t ions become: 

Here t h e   p r i m e s   d e n o t e   d i f f e r e n t i a t i o n   w i t h   r e s p e c t   t o  rl a n d   t h e   c o e f f i c i e n t s  
A, B y  C y  D ,  E ,  H,  I ,  J are func t ions   o f  x and y given  by: 

2 A = g *  - 
ax* 

agA2 B = u *  6 ax* 
2 c = g *  - 

aY" 

In   equa t ions  (71, we have  normalized u v6, g ,  x,  and y by   in t roducing   the   d i -  
mens ionless   var iab les :  6' 

u6 
u6* = - U v6* = - U g R  

g * =  /I x * = -  X y* = Y 
R R 

I f  semi-similar s o l u t i o n s  are t o   e x i s t ,   t h e   c o e f f i c i e n t s  A,  B y  C ,  D ,  E ,  H, I, 
and J must  be  functions  of 5 alone.   There are f o u r   r e l a t i o n s  between  these 
e i g h t   c o e f f i c i e n t s ,   c o n s t r u c t e d   u s i n g   t h e   f a c t   t h a t  u6*, v6*, g* and 5 must be  
cont inuous  funct ions  of  x* and y* and thus ,   t he   s econd   de r iva t ives   o f   each  of 
t h e s e   f u n c t i o n s   w i t h   r e s p e c t   t o  x* and y* must be  independent  of  the  order  of 
d i f f e r e n t i a t i o n .  An a d d i t i o n a l   r e l a t i o n   b e t w e e n  u6* and v6* is  o b t a i n e d   i f   t h e  
component o f   vo r t i c i ty   no rma l   t o   t he   su r f ace   van i shes   ou t s ide   t he   boundary  
l aye r .   These   aux i l l a ry   equa t ions   t oge the r   w i th  a d i scuss ion  of t h e  method  of 
s o l v i n g   t h e   t o t a l   p r o b l e m  is  p r e s e n t e d   i n   r e f e r e n c e  3 .  Once t h e   e i g h t   c o e f f i -  
c i e n t s   i n   e q u a t i o n s  (5) and (6) are d e f i n e d   f o r  a g iven   problem,   the   so lu t ion  
of   equat ions (5) and (6)  i s  s t r a i g h t   f o r w a r d   u s i n g   a n   i m p l i c i t   f i n i t e   d i f f e r e n c e  
technique similar t o   t h a t   o f   B l o t t n e r   ( r e f .  4 ) .  I n  what  follows w e  w i l l  be  
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interested  in  the  angle  of  the  streamlines  relative to the  x  axis. In parti- 
cular we  will  be  interested  in  the  two  extremes of this  angle,  evaluated  in 
the  external  flow  and  at  the  wall  and  given  respectively  by: 

v6*  v v6* G " ( S , O )  tan f3 = - tan f3 = lim - = 6 U6* W u q m .  
W O  

In addition,  we  will  consider  the  total  wail  shear,  or  more  specifically,  the 
normalized  form  of  the  total  shear  given  respectively  by: 

Finally,  we  will  wish to consider  the  effects of the  pressure  gradient  in  the  x 
and  y  directions  given  respectively  by: 

2 
- ?.P = - A ( E )  - E ( < )  
pu2 ax 

SOLUTIONS FOR TWO  FLOWS LEADING TO  SEPARATION 

In  the  present  analysis we  will  assume  that H ( 5 )  = < and  that A ( 5 )  + 
2 B ( < )  = 1. These  assumptions  are  made t o  simplify  the  analysis  and  because 
they  correspond  to  the  scaling  usually  used  in  the  analysis  of  two-dimensional 
non-similar  boundary  layers. In addition,  consideration  will  be  limited to 
that  family of flows  in  which  the  external  velocity  components  may  be  written 
as  explicit  functions  of 5. A s  a  result of these  assumptions  one  obtains  the 
results g*2 ut = x* and 5 = x*/ (1 - ay*) . Specifically  we  will  consider  the 
velocity  distributions: 

2 

v$ (1 - O1y*I2 
= I +  a x *  4 i1 - -? (1 - x* ay*> 1 

It may  easily  be  shown  that  these  velocity  distributions  correspond  to  an  irro- 
tational  outer  flow  (i.e.  the  vertical  component of vorticity  vanishes).  Clear- 
ly  the  nature  of  the  external  flow  field  depends  on  the  sign of the  parameter a. 
Solutions  will  be  presented  for  typical  cases in which 01 is  negative  or  positive. 
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With these   ex te rna l   ve loc i ty   d i s t r ibu t ions   g iven ,  a l l  t h e   c o e f f i c i e n t s  A ( E ) ,  
B(<), C(C) ,  D ( C ) ,  E(E), H(<), I(5) and J(<), may b e   w r i t t e n   e x p l i c i t l y   i n  terms 
of 5. Equations  (5) and (6) then  form a p a i r  o f   coupled ,   th i rd   o rder ,   par t ia l  
d i f f e ren t i a l   equa t ions  which are similar i n  form to  the  t ransformed,  two- 
dimensional,  non-similar  boundary  layer  equation and may be  solved, as mention- 
ed earlier, us ing   an   impl ic i t   f in i te   d i f fe rence   t echnique .  

We c o n s i d e r   f i r s t   t h e  case i n  which c1 is negat ive .   Solu t ions   for   th i s  
family  of  flows  have  been  obtained  for  several  values  of a.  The r e s u l t s   f o r  
c1 = -0.5 are t y p i c a l  and are presented  in   Figure 2. I n   t h i s   p a r t i c u l a r  case the 
p re s su re   g rad ien t   i n   t he  x d i r e c t i o n  is  negat ive   for  0 5 5 < 0.5 ,   pos i t ive   for  
0.5 < 5 < 0.51 and negat ive   for  5 > 0.51   whi le   the   p ressure   g rad ien t   in   the  y 
d i r e c t i o n  is  p o s i t i v e   f o r  0 I 5 < 0.5,   negative  for  0.5 < 5 < 0.51 and p o s i t i v e  
f o r  5 > 0.51. 

I n   t h i s   c a s e ,  as i n  a l l  o thers   p resented   here in ,   the   in tegra t ion  of  equa- 
t ions  (5)  and (6) starts a t  5 = 0, where similar so lu t ions  are obtained, and 
proceeds i n   t h e  5 d i r ec t ion   w i th   an   i t e r a t ion  on t h e   v e l o c i t y   p r o f i l e  a t  each 5 
s t a t i o n .  A t  some downstream s t a t i o n   t h e  number of i t e r a t i o n s   r e q u i r e d   t o  ob- 
t a i n  convergence starts t o  grow with  each  succeeding  s ta t ion  unt i l ,  a t  one sta- 
tion,  convergence  cannot  be  obtained i n  a reasonable number of i t e r a t i o n s .  
This  behavior is taken, by ana logy   wi th   f in i te   d i f fe rence   ca lcu la t ion  of t h e  
two-dimensional  boundary l aye r ,  as an  indication  of  approaching a point  of  sin- 
gu lar   behavior ,   in   the  boundary layer   equat ions,   associated  with  separat ion.  
With c1 = -0.50 a so lu t ion  is  obtained a t  0.510  with  convergence a t  each  point 
i n   t h e   v e l o c i t y   p r o f i l e   i n   1 0   i t e r a t i o n s .  A t  5 = 0.511  convergence  cannot  be 
obtained  in   120  i terat ions.   Separat ion i s  assumed to   occur ,   then ,   in   the   v ic in-  
i t y  of 5 = 0.511. 

Figure 2 presents   the   resu l t s   ob ta ined   wi th  a = -0.50 f o r   t h e   a n g l e  of t he  
s t r eaml ines   i n   t he   f r ee  stream, 66, the   angle   of   the   l imit ing  s t reamlines ,  
and the  normalized  normal w a l l  shear ~ f .  The normalized w a l l  shear i s  very 
large  near  5 = 0 ( i n   t h e  l i m i t  as 5 +- 0,  T$ -f because  of  the  normalization) 
but  decreases  with  increasing 5. A s  5 approaches  0.511, -rf does  not  approach 
z e r o ,   i n   f a c t ,  a t  5 = 0.510 T$ = 0.878. C lea r ly   t hen ,   s epa ra t ion   i n   t h i s   ca se  
i s  not a "singular"  type  separation as defined by Maskell. Now i f   s epa ra t ion  
occurs a t  a value of 5 denoted by tsepy  then  the  equation  for  the  separation 
l i n e  is given by a rearrangement  of  the  definit ion of 5, i .e.  

'W' 

and the   s lope  of t h e   s e p a r a t i o n   l i n e  is: 

'sep 

Thus, i f   o rd inary   separa t ion   occurs ,   the   angle   o f   the   l imi t ing   s t reaml ines  a t  
t h e  w a l l ,  &, should  approach  the  angle   of   the   separat ion  l ine BSe , as separa- 
t i o n  is approached. In   the  present   case  with Ssep taken  to  be  0.5f1,   the  value 
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of & a t  5 
This  value 
separa t ion  

= 0.510 is 1.3184  which is v e r y   c l o s e   t o   t h e   v a l u e  Bse of  1.3206. 
of Bsep is  also  noted  on  Figure 2. Clear ly  & approacRes Bsep as 
is  approached ver i fy ing   the   concept  of  "ordinary"  separation. 

Next we consider a case i n  which a is pos i t i ve .  Again s o l u t i o n s   f o r   t h i s  
family  of  flows  have  been  obtained  for several values  of a ;  t h e   r e s u l t s   f o r  
a = 0.5 are t y p i c a l  and are presented   in   F igure   3 .   In   th i s   case   bo th   the   p res -  
su re   g rad ien t   i n   t he  x d i r e c t i o n  and t h e   p r e s s u r e   g r a d i e n t   i n   t h e  y d i r e c t i o n  
are negat ive   for  0 5 5 < 0.5  and p o s i t i v e   f o r  5 > 0.5. The magnitude  of t h e  
p re s su re   g rad ien t   i n   t he  y d i r e c t i o n  i s  considerably smaller than  the  magnitude 
of t h e   p r e s s u r e   g r a d i e n t   i n   t h e  x d i r ec t ion .  

With a = 0.5 a so lu t ion  is  obtained a t  5 = 0.603 i n  39 i t e r a t i o n s ,  a t  5 = 
0.604 i n  43 i t e r a t i o n s  and a t  5 = 0.605 i n  68 i t e r a t i o n s .  Convergence  cannot 
be  obtained a t  5 = 0.606 izl- 1 2 0  i te ra t ions .   Separa t ion  is assumed to   occur ,  
t h e n ,   i n   t h e   v i c i n i t y  of 5 = 0.606. 

I n   t h i s   c a s e   t h e   t o t a l  w a l l  shear T$ decreases  (from  an  infinite  value a t  
5 = 0) with  increasing 5 u n t i l  it passes  through  zero a t  approximately 5 = 0.596. 
With f u r t h e r   i n c r e a s e   i n  5, TG becomes more negative and a t  5 = 0.605 has   t he  
value ~6 = -0.0332. The t o t a l  w a l l  shear is negat ive  because  the x component 
of ve loc i ty  is  reversed beyond 5 = 0.596. The x component of ve loc i ty  is re- 
versed  because  of  the  strong  posit ive  pressure  gradient  (adverse  pressure  gradi-  
en t )  which a c t s  beyond 5 = 0.5. It should  be  noted  that   in   this  work, as i n  
re ference   3 ,   so lu t ions  are obtained  in   regions  where  one  or   the  other   veloci ty  
components are reversed  without   any  hint   of   an  instabi l i ty .   This   point  w i l l  be 
discussed later.  

The w a l l  shear,   al though small, i s  not  zero a t  separa t ion .   Thus ,   th i s  
case  does  not  represent a ' lsingular ' l   type  separation. A s  noted  previously,   i f  
s e p a r a t i o n   i n   t h i s  case is  "ordinary"  the  angle  of  the  l imiting  streamlines a t  
t h e  w a l l  should  approach  the  angle of t h e   s e p a r a t i o n   l i n e  as separa t ion  i s  ap- 
proached.  That t h i s  i s  t h e  case, is  shown i n   F i g u r e  3.  Both the   angle  of t h e  
l imit ing  s t reamlines ,  &, and the   angle  of the   s t reaml ines   in   the   f rees t ream,  
66, are r / 2  a t  5 = 0. A s  5 increases  Bg dec reases ,   f a i r ly   r ap id ly  a t  f i r s t  and 
then more slowly. The angle & d e c r e a s e s   r a p i d l y   i n i t i a l l y  and then  increases  
rap id ly  so t h a t  it approaches  the  value Bsep (noted  on  Figure  3) as separa t ion  
i s  approached.  Thus, the  separat ion  involved  here  i s  an  "ordinary"  separation. 

INTEGRATION I N T O  REGIONS OF REVERSE FLOW 

I n   t h e  example jus t   cons idered   the  x component of v e l o c i t y   n e a r   t h e  w a l l  
changed d i rec t ions   near   separa t ion .  Thus, i t  w a s  necessa ry   t o   i n t eg ra t e   t he  
boundary layer   equat ions  into a region of reverse flow t o   o b t a i n   t h e   s o l u t i o n .  
Unt i l   qu i te   recent ly   the   "convent iona l  wisdom" w a s  t h a t   i n t e g r a t i o n  of t h e  
boundary layer   equat ions  into  regions  of   reverse   f low  lead  to   numerical   insta-  
b i l i t y  problems s ince ,   i n   r eg ions  of reverse  flow,  the  problem w a s  ill posed. 
In   t he   p re sen t   ca se   i n t eg ra t ion   i n to   r eg ions  of  reverse  flow  apparently  poses 
no problem.  Since the  next   solut ion  to   be  presented  involves   ra ther   extensive 
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regions  of  reverse  flow,  it  is  necessary  to  determine  under  what  circumstances 
integration  into  regions  of  reverse  flow  is  permissible. 

To investigate  this  problem we  note  that  equations (5) and ( 6 )  may  be  re- 
written  in  the  form: 

G"' + aZl F" + a22 G' + a32 - aG ' 
- a42 

Here  again  primes  denote  differentiation  with  respect  to q. The  exact  form  of 
the  ai ' s  in  equations (10) and (11) may  be  determined  by  comparison  with  equa- 
tions 35) and ( 6 ) ;  it  is  only  important  to  note  that a 4 1  = "42  = HF' + IG'.  If 
F' and  G' are  treated  as  independent  variables,  equations (10) and (11) closely 
resemble  the  one-dimensional  heat  conduction  equation. A s  in  the  mathematical 
solution  of  the  heat  conduction  equation,  the  problem  is  well  posed  only  if  the 
coefficient a41 is  positive. If a41 is  positive,  equations (10) and (11) are 
parabolic  and  solutions  are  possible  if  appropriate  boundary  and  initial  condi- 
tions  are  prescribed.  If a41 becomes  negative  for  any  portion of the  flow 
field,  equations (10) and (11) are  parabolic  equations of the  mixed  type  and 
additional  information  is  needed  in  order  to  obtain  a  solution  to  these  equa- 
tions.  Since a41 = a42 = HF' + IG', it  is  clear  that  this  coefficient  may  be 
positive  even  when  one  of  the  velocities  is  negative.  For  example,  if  the  x 
component.of  velocity  is  negative  near  the  wall  then  in  this  region F' < 0 ,  but 
a41 will  be  positive  provided  the  product  IG'  is  positive  and  greater  than  the 
absolute  value  of  the  product HT'. For  this  reason,  solutions  to  equations (5) 
and ( 6 )  may  be  obtained  without  any  numerical  instability  problems  even  when 
one  of  the  velocity  components  is  reversed. 

AN EMBEDDED VORTEX 

We  now  consider  a  third  case  in  which  the  solution  represents  physically  a 
three-dimensional  boundary  layer  with  an  embedded  vortex.  It  is  assumed,  as 
before,  that A(<)  + 2B(<)  = 1, H(<)  = < and  that  the  velocity  components  are 
functions  of  the  scaled  variable < (i.e.  u6 = u6(<),  and  v6 = vg(<)). These as- 
sumptions  lead  to  the  relations  g*2  u8 = x*  and < = x*/(l - ay*). In  addition 
we  assume I(<) = 5. This  assumption  yields  a  relation  between  ug  and  v*,  name- 
ly  u$(<) = a<v$.  It  should  be  noted  that  for  this  flow  the  component o f! vor- 
ticity  normal to the  wall  does  not  vanish  outside  the  boundary  layer.  Thus, 
this  inviscid  flow  will  represent  some  type  of  sheared  flow  (rotational  flow). 
Finally,  the  y  component of velocity  at  the  upper  edge of the  boundary  layer  is 
taken  to  be: 

v * = 1 -  
6 Y(S - 5 t 2 / 3  + 8E3/9) 

This  form  is  chosen so that  the  normalized  y  component  of  velocity  is  unity  at < = 0 ,  has  a  minimum  at 5 = 0.5 and  a  maximum  at < = 0.75. This  leads to a 
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pres su re   g rad ien t   i n   t he  x d i r e c t i o n  which is  favorable   for  a l l  5 i n   t h e   r a n g e  
0 S 5 S 1 but a p re s su re   g rad ien t   i n   t he  y d i r e c t i o n  which is posit ive  (adverse) 
f o r  0 S 5 S 0.5,   negative  (favorable)  for  0.5 < 5 < 0.75  and posi t ive  (adverse)  
f o r  5 > 0.75. 

Results are presented  in   Figures  4 and 5 f o r   t h e   c a s e  a = 0.5 and f o r  sev- 
eral values of y. The v a r i a t i o n  of the   l imi t ing   s t reaml ine   angle ,  eW, with 5 
is  shown in   F igu re  4 f o r  y = 1.0,  2.0 and 2..5. For y = 1.0, & decreases  with 
increasing 5. For y = 2.0, & decreases   to  a value of approximately  zero a t  
5 2 0.3,   increases beyond t h i s   p o i n t   t o  a value of  approximately  0.75 a t  
5 z 0.75 and then  decreases  slowly.  For y = 2.5, & decreases  and  reaches a 
minimum value of -0.96 and then  increases  again  reaching a maximum a t  approxi- 
mately 5 = 0.8. The v a r i a t i o n  of & with 5 f o r  y = 3.0 i s  similar t o   t h a t   f o r  
y = 2.5  but i s  not shown. For y = 3.25,  3.5  and 4 (a lso  not  shown) ordinary 
separation  occurs.  The v e l o c i t y   p r o f i l e s   f o r   t h e  v component of ve loc i ty  are 
shown in   F igure   5 .   These   ve loc i ty   p rof i les  are presented   for   the  case a = 0.5, 
y = 3.0. The y component of ve loc i ty  i s  reversed  between 5 = 0.12  and 5 = 0.53. 
This is  also  the  region  where  the  angle   of   the   l imit ing  s t reamlines  is  negative. 
Taken together ,   Figures  4 and 5 present a c l e a r   p i c t u r e  of a vor tex  embedded 
deep  within  the  three-dimensional  boundary  layer.  For 5 < 0.12  and 5 > 0.53 
both  the .x and y components  of ve loc i ty  are p o s i t i v e  everywhere  and the  f low 
proceeds down stream i n  a normal  fashion. Between 5 = 0.12 and 5 = 0.53  both 
the  x and y components of ve loc i ty  are p o s i t i v e   i n   t h e   o u t e r   p o r t i o n  of t h e  
boundary layer   bu t   near   the  w a l l  t h e  x component of ve loc i ty  is pos i t i ve   wh i l e  
t h e  y component is reversed   (nega t ive) .   This   resu l t s   in  a sp i ra l ing   f low  near  
t h e  w a l l  or  an embedded vortex.  

From the   r e su l t s   p re sen ted   fo r   t he  w a l l  shear,  i t  is c l e a r   t h a t   f o r  y 5 2.0 
such a vortex  does  not   exis t   ( there  i s  no f low  reversa l   near   the   wal l ) .  A s  y 
is  increased beyond 2.0 a vor tex  is formed, a vor tex  which i n c r e a s e s   i n   s i z e  as 
the  pressure  gradient  becomes more severe (y is  inc reased )   un t i l   t he   p re s su re  
gradient becomes suf f ic ien t ly   severe   tha t   separa t ion   occurs .  

Such a flow,  with  an embedded vor tex ,  may a t  f i r s t   appea r   s t r ange .  Such 
embedded v o r t i c i t i e s  do,  however,  occur i n  aerodynamics. The c l a s s i c a l  example 
occurs   in   the   case  of  supersonic  flow  past a cone a t  moderate  angle of a t t a c k .  
Moore ( r e f .  5) w a s  appa ren t ly   t he   f i r s t   t o   r ecogn ize   t he   na tu re  of  such  an em- 
bedded vortex.  

CONCLUDING REMARKS 

The theory  of semi-similar solut ions  has   been  used  to   invest igate  several 
three-dimensional  laminar  boundary  layer  flows  which  approach a separa t ion   l ine .  
The use of semi-similar  solutions makes i t  p o s s i b l e   t o   i n v e s t i g a t e   t h e   n a t u r e  
of t h e  boundary l a y e r  as separa t ion  is  approached. When separa t ion   occur red   in  
the  cases  considered  the  three-dimensional  separation w a s  of the  "ordinary" 
t y p e   i n  which t h e   l i m i t i n g   o r  "wal l"  s t reamlines   run  c lose  together  and  approach 
a t a n g e n t   t o   t h e   s e p a r a t i o n   l i n e .   I n  one case   cons idered , i t  is  shown t h a t  as 
the   p re s su re   g rad ien t  becomes  more severe, a vor tex  is formed w i t h i n   t h e  bound- 
a ry   l aye r .   I f   t he   p re s su re   g rad ien t  becomes s u f f i c i e n t l y   l a r g e   t h e  boundary 
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l aye r   s epa ra t e s .  The s e p a r a t i o n   i n   t h i s  case is  again  an  "ordinary"  type  sep- 
a r a t i o n .  
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Figure 1.- Coordinate  system  for  three-dimensional  boundary  layer  analysis.  
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Figure 2.- Freestream  s t reamline  angle ,   l imit ing streamline 
angle ,  and t o t a l  w a l l  shea r   fo r  c1 '= -0.5. 
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TURBULENT  INTERACTION  AT  TRAILING  EDGES 

R.  E.  Melnik  and  R.  Chow 
Research  Department 

Grumman  Aerospace  Corporation 

SUMMARY 

We  are  considering  the  effect  of  turbulent  boundarflayers  on  the  lifting 
characteristics  of  airfoils  at  high  Reynolds  numbers.  The  most  important 
effect  arises  from  the  local  boundary-layer  behavior  near  the  trailing  edge, 
which  directly  affects  the  Kutta  condition  and  leads  to  a  significant  reduction 
in  lift.  Existing  methods  for  predicting  the  boundary-layer  effects on lift 
are  based  on  the  displacement  surface  corrections  of  a  second-order  boundary- 
layer  theory.  The  displacement  surface  is  assumed  to  be  a  streamline  and  the 
corrections  to  the  inviscid  flow  are  determined  by  standard  procedures. 
Unfortunately,  the  displacement  thickness  distribution  determined  from  the 
solution of the  boundary-layer  equations  develops  singularities  at  trailing 
edges.  The  singularities  are  caused  by  the  discontinuous  jump  in  the  surface 
boundary  conditions  across  the  trailing  edge  and  by  a  singularity  in  the 
pressure  gradient  of  the  inviscid  solution  at  the  trailing  edge.  Because  of 
these  singularities  a  viscous  Kutta  condition  cannot  be  imposed  and  the  lift 
coefficient  cannot  be  determined  by  standard  second-order  theory. 

To  remedy  this  situation,  we  have  developed  an  "inner  solution"  for  the 
strong  interaction  region  at  trailing  edges.  In  the  present  discussion,  we 
will  outline  the  main  features  of  the  interaction  theory  and  will  describe 
recent  developments  leading  to  a  complete  solution  for  the  lift  decrement  due 
to  turbulent  boundary  layers. 

The  interaction  theory  of  reference (1) is  based  on  a  large  Reynolds 
number,  asymptotic  expansion  of  the  full  (and  unclosed)  Reynolds  equations 
of  turbulent  flow..  The  theory  leads  to  a  three-layer  description  of  the  flow 
near  the  trailing  edge  consisting of: (1) an  outer,  inviscid,  rotational  flow 
region  encompassing  most of the  boundary  layer; (2) a  thin,  conventional, 
constant  stress,  wall  layer;  and, (3 )  a  blending  layer  of  thickness 
intermediate  between  that of the  outer  and  wall  layers.  In  this  respect, 
the  theory  is  superficially  similar  to  the  "triple  deck"  structure  arising  in 
the  laminar  interaction  theory of Brown  and  Stewartson. 

~~ 

'Melnik,  R.  E. ; and  Chow , R. : Asymptotic  Theory  of  Two-Dimensional . 

Trailing  Edge  Flows.  NASA SP 347  (also  Grumman  Research  Department  Report 
RE510J) , 1975. 

2Brown, S. N. ; and  Stewartson, K. : Trailing  Edge  Stall, J. Fluid  Mech. , 
- 42, 1970. 
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Although  they both involve a three-layer  structure,  the  details  of  the 
laminar  and  turbulent  solutions  are  vastly  different.  In  the  laminar  problem 
the  interaction  distance  is an order of magnitude  larger  than  the  boundary- 
layer,  with  boundary-layer  approximations  and  the  equivalent  displacement  body 
concept.remaining  valid  in  the  trailing  edge  region.  In  turbulent  flow,  the 
interactions  are  compact  with a streamwise  extent  of  the  order of a boundary- 
layer  thickness,  the  boundary-layer  approximation  fails  and  the  displacement 
surface  is  not a streamline  in  the  trailing  edge  region.  The  reason  for  these 
differences  will  be  discussed  during  the  talk. 

We  will  also  discuss  how  the  turbulent  action  equations  for  the  outer 
solution  are  automatically  closed  to  lowest  order  without  the  need  for  empirical 
closure  assumptions.  We  will  outline  the  procedures  for  obtaining a solution 
of  the  inviscid  outer  equations  by  analytic  function  theory.  The  effect  of 
compressibility  on  the  solution  will  be  discussed,  and  the  complete  solution 
for  the  lift  coefficient  in a turbulent  compressible  flow  will  be  given. 
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SHOCK WAVE-TURBULENT BOUNDARY LAYER 
INTERACTIONS LN TRANSONIC FLOW': 

T. C. Adamson, Jr .  and  A.F.  Messiter 
The  University of Michigan 

SUMMARY 

The  method of matched  asymptotic  expansions is  used  in  analyzing  the 
s t ruc ture  of the  interaction  region  formed  when a shock  wave  impinges  on a 
turbulent  flat  plate  boundary  layer  in  transonic  flow.  Solutions  in  outer re- 
gions,  governed by inviscid  flow  equations,  lead  to  relations  for  the  wall 
pressure  distribution.  Solutions  in  the  inner  regions,   governed  by  equations 
in   which  Reynolds   and/or   viscous  s t resses   are   included,   lead to a relation  for 
the  wall   shear  stress.   Solutions  for  the  wall   pressure  distribution  are  review- 
ed  for  both  oblique  and  normal  incoming  shock  waves.  Solutions  for  the  wall 
shea r   s t r e s s   a r e   d i scussed .  

SYMBOLS 

crit ical   velocity of sound,   cm/sec   ( f t / sec)  

distance  from  leading  edge of flat  plate  to  shock  impingement  point, 
cm  ( in)  

Mach  number 

pressure,   d imensionless   with  cr i t ical   pressure  in   external   f low 

Reynolds  number  based  on  critical  conditions  in  external  flow  and L 

dimensionless  velocity  components  in  the X ,  Y directions,   equations 

- 

(5a,  5b) 

velocity  perturbations 

var iable   par t  of dimensionless  velocity  in  velocity  defect  layer  in  the 
undisturbed  boundary  layer.  

dimensionless  fr iction  velocity,   equation  (IC) 

dimensionless  coordinates;  Y = Y / L , '  X = ( r - x ) / r  " 

96 
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stretched  coordinates 

inverse  of KQrmSn  constant cy = (0.41) 

angle  made  by  shock  wave  with  the  vertical 

constant of order   one 

rat io  of specific  heats,   Cp/Cv 

o r d e r  of thickness of undisturbed  boundary  layer  at  shock  impinge- 
ment  point,  dimensionless  with 

distance  from  wall  to  sonic  line  in  undisturbed  flow,  dimensionless 

-1 

with ; 6, = 6 e-@O/Q e-€  /OUT 
-7 

orde r  of extent of outer  inviscid  flow  region  in X direction,  dimen- 
sionless  with x; A = ( y t   1 ) l l 2  6 

o r d e r  of extent of inner  inviscid  flow  region  in X direction,  dimen- 
sionless  with ; A, = 6, *P u T 1 / 2  

p a r a m e t e r ,  E = U - 1 

wal l   shear   s t ress ,   d imensionless   with  undis turbed flow wall   shear 
s t r e s  s at  shock  impingement  point 

e 

Subscripts 

e external  

W wall 

U ups t ream of interaction,  in  undisturbed  flow 

INTRODUCTION 

Shock  wave-boundary  layer  interaction is an  important  problem  in  both 
external  and  internal  flows.  At  transonic  speeds,  asymptotic  methods  have 
proven  successful  in  dealing  with  the  problem  when  the  boundary  layer is 
laminar   ( refs .  1 , Z )  a n d   a r e  now being  used  in  analyzing  the  interaction  region 
in  turbulent  boundary  layers.  In genera l ,   these   ana lyses   a re   based   on  two 
pa rame te r s ,  E and u , where E measures  the  difference  between  the  flow 
velocity  and  the  critical  sonic  velocity  in  the  flow  external  to  the  boundary 
layer ,   and  where uT is  a dimensionless  fr iction  velocity  which  measures  the 
change  in  velocity  in  the  velocity  defect  region of the  undisturbed  boundary 
layer .   Thus,  i f  overbars  denote  dimensional  quantit ies 

T 

ue = v  /”,* = 1 t E ; M e = l t  N E  t . . .  
e 2 
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For  transonic  f low,  then E << 1 , and u is  defined  such  that  for  Re >> 1 ,  
uT << 1,   and  the  var ious  problems  considerea  may  be  character ized by  the 
relat ive  orders  of E and  uT.  The  first  work  done  on  the  turbulent  boundary 
layer  problem  was  done  by  Adamson  and  Feo (ref. 3 )  who considered  the  case 
where  the  impinging  shock is weak (u: << E << uT)  and  oblique,  and  Melnik  and 
Grossman  ( re f .  4 ) who considered  the  case  where  the  shock is  s t ronger  (E = 
O(uT) ) and  normal.   In  both  papers,  i t  was  concluded  that  in  order  for  the  in- 
teraction  to  cause  separation, it was  necessary  that  E = O(1).   As a f i r s t   s t ep  
in  this  direction,  the  condition E >> uT  was  discussed  for  the  oblique  wave  case 
by  Adamson  (ref. 5) and  for  the  normal  wave  case by  Adamson  and  Messiter 
(ref. 6) .  In each of these  papers  it   was  pointed  out,,  first,  that  the  problem 
could  be  divided  into two parts  consisting of the  flow  structure  in  the  outer  in- 
viscid  flow  regions  and  that  in  the  inner  near  wall  regions  where  Reynolds  and 
viscous  stresses  had  to  be  taken  into  consideration,  and,  second,  that   the  wall  
pressure  distribution  could  be  derived  from  solutions  in  the  inviscid flow r e -  
gions , without  having  to  find  solutions  in  the  near  wall  regions. In each   case ,  
attention  was  focused  on  the  inviscid  flow  regions  for  near  separation  condi- 
tions. 

The  present  paper is concerned  with two objectives. First, it i s  desired 
to  complete  the  picture of the  shock  structure  in  the  oblique  wave  case,   only 
the  outer  part  of this  structure  having  been  given  in  reference 5,  and  to  show 
the  form of the  pressure  dis t r ibut ion  inferred  f rom  such a structure.   Second, 
it is desired  to   compare  this   s t ructure   and  pressure  dis t r ibut ion  with  their  
counterpar ts   in   the  normal   wave  case,   and  discuss   br ief ly   the  effects  of the 
very  different  pressure  distributions on  the  conditions  for  incipient  separation. 
The  presentation  is   aided by a brief  review of the  s t ructure  of the  interaction 
region  in  the  normal  wave  case,   and  this i s  given  in  the  next  section.  It  should 
be  noted  that   in  the  following,  parameters  are  defined  such  that  6 = uT, and 
that  the  asymptotic  relationship  between  uT  and  Re is uT = bo (a In Re)-1 + . - , 
where  for  y = 1.4,  bo = 0.94. 

STRUCTURE O F  THE  INTERACTION REGION - NORMAL SHOCK 

The  s t ructure  of the  interaction  region  for  the  impinging  normal  shock 
case  i s  sketched  in  f igure  1.  It should  be  noted  that  the  sketch is  not  to  scale,  
and  that   there   are  two near  wall   regions,   the  so-called  Reynolds stress sub- 
layer  region  and  the  wall   region  (ref.  6) .  

As  seen  in  f igure 1 ,  t he re  a re  two inviscid  flow  regions.  The  outer re- 
gion is  scaled by the  thickness of the  boundary  layer, 6 ,  in  the Y direction  and 
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by  the  order of the extent of the  overal l   in teract ion.region,  A ,  in  the X d i rec-  
tion.  To  this  scale,  one sees a normal  shock  penetrating  the  boundary  layer,  
represented  by  the  velocity  defect  region.  In  the  inner  inviscid  flow  region, 
scaled  by 6, and A, in the Y and X direct ions,   respect ively,  (6, is the  order  
of the  distance  from  the  wall   to  the  sonic  l ine  in  the  undisturbed  f low)  the  cp- 
stream  influence of the  interaction,  manifested  by a deceleration of the  fluid, 
causes  compression  waves  emanating  from  the  sonic  l ine  to  coalesce  and  form 
a shock way.   This   shock  wave  becomes  more  and  more  near ly   normal ,   and 
as  Y / 6 ,  = yl’ -+ 00, connects  with  the  shock  wave  seen  in  the  outer  inviscid  flow 
region. 

The  wall   pressure  distribution is found in  the  l imit   as  the  appropriate Y 
variable (i. e.  , in  ei ther  the  inner  or  outer  inviscid  region)  goes to zero.  The 
solution  valid  everywhere  in  the  interaction  region  except  at  the  inception of 
the  interact ion,   where  waves  are   coalescing  and  the  wal l   pressure  f i rs t   begins  
to  r ise  from  i ts   undisturbed  value,is  

x = X / ( y + l )  E 
1 / 2   1 / 2  

U 
7 

Since  the  asymptot ic   form  for   uol   (y)   as  y 4 0  i s   uo l  - crlny t Po,  one  can  show 
that as  x “ 0 ,  P, reduces  to 

Pw = 1 + Y E  - uT 2 y  cuBn x t - . -  x << 1 (3 1 

A typical  wall  pressure  distribution  is  shown  in  figure 2 ,  for E = 0.  167 
(Me = 1.20)  and uT = 0. 028 (Re = 10 6 ), using  Coles’ fo rm (ref .  7 )  for   uo l ,  

CY 
u = a, Bny - - (1 + cosrry)  Y < 1  (4a 1 01 2 

= o  Y ’1  (4b 

The  important  points  to  note  are  that   there  are  two  inviscid flow regions,  
with  upstream  influence  existing  only  in  the  inner  region  which  is  exponentially 
small  compared  to  the  outer  region (i. e.  , calculate 6.,*/6 and A./A) and  that 
the  wall   pressure  increases  monotonically.   This  point  is   borne  out,   for  exam- 
ple ,  by  the  experimental  measurements  for  flow  in  tubes  described  in  refer- 
ence 8. 

1. 

STRUCTURE O F  THE  INTERACTION  REGION - OBLIQUE SHOCK 

The  shock  wave  structure  for  the  oblique  shock  wave  case  is  sketched  in 
f igure 3 .  Again,   i t   i s   important  to  note  that   this  sketch  is   not  to  scale,   and 
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I 

that   the  shock  occurs  in  regions  in  which  the  governing  equations  are  those 
for  inviscid,   rotational flow.  Viscous  and  Reynolds  stresses  must  be  taken 
into  account  in  the  Reynolds  stress  sublayer  region  and  wall  region  which  exist 
between  the  inviscid  flow  region  and  the  wall. 

A s  seen  in  f igure 3 , the  oblique  shock  structure  has  many of the  features 
of the  normal  shock  structure  deep  in  the  boundary  layer,   with a more  compli-  
cated  outer  structure.  The  analysis  pro'ceeds by consider ing  f i rs t ,   the   region 
far  from  the  wall,  and  then  proceeding  toward  the  wall.  In this regard,   the  
upstream  influence  from  the  interaction  region is confined  to a very  thin re- 
gion,  just   as  in  the  normal  shock  case.   Thus,   in  analyzing  the  regions  outside 
the  inner  inviscid  region,  one  need  not  consider  any  waves  arising  from  lower 
regions  and  affecting  the  incoming  shock  shape.  Instead,  as  mentioned  in 
reference  5,  the  incoming  oblique  wave  shape  may  be  found  by  considering a 
wave of known s t r eng th   a s  it penetrates a shear   l ayer   represented  by  the 
boundary  layer.  Thus , i f  one  writes  the  expansions  for  the  velocity  compo- 
nents   as  - 

U 

e 
U = - " = l t E + u  u t E u l t . - .   = l t E u t . - .  

T 01 (5a)  

where u1 i s  the  perturbation  due  to  the  shock,  and i f  the  local  angle  made  by 
the  shock  with  the  vertical, (3 , i s  expanded a s  follows , 

S 

p s  = & 2 p  4- . . . ( 6 )  

Then,  using  the  shock-wave  relations,  one  can  show  that p and  uu=  l tu,uol/E , 
the  value of u ups t ream of the  shock,   are   re la ted  as   fol lows  ( ref .   5) .  

where c i s  a constant.  The  value of c in  equation ( 7 )  i s   calculated by inserting 
the known value of (3 for  the  wave  in  the  flow  external  to  the  boundary  layer, 
where uu = 1. 

Unlike  the normal   shock  wave  case,  it does  not  appear  possible  to  con- 
sider  one  outer  inviscid flow region  in  which  the  whole  outer  shock  structure 
is  contained;  evidently  the  shock  structure is  too  complicated  for  this.  In- 
s tead,  a s e r i e s  of regions is  considered,  each  one  being  deeper  in  the  bound- 
ary  layer ,   and  each  one  having  smaller   and  smaller   character is t ic   lengths   in  
both  the X and Y directions.   In  an  asymptotic  sense,   each of these  regions 
corresponds to a limit process   such  that  uT * 0 with  an  intermediate   var iable  
Y / q  (u,) held  fixed  where T/U, -* 0 ,  but ~ / 6 *  +QO a s  uT + 0. To  the  scale of 
each of these  regions  the  shock  wave  structure  appears as shown  in  figure  4a, 
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that i s ,  the  solution is that  for a regular  reflection  with  the  angles  associated 
with  each of the  shock  waves  changing as   the  boundary  layer  i s  penetrated.  If 
ur  denotes  the  value of u (eq.   (5a))   downstream of the  reflected  shock  for a 
given  region,  with  given  values of p and uu, then 

and  the  corresponding  pressure i s ,  

P =  1 " E  y (-1 t u  - U r )  -I- " *  
U 

Now, in  .each  region  or  limit  process  description  the  incoming  velocity is uni- 
f o r m  to order  E .  Therefore,   the  velocity  downstream of the  reflected  wave 
and  thus  the  pressure  there  is   uniform  to  order E .  Fur thermore ,   for   any  
regions  between  the  one  in  question  and  the  wall,  with  the  same  characteristic 
X dimension,   aP/ay = 0 to   order  E ,  so  the  pressure  given  in  equation (9)  is   the  
wal l   pressure  corresponding  to   the  character is t ic  X dimension  in  question. 
Now from  equations ( 7 )  through ( 9 ) ,  one  can  show  that  dur/duu < 0 so that 
d P / d u ,  > 0. Thus,   as   one  considers   regions  deeper   and  deeper   in   the  boundary 
l aye r ,  i . e . ,  a s  Y and  in  particular X dec rease ,  the pressure  downstream  of 
the  ref lected  shock  increases .   Hence,   as   one  approaches  the  shock  a long  the 
wall ,   from  downstream of the  shock,   the   wal l   pressure  increases .  

As  successive  regions,   each  deeper  in  the  boundary  layer,   are  consider- 
ed,   the   s t ructure   shown  in   f igure  4a  is  found  until  the  limiting  conditions  for 
which a regular  reflection is possible  are  reached.  From  equation ( 8 ) ,  this   is  
seen to occur  when @ has  decreased  such  that  

2 p = 4 (Y t l )uu /5   (10 )  

As  this  condition is  reached,  the  shock  structure  evidently  takes on  the 
Guderley  Mach  stem  configuration  (ref. 9 ) .  To  the  scale of the  region  in  which 
this flow configuration is found,  the  shock  structure,  then,  is  that  seen  in 
figure 4b. T h a t   i s ,   a s  the  wall is approached,  the  incoming  shock  (Mach  stem) 
becomes a normal  shock. 

Finally,   beneath  the  Mach  stem  region is  the  inner  inviscid  region,  the 
same  region found in  the  normal  shock  wave  case,   in  which  compression  waves 
emanating  from  the  sonic  line  coalesce  to  form a shock  which  becomes  more 
and   more   near ly   normal   as   i t   moves   away  f rom  the   wal l   un t i l   i t   merges   wi th  
the  normal  shock  in  the  Mach  stem  region. 

The  wall   pressures  associated  with  the  regular  reflection  and  the  normal 
shock  problems  have  been  calculated.  Although  the  joining of these two par t s  
of the  solution  (through  the  Guderley  Mach stem region) is more  difficult ,   the 
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general  shape of the  wall  pressure  distribution  seems  clear.  Thus,  just  as  in 
the  normal  shock wave case ,   as  one  moves  downstream  toward the Mach  stem 
region  and  the  shock  becomes  stronger,  the  wall  pressure  increases. On the 
other  hand,  from  the  outer  inviscid  regions  discussed  above,  it  was shown  that 
a s  one  moves  upstream  toward  the  Mach  stem  region,  the  wall  pressure  in- 
creases  also.  Therefore,  the  wall  pressure  distribution  must,  as shown in 
figure 5, go through a maximum  in  the  Mach  stem  region,  this  maximum  pres- 
sure  being  the  pressure  behind  the  normal  part of the  wave  (Mach  stem)  shown 
in  figure 4b.  This  form  for  the  pressure  distribution is also  apparent  in  ex- 
perimental  results  as  shown, for  example,  in  reference  10. In these  experi- 
ments  the  external flow was  supersonic but since  the flow near the  wall i s  
transonic,  the  general  features of the structure of the  interaction  region shown 
here  must  apply. 

DISCUSSION 

The structure of the  shock wave in the interaction  region  is  seen to be 
much  more  complicated  in  the  oblique  shock  case (fig. 3 )  than  in  the  normal 
shock  case (fig. 1 )  and  this is   ref lected  in  the fact  that,  in  general,  solutions 
a r e  much  more  difficult to obtain  in  the  oblique  than  in the normal  shock  case. 
The  differences  in  the  wall  pressure  distributions  in  the two cases   are   i l lus-  
trated by comparing  figures 2 and 5. In-the  normal shock wave case,  the 
pressure  increases  monotonically,  while  in the oblique  shock wave case,  ‘the 
pressure  goes  through a maximum  and  decreases  then to its  final  value. Now, 
in  the  inviscid flow regions,  the  pressure  perturbation  is  directly  proportional 
to the  negative of the  perturbation  in U ,  and a s  the  wall  is  approached,  the 
solution for U is  matched  with a corresponding  solution  from  the  Reynolds 
stress  sublayer  region  which  is  in  turn  matched with a solution  in  the  wall 
region. The result  is  that  as  the  pressure  increases,  the  velocity  near  the 
wall  decreases,  such  that B U / a Y  near  the  wall  decreases  and  hence  the  wall 
shear   s t ress ,  T ~ ,  decreases.  In fact, T~ can be written  directly  in  terms of 
the  pressure  perturbations  (refs. 3 and 4).  Therefore,  in the normal-shock 
wave case,  T~ decreases  monotonically to its  lowest  value,  while  in  the oblique 
wave case,   i t  goes  through a minimum  and  rises  to  its  final  value.  This  situ- 
ation  is  expected to  hold  up  to separation,  i .   e. , for  the case of incipient 
separation.  Hence,  the  point  at  which T first  goes to zero  (incipient  separa- 
tion) will occur  within  the  interaction  region for  the  oblique  shock case,  and 
a t  the  far  downstream  limit of the  interaction  region  in  the  normal  shock  case. 
In the  event  that  separation  occurs,  the  results  discussed  above do not  hold, 
of course;  in  that  case,  the  displacement of the  incoming  flow  by  the  separated 
bubble causes a change  in  the  outer  shock  structure,  and  thus  in  the  pressure 
distributions . 

w. 

1431 



REFERENCES 

Mess i t e r ,  A. F. ; Feo ,  A. ; Melnik,   R.E.  : Shock-Wave  Strength  for 
Separation of a Laminar  Boundary  Layer  at   Transonic  Speeds.  AIAA 
Journal ,  9 ,  1971,  pp.  1197-98. 

Bri l l iant ,  H. M. ; Adamson,   T.   C. ,  Jr .  : Shock  Wave  Boundary-Layer 
Interactions  in  Laminar  Transonic  Flow. AIAA Journal,  12,  1974,  pp. 
323-329. 

Adamson,   T.   C. ,  J r .  ; Feo ,  A. : Interaction  Between a Shock  Wave  and a 
Turbulent  Boundary  Layer  in  Transonic  Flow. SIAM J. Appl.  Math., 
2 9 ,  1975,  pp.  121-145. 

Melnik,   R.E.  ; Grossman,   B.  : Analysis of the  Interaction of a Weak 
Normal  Shock  Wave  with a Turbulent  Boundary  Layer.  AIAA Paper  No. 
74-598,  1974. 

Adamson, T .  C .  , J r .  : The  Structure of Shock  Wave-Boundary  Layer  In- 
teractions  in  Transonic  Flow.  Symposium  Transsonicum 11, ed. 
Oswatitsch, K .  ; Rues ,  D. , Springer  Verlag,  1976,  pp.  244-251. 

Adamson,  T.  C. , Jr .  ; Messi te r ,   A.  F. : Normal  Shock  Wave-Turbulent 
Boundary  Layer  Interactions  in  Transonic  Flow  Near  Separation.  Pro- 
ceedings of Workshop  on  Transonic  Flow  Problems  in  Turbomachinery, 
Monterey,  California,  Feb. , 1976. 

Coles,  D . E .  ; Hirs t ,   E .A .  (EDS): Proceedings of the  AFOSR-1FP 
Stanford  Conference,  Vol. 2 ,  1968. 

Gadd, G . E .  : Interactions  Between  Normal  Shock  Waves  and  Turbulent 
Boundary  Layers.   Aeronautical   Research  Council   Rept.  No .  22,559,.  
F.M.  3051,  1961. 

Guderley, K .  G. : The  Theory of Transonic   Flow.   Pergamon  Press ,  
1962,  pp.  147-149. 

Sirieix,  M:  Decollement  Turbulent  en  Ecoulement  Bidimensionnel. 
AGARD Conference  Proceedings  No.  168 on Flow  Separation,  1975, 

, 

pp.  12-1  to  12-27. 

1432 



I- c """" -1 
SHOCK WAVE 

Ue t 

I ' OUTER TNVISCID ' FLOW REGION I 
BOUNDARY I 

LAYER $ , -" +" - I 

i t  
INNER  INVISCID 
FLOW REGION 

I 
SON IC 
LINE 

I 
" 

I 
"" 

I 

I 
I - 



" 

INCOMING 
SHOCK WAVE 

""" 

INNER INVISCID 
FLOW REGION 

SONIC  NEAR  WALL 

" 

Figure,3.-   Sketch of s t r u c t u r e  of i n t e r a c t i o n   r e g i o n   f o r   c a s e  where 
incoming wave i s  obl ique .  

(a) Regu la r   r e f l ec t ion .  (b) Guderley Mach stem 
conf igu ra t ion .  

Figure 4 . -  Sketch  of s h o c k   s t r u c t u r e   i n   i n t e r m e d i a t e   i n v i s c i d   f l o w   r e g i o n s  
f o r  case where incoming wave is obl ique .  
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SEPARATED LAMINAR BOUNDARY LAYERS 

Odus R .  Burggraf 
The Ohio S t a t e   U n i v e r s i t y  

SUMMARY 

C las s i ca l   boundary - l aye r   t heo ry  i s  i n a d e q u a t e  to deal with 
t h e   p r o b l e m   o f   f l o w   s e p a r a t i o n   o w i n g   t , o  i t s  unde r ly ing   a s sumpt ion  
that  the  boundary   l aye r  has a n   i n s i g n i f i c a n t   e f f e c t   o n  t h e  e x t e r -  
n a l  stream. Th i s  d i f f i c u l t y  i s  r e s o l v e d   b y  t h e  modern  theory 
w h i c h   i n c l u d e s   i n t e r a c t i o n  w i t h  t he  e x t e r n a l   f l o w .  T h i s  newer 
t h e o r y  i s  desc r ibed   f rom the  v i ewpo in t   o f  t he  a s y m p t o t i c  t r i p l e -  
d e c k   s t r u c t u r e .   S e v e r a l   t r i p l e - d e c k   s t u d i e s  are rev iewed w i t h  
emphasis on r e s u l t s   o f   i n t e r e s t   i n   a e r o n a u t i c a l   a p p l i c a t i o n s .  

I N T R O D U C T I O N  

S e p a r a t e d   f l o w   o c c u r s  when a n   a t t a c h e d   b o u n d a r y   l a y e r   e n -  
c o u n t e r s  a downst ream  compress ive   d i s turbance   o f   suf f ic ien t   magni -  
t ude .   Obse rva t ions  show tha t  t h e  s e p a r a t i o n   p o i n t  l i e s  a t  a 
ra ther  l o n g   d i s t a n c e   u p s t r e a m   o f  t h e  d i s t u r b a n c e ,   c o n t r a d i c t i n g  
t h e   i n h e r e n t   n a t u r e   o f   P r a n d t l I s   b o u n d a r y   l a y e r   t h e o r y  t ha t  no 
ups t r eam  in f luence   can   occu r .   Crocco   and   Lees  ( r e f .  1) have  shown 
tha t  c o u p i i n g  the p r e s s u r e   o f  the  e x t e r n a l   i n v i s c i d   f l o w  to t he  
d i s p l a c e m e n t   t h i c k n e s s   o f   t h e   b o u n d a r y   l a y e r  permits ups t r eam  in -  
f l u e n c e  to b e   c o n s i s t e n t  w i t h  the   boundary - l aye r   equa t ions .  T h i s  
concep t   l ed  to t he  in tegra l   methods   o f   Lees   and   Reeves   ( re f .  21, 
and   o the r s ,  for v i scous   i n t e rac t ing   f l ows .   However ,  t h e  c o r r e c t  
m a t h e m a t i c a l   s t r u c t u r e  of such   f l ows  was n o t   g i v e n   u n t i l  t h e  
papers of   S tewar tson   and  Williams ( r e f .  3 )  and   of   Nei land  ( r e f .  4 )  
o n   s e l f - i n d u c e d   s e p a r a t i o n   i n   s u p e r s o n i c   f l o w s  a t  high  Reynolds  
number.   Independent ly ,  t h e  same a s y m p t o t i c   s t r u c t u r e  was shown to 
h o l d   f o r   i n c o m p r e s s i b l e   f l o w  a t  the  t r a i l i n g   e d g e   o f   a n   a i r f o i l  by 
S t e w a r t s o n  ( r e f .  5 )  and  by Messiter ( r e f .  6 ) .  This  f l o w   s t r u c t u r e ,  
wh ich   S t ewar t son   has  named It the t r i p l e  deck",  has been  found to be 
r e l e v a n t   i n  a wide v a r i e t y  of a p p l i c a t i o n s .  The pu rpose   o f  t h i s  
p a p e r  i s  to r e v i e w   s e v e r a l   o f  these t r i p l e - d e c k   s t u d i e s  t ha t  are 
o f   i n t e r e s t   i n   a e r o n a u t i c a l   a p p l i c a t i o n s .  

THE TRIPLE DECK 

A s chemat i c  o f  t he  t r i p l e - d e c k   s t r u c t u r e  .is shown i n   f i g u r e  1. 
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The  parameter  E = Re'1/8 ( R e  - Reynolds  number) has been   s tandard-  
i z e d   i n  t h e  t h e o r y   b e c a u s e   o f  t he  o c c u r r e n c e   o f   v a r i o u s   i n t e g e r  
powers  of E .  A s  i n d i c a t e d   i n  t h e  f i g u r e ,  t h e  streamwise e x t e n t   o f  
t h e  t r i p l e  deck  i s  o f  o rde r  c 3 ,  while the t h i c k n e s s e s  of the  lower, 
main,   and  upper   decks are o f   o r d e r  E ~ ,  E ~ ,  and E ~ ,  r e s p e c t i v e l y .  
The d o m i n a n t   p h y s i c a l   p r o c e s s e s   f o r   l a r g e  Re i n   e a c h   o f  t h e  decks  
are as f o l l o w s :  

(1) The main  deck i s  the c o n t i n u a t i o n   o f  the ups t ream 
b o u n d a r y   l a y e r .  It i s  e s s e n t i a l l y   i n v i s c i d   b e c a u s e  of  
t h e  s h o r t   l e n g t h  ( c 3 )  o f  t h e  i n t e r a c t i o n   r e g i o n .  A s l i p  
v e l o c i t y  i s  produced a t  t h e  base o f  t h e  main  deck by the 
p r e s s u r e   i n t e r a c t i o n .  

( 2 )  The lower   deck  i s  a v i s c o u s   s u b l a y e r   i n   w h i c h  the  s l i p  
v e l o c i t y  a t  the base o f  t h e  main  deck i s  r e d u c e d   t o   z e r o  
a t  the wall. Because i t  i s  t h i n ,  the  lower  deck  f low i s  
governed  by t h e  boundary-layer  equations.   However,  t h e  
c o n d i t i o n  o f  matching t o  t h e  uppe r   deck   p rov ides   an  un- 
conven t iona l   boundary   cond i t ion   on  these e q u a t i o n s .  

The upper   deck  i s  a subreg ion   o f  t h e  o u t e r   p o t e n t i a l  
f l o w  where t h e  p r e s s u r e   a d j u s t s   t o  the s t r e a m l i n e  d i s -  
placement   produced by the   v i scous   f l ow  be low,   t hus  com- 
p l e t i n g  t he  i n t e r a c t i o n   p r o c e s s .  For supe r son ic   f l ow,  
t h e  uppe r   deck   equa t ions   o f   mo t ion   r educe  t o  t h e  c l a s s i -  
c a l  wave e q u a t i o n  wi th  s imple-wave   so lu t ions .  For sub- 
s o n i c   f l o w ,   L a p l a c e ' s   e q u a t i o n   r e s u l t s ,  w i t h  t h e  u s u a l  
H i l b e r t  i n t e g r a l s   g o v e r n i n g  the i n t e r a c t i o n   b e t w e e n  
p r e s s u r e   a n d   d i s p l a c e m e n t   t h i c k n e s s .   I n  e i t he r  subson ic  
or s u p e r s o n i c   f l o w ,   u p s t r e a m   i n f l u e n c e  i s  permit ted by 
the  i n t e r a c t i o n   p r o c e s s .  

The ma themat i ca l  de t a i l s  o f   t r i p l e - d e c k   t h e o r y   c a n  be found i n  
r e f e r e n c e s 3   t h r o u g h  6; we sha l l  c o n c e n t r a t e  here on  some r e s u l t s  
o f   t h e   t h e o r y .  

COMPRESSION-RAMP STUDIES 

Supe r son ic   f l ow past a compress ion   corner  i s  a fundamenta l  
p roblem  in   aerodynamics .  The i n v i s c i d   f l o w  is  e s p e c i a l l y  s imple,  
w i t h  two  uniform  f low s ta tes  d i v i d e d  by a n   o b l i q u e   s h o c k  wave 
o r i g i n a t i n g  a t  t h e  c o r n e r .  The c l a s s i c a l   b o u n d a r y - l a y e r  problem, 
however, has n o   s o l u t i o n   s i n c e  t he  upstream  boundary layer  i s  t e r -  
minated by the  i n f i n i t e l y   a d v e r s e   p r e s s u r e   g r a d i e n t   a s s o c i a t e d  
w i t h  the co rne r .   Expe r imen ta l   obse rva t ions  show that  the  a c t u a l  
p r e s s u r e  r ise  does   no t   occu r   d i scon t inuous ly  as i n v i s c i d   t h e o r y  
p r e d i c t s ,   b u t   i n s t e a d  i s  smeared o u t   o v e r  some i n t e r a c t i o n  dis- 
t a n c e ,  w i th  b o u n d a r y - l a y e r   s e p a r a t i o n   o c c u r r i n g  ahead o f  the 
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c o r n e r .  This problem is  n a t u r a l   f o r   t r i p l e - d e c k   t h e o r y ,   a n d   s o l u -  
t i o n s   t a k e n   f r o m   r e f e r e n c e s  7 and 8 are shown i n   f i g u r e  2 .  Here 
P, X, and a are s c a l e d   v a r i a b l e s   r e p r e s e n t i n g  the  p r e s s u r e  p*, d i s -  
tance   f rom t h e  c o r n e r  x*, and ramp a n g l e  a*: 

The Reynolds  number R e  i s  based o n   c o n d i t i o n s   i n  the u n d i s t u r b e d  
i n v i s c i d   f l o w  ahead o f  t h e  ramp ( i n d i c a t e d  by s u b s c r i p t  - >  and  on 
t h e  l e n g t h  L f rom  l ead ing  edge t o   c o r n e r .  C d e n o t e s  t h e  Chapman- 
Rubes in   cons tan t   and  X i s  the  B l a s i u s   c o n s t a n t  ( 0 . 3 3 2 0 6 ) .  ' p ,  u, T, 
and M are"the u s u a l   s y m b o l s   f o r   d e n s i t y ,   v e l o c i t y ,   t e m p e r a t u r e   a n d  
Mach number. 

The r e s u l t s   o f   f i g u r e  2 show a s m o o t h   m o n o t o n i c a l l y   r i s i n g  
wall p r e s s u r e   f o r  a below t h e  v a l u e   f o r   i n c i p i e n t   s e p a r a t i o n ,  
a i  = 1 . 5 7 .  (Note t ha t  c l a s s i c a l   t h e o r y   w o u l d   p r e d i c t   s e p a r a t i o n  
for any a* > 0 ) .  For a i n c r e a s i n g   a b o v e  a i ,  a n   i n f l e c t i o n   p o i n t  
appears and   r ap id ly   fo rms  the  p r e s s u r e   p l a t e a u   o b s e r v e d   i n  many 
expe r imen t s .  The p l a t e a u   p r e s s u r e   l e v e l  i s  i n   c l o s e   a g r e e m e n t  
w i t h  Williams v a l u e  p = 1 . 8  f o r  s e l f - i n d u c e d   s e p a r a t i o n   ( r e f .  g ) ,  
c o r r e s p o n d i n g   t o   a n   o b s t a c l e  f a r  downs t r eam  o f   s epa ra t ion .   In  
f i g u r e  2 ,  t h e   i n i t i a l   p r e s s u r e   d i s t r i b u t i o n  up t o  t h e  p l a t e a u  
l e v e l  i s  pushed  upstream w i t h  i n v a r i a n t  shape as a i n c r e a s e s .  T h i s  
p o r t i o n  of t h e  p r e s s u r e   d i s t r i b u t i o n   r e p r o d u c e s  Williams' free- 
i n t e r a c t i o n   s o l u t i o n ,   s u g g e s t i n g  t h a t  as a + ( & *  i n c r e a s i n g  be- 
yond t h e  Re-1/4 s c a l e )  t he  s e p a r a t i o n   p o i n t  i s  pushed   ups t ream t o  
i n f i n i t y  ( t h e  i n t e r a c t i o n   l e n g t h   e x c e e d s  the  R e m 3 i 8   s c a l e ) .   I n  
t u r n ,  t h i s  s u g g e s t s  t h a t  for l a r g e  a(a* beyond  the   Re ' l14   sca le ) ,  
the  s e p a r a t i o n   r e g i o n  up to t h e   p l a t e a u  i s  s t i l l  c o n t a i n e d   i n   t h e  
t r i p l e - d e c k   s t r u c t u r e ,   b u t  t ha t  t h e  c o n s t a h t   p r e s s u r e   p l a t e a u   a n d  
s u b s e q u e n t   r e a t t a c h m e n t   r e g i o n   d e v e l o p   o n   d i f f e r e n t   s c a l e s .  

An a n a l y s i s   o f  t h e  f l o w   s t r u c t u r e  based on these ideas i s  
g i v e n   i n   r e f e r e n c e  1 0 .  The p r i n c i p a l   r e s u l t s  are as f o l l o w s .  For 
ramp a n g l e  a* o f   o r d e r   o n e ,   t h e   s e p a r a t i o n   b u b b l e  i s  l o n g ,   o f  the  
order   o f  t h e  d i s t a n c e  L f r o m   l e a d i n g   e d g e   t o   c o r n e r   i n   l e n g t h .  The 
r e a t t a c h m e n t   p r o c e s s  i s  shor t ,   however ,  w i th  l e n g t h   o f  t he  o r d e r  
o f  t h e  boundary - l aye r   t h i ckness  ( i . e . ,  o f   o r d e r  Re-l12).  Becaus.e 
of i t s  small s c a l e ,   r e a t t a c h m e n t  i s  p r e d o m i n a n t l y   i n v i s c i d   i n  
n a t u r e ,  much as h y p o t h e s i z e d  by Chapman ( r e f .  11). Hence, the 
a s y m p t o t i c   a n a l y s i s   f o r   l a r g e   R e y n o l d s  number r e v e a l s  the separa- 
t i n g - r e a t t a c h i n g   f l o w   t o  be three coupled  b t d i s t i n c t   r e g i o n s :  
the  s e p a r a t i o n   r e g i o n  w i t h  l e n g t h  O(L Re-3  Y *),  i n  which t h e  p r e s -  
s u r e  rises t o  the p l a t e a u   l e v e l   ( P  = 1.8); the p l a t e a u   r e g i o n   o f  
c o n s t a n t   p r e s s u r e  w i t h  l e n g t h  O(L) ;  and t h e  r e a t t a c h m e n t   r e g i o n  
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with  l e n g t h  O(L Re-lI2), i n  w h i c h   t h e   p r e s s u r e  r ises from the 
p l a t e a u   l e v e l  to i t s  f i n a l   v a l u e  w i t h  m a i n s t r e a m   p a r a l l e l  to the 
ramp. 

F i g u r e  3 i l l u s t r a t e s   r e s u l t s   o f   c o m p u t a t i o n s  based on the  
above   a sympto t i c   t heo ry .  The e x p e r i m e n t a l  data are t aken   f rom 
r e f e r e n c e  1 2 .  The f l o w   c o n d i t i o n s  were M, = 2.55, Re, = 200,000 
based  on ' the  d i s t a n c e  L f rom  lead ing   edge  to c o r n e r .  This compari- 
son  shows t h a t  t h e  p r e s s u r e   l e v e l s   p r e d i c t e d  by the t h e o r y  are  very 
g o o d ,   a l t h o u g h   t h e   i n i t i a t i o n   o f  t h e  p r e s s u r e  r i se  i s  p r e d i c t e d  
somewhat e a r l y .   F o r   c o m p a r i s o n ,  i t  may be   no ted  tha t  momentum- 
i n t e g r a l   i n t e r a c t i o n   t h e o r i e s   e x h i b i t  a similar u n c e r t a i n t y   i n  t h e  
p o i n t   o f   i n i t i a t i o n   o f  t h e  p r e s s u r e  r i s e ,  which i s  u s u a l l y   c h o s e n  
t o  b e s t   a g r e e  w i t h  expe r imen t .  A similar ad jus tmen t   o f  t h e  t h e o r y  
could   be  made i n   f i g u r e  3 by  means o f   a n   a r b i t r a r y   o r i g i n   s h i f t   i n  
t h e  a s y m p t o t i c   f o r m u l a s .  

A c o m p o s i t e   t h e o r y   f o r   f i n i t e   R e y n o l d s  number i s  p rov ided  by 
the  compress ib l e   boundary - l aye r   equa t ions   coup led  wi th  a p r e s s u r e -  
d i sp l acemen t   cond i t ion .  This  s e t   o f   e q u a t i o n s   i n c l u d e s  a l l  t h e  
terms f rom  the   Nav ie r -S tokes   equa t ions  t h a t  are  i n c l u d e d   i n   t h e  
g o v e r n i n g   e q u a t i o n s   f o r   e a c h   o f  t h e  th ree  r e g i o n s   i d e n t i f i e d  by t h e  
a sympto t i c   t heo ry .  A f i n i t e - d i f f e r e n c e   a l g o r i t h m   o f  these i n t e r -  
a c t i n g   b o u n d a r y - l a y e r   e q u a t i o n s  has been  programmed by Werle and  
Vatsa ( r e f .  1 3 ) .  Their  e x p e r i e n c e  has shown that  a t  high  Reynolds 
numbers ,   accu ra t e   so lu t ions   can  b e  o b t a i n e d   o n l y  by choos ing  the  
mesh s i z e  s m a l l e r   t h a n  t h e  l e n g t h   s c a l e s   g i v e n  by t r i p l e - d e c k  
t h e o r y ,   a n d   i n  t ha t  c a s e ,  the  i n t e r a c t i n g   b o u n d a r y - l a y e r   s o l u t i o n s  
asymptote  t h e  t r i p l e - d e c k   r e s u l t s   f o r   v e r y   l a r g e   R e y n o l d s  numbers 
( r e f .  8 ) .  A s  i n d i c a t e d   i n   f i g u r e  4 ,  a t  lower  Reynolds  numbers  of 
p r a c t i c a l   i n t e r e s t ,  t he  i n t e r a c t i n g   b o u n d a r y - l a y e r   s o l u t i o n s   a g r e e  
q u i t e   w e l l  w i t h  bo th   expe r imen ta l  data  ( r e f .  1 4 )  and wi th  s o l u t i o n s  
o f  t h e  Navier -S tokes   equat ions  ( r e f .  1 5 ) .  The f low  cond i t ions  were 
a d i a b a t i c  w i t h  M, = 4, Re, = 68,000 based   on   d i s t ance  to t h e  
c o r n e r .  The p r e s e n c e   o f  t h e  p l a t e a u   " k i n k " ,   p r e s e n t   i n   b o t h  t h e  
expe r imen ta l  data and   Nav ie r -S tokes   so lu t ions ,   bu t   no t   ev iden t   i n  
t h e  i n t e r a c t i n g   b o u n d a r y - l a y e r   r e s u l t s ,  i s  caused by t h e  s h a r p  
corner   which  was s l i g h t l y   r o u n d e d   i n   t h e   m o d e l l i n g   o f   W e r l e   a n d  
Vatsa. Otherwise t h e  agreement i s  e x c e l l e n t ,   a n d  i t  can  be  con- 
c luded  tha t  t h e   i n t e r a c t i n g   b o u n d a r y - l a y e r   t h e o r y   m o d e l s  weakly  
s e p a r a t e d   f l o w s  w i t h  a c c u r a c y   s a t i s f a c t o r y  for e n g i n e e r i n g   p u r -  
poses .  It should  be  noted,   however ,  t ha t  t h e  a s y m p t o t i c   t h e o r y  
i n d i c a t e s  t ha t  n o r m a l   p r e s s u r e   g r a d i e n t s ,   n o t   p r e s e n t   i n  t h e  
boundary-layer  model,  become i m p o r t a n t   n e a r   r e a t t a c h m e n t  when the  
sepa ra t ion   bubb le  i s  l a r g e .  

TRAILING EDGE STUDIES 

Another   a rea   o f   impor tance   in   aerodynamics  i s  t h e  problem  of  
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v i s c o u s   i n t e r a c t i o n  a t  a t r a i l i n g   e d g e .  The sudden  change-over 
from t h e  no - s l ip   cond i t ion   on  the a i r f o i l   s u r f a c e   t o  the  wake- 
con t inu i ty   , cond i t ion   p roduces  a s i g n i f i c a n t   v i s c o u s   m o d i f i c a t i o n  
to t h e  f low  near  t h e  t r a i l i n g   e d g e ,   e v e n   f o r  a f l a t  p l a t e  a t  ze ro  
inc idence .  For the  a i r f o i l  a t  inc idence ,  l i f t  i s  reduced  due to 
v i s c o u s   a l t e r a t i o n   o f  t h e  Ku t t a   cond i t ion .  For unsteady  motion, 
v i scous  phase e f f e c t s  may a l t e r  f l u t t e r   b o u n d a r i e s .  A l l  these 
problems  have  been t reated u s i n g   t r i p l e - d e c k   t h e o r y .  

A s c h e m a t i c   o f   t h e   t r i p l e - d e c k   s t r u c t u r e  i s  g i v e n   i n   f i g u r e  5 
f o r  t he  c a s e   o f   a n   a i r f o i l  a t  ze ro   i nc idence .  The t r i p l e  deck  on 
t h e  uppe r   su r f ace  i s  r e f l ec t ed   symmet r i ca l ly   be low t h e  a i r f o i l .  
I n   c l a s s i c a l   b o u n d a r y - l a y e r   t h e o r y ,  t h e  v i s c o u s   c o r r e c t i o n  to the  
p o t e n t i a l   f l o w  would  produce a s i n g u l a r i t y   i n  the p r e s s u r e  a t  t h e  
t r a i l i n g   e d g e ,  owing to the s i n g u l a r   s l o p e   o f  t h e  displacement  
th ickness   p roduced  by the  abrupt   change  of   viscous  boundary  condi-  
t i o n  a t  t h e  t r a i l i n g  edge. The coupl ing  of pressure  and   d i sp lace-  
ment i n  t he  v i s c o u s - i n t e r a c t i o n   t h e o r y   e l i m i n a t e s  th is  s i n g u l a r i t y .  
The fundamen ta l   t r a i l i ng -edge   p rob lem  o f   t he  f l a t  p l a t e  a t  ze ro  
inc idence  has been  solved  independent ly  by Jobe  and  Burggraf   ( ref .  
161, by Veldman and  van de Vooren ( r e f .  17), and by Melnik  and 
Chow ( r e f .  18), a l l  f o r   i n c o m p r e s s i b l e   f l o w .   I n   a d d i t i o n ,  the  
same problem  for   supersonic   f low has b e e n   t r e a t e d  b y  D a n i e l s   ( r e f .  
1 9 ) .  A summary of t h e  r e s u l t s  i s  p r e s e n t e d   i n   f i g u r e  6 ,  t aken  
f rom  re ference  1 6 .  Here X i s  t h e  t r i p l e - d e c k   s c a l e d - l o n g i t u d i n a l  
coord ina te ,  w i th  X = 0 t aken  a t  t h e  t r a i l i n g   e d g e ,   a n d  P i s  the  
s c a l e d   p r e s s u r e ,   b o t h   d e f i n e d  as be fo re   bu t  w i t h  t h e  Mach number 
f a c t o r ,   t e m p e r a t u r e   r a t i o  and  Chapman-Rubesin c o n s t a n t   d e l e t e d .  
A i s  a -  s c a l e d   ( n e g a t i v e )   d i s p l a c e m e n t   t h i c k n e s s ,   p r o p o r t i o n a l   t o  

The p r i n c i p a l   r e s u l t s   i n d i c a t e d   i n   f i g u r e  6 are the p r e s s u r e  
f a l l  as the   f l ow i s  a c c e l e r a t e d . t o w a r d  t h e  t r a i l i n g   e d g e ,   a n d  t h e  
accompanying r i s e  o f  s k i n   f r i c t i o n  to a t r a i l i n g - e d g e   v a l u e   n e a r l y  
35% g r e a t e r   t h a n  t h e  B l a s i u s   v a l u e .  Downstream  of t h e   t r a i l i n g  
edge, t h e  r a p i d l y  r i s i n g   p r e s s u r e   o v e r s h o o t s  t h e  freestream v a l u e  
( P  = 0 )  and   t hen   s lowly   decays   fo r   l a rge  X.  The t h e o r e t i c a l   d r a g  
c o e f f i c i e n t ,   a l s o   g i v e n   i n   f i g u r e  6,  compares  amazingly well  w i th  
both   exper imenta l  data ( 1 0  5 Re < lO,OOO), wi th  RMS e r r o r  of 3 .5  
pe rcen t   ove r  t h e  range  of  the  exper imenta l  data, and   an   e r ro r   o f  
8 pe rcen t  a t  R e  = 1 and  only 2 p e r c e n t  a t  R e  = 15 when compared 
w i t h  the Navier -S tokes   so lu t ions .  

The t h e o r e t i c a l   w a k e - v e l o c i t y   p r o f i l e  ( r e f .  1 8 )  i s  compared 
wi th  exper imenta l  data ( r e f .  2 0 )  i n   f i g u r e  7 .  The c e n t e r l i n e  
va lue   p red ic t ed   by   Go lds t e in ' s   non- in t e rac t ing   t heo ry  i s  shown f o r  
compar ison .   Trans i t ion  to t u r b u l e n c e  was o b s e r v e d   t o  begin a t  a 
s t a t i o n   c o i n c i d i n g  wi th  the  maximum o f  t he  induced   pressure ,   ind i -  
cate.d i n  t h e  f i g u r e ,   s u g g e s t i n g   t h a t   v i s c o u s   i n t e r a c t i o n  may b e  
i m p o r t a n t   i n   p r e d i c t i n g   t r a n s i t i o n   i n  wakes. 
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The c a s e   o f   a n   a i r f o i l  a t  a n g l e   o f   a t t a c k  i s  more d i f f i c u l t  
to t r ea t ,  as t h e  upper   and  lower t r i p l e   d e c k s  a re  no   l onge r  symme- 
t r i c a l .  T h i s  problem has b e e n   s o l v e d   f o r  t h e  s u p e r s o n i c   c a s e  by 
D a n i e l s   ( r e f .   2 1 ) ,   a n d   v e r y   r e c e n t l y   f o r  the  i n c o m p r e s s i b l e   c a s e  
by Chow and  Melnick ( r e f .  22; see a l s o  re f .  18  f o r  p r e l i m i n a r y  
r e s u l t s ) .  The f l o w   s t r u c t u r e  i s  i n d i c a t e d   i n   f i g u r e  8, which i s  
now g e n e r a l i z e d  to i n c l u d e  t h e  S t o k e s   l a y e r s  I 1 2  and  1112,  which 
o c c u r   i n  t h e  u n s t e a d y   c a s e   o n l y .  For t h e  s t e a d y   c a s e ,   r e g i o n s  111 
and 1111 c o i n c i d e   a n d   r e p r e s e n t  t he  conven t iona l   boundary   l aye r ;  
I V 1 ,  I V 2 ,  and I V  r e p r e s e n t  t he  t r i p l e  deck ,   and   reg ions  V 1  and V2 
are t h e  o u t e r   a n 2   i n n e r   l a y e r s   o f  t he  wake as deduced by G o l d s t e i n .  
V i s c o u s   i n t e r a c t i o n   o c c u r s   o n l y   i n   t h e  t r i p l e  deck ,   o f   cou r se .  
Chow and   Me ln ik   ca r r i ed   ou t  the f la t -p la te  t r i p l e - d e c k   s o l u t i o n  
f o r  a r a n g e   o f   a n g l e s - o f - a t t a c k   u p   t o  a v a l u e   v e r y   n e a r  the  s t a l l  
limit a s ,  which was estimated by e x t r a p o l a t i n g   t h e i r   s o l u t i o n s  to 
z e r o  shear stress on the  u p p e r   s u r f a c e .  Below s t a l l ,  the  p o i n t   o f  
minimum shear stress o c c u r s  ahead of  t h e  t r a i l i n g   e d g e ,   b u t  
a p p r o a c h e s   t h e   t r a i l i n g   e d g e   i n  the s t a l l  limit. The r e d u c t i o n   i n  
l i f t  c o e f f i c i e n t   d u e  to v i s c o u s   i n t e r a c t i o n  i s  shown i n   f i g u r e  9 .  
Chow and  Melnik  conclude that  t h e  s t a l l  i s  c a t a s t r o p h i c ,  w i th  
ACL Re-3/8 -f m i n  t h e  doub le  l i m i t  Re -f a, a -f cis. However, t h i s  
p o i n t  i s  n o t   y e t   d e f i n i t e l y   r e s o l v e d .  

The v i scous   f l ow  abou t  t he  t r a i l i n g   e d g e   o f  a r a p i d l y   o s c i l l a -  
t i n g   p l a t e  has b e e n   s t u d i e d  by Brown and   Dan ie l s  ( r e f .  2 3 ) .  They 
f i n d  t h a t  to h a v e   a n   u n s t e a d y   c o n t r i b u t i o n   o f   v i s c o u s   i n t e r a c t i o n  
t o  t he  p o t e n t i a l   f l o w ,  the  o s c i l l a t i o n   f r e q u e n c y ,   i n  e i t h e r  p i t c h -  
i n g  or plunging   mot ion ,   mus t  s a t i s fy  S = W * L / U * ~  = O ( R e 1 i 4 )  where 
L i s  t h e  p l a t e   l e n g t h .  For S l a r g e ,   e v e n   o n  t h i s  s c a l e ,  there 
r e s u i t s  two c o n t r i b u t i o n s  to t h e   u n s t e a d y  l i f t  having   phase  leads 
of  45' and 90° ,  wi th  similar r e s u l t s   f o r  the  moment. Fur ther   de-  
t a i l s  of  t he  a n a l y s i s  may be  found i n   r e f e r e n c e  23. 

CONCLUDING REMARKS 

The examples   o f   v i scous   i n t e rac t ion   t heo ry   summar ized   above  
s h o u l d   g i v e  t h e  reader some idea o f  t h e  c o n t r i b u t i o n s   b e i n g  made 
by modern  boundary-layer   theory t h a t  were n o t   p o s s i b l e   i n   c l a s s i -  
c a l   t h e o r y .  Many o ther   examples   could  be g iven ,   such  as l e a d i n g  
e d g e   s e p a r a t i o n   b u b b l e s ,  mass i n j e c t i o n   e f f e c t s ,   s w e p t   c o n f i g u r a -  
t i ons ,   and   more ,   bu t   space   does   no t   pe rmi t   fu r the r   d i scuss ion   he re .  I 

It i s  hoped tha t  t h e  reader has g a i n e d  some a p p r e c i a t i o n   f o r   t h e  
p o t e n t i a l   o f  t h i s  r ap id ly   expand ing  f i e l d  of   s tudy .  I 

1442 



REFERENCES 

1. Crocco, L . ,  and Lees, L. :  J. Aero.   Sci . ,   Vol .  19 ,   1952 ,  p .  649 .  

2. Lees, L . ,  and Reeves, B . :  A I A A  J . ,  Vol. 2,  1964,  p .   1 9 0 7 .  

3. S tewar tson ,  K . ,  and Williams, P .  G . :  Proc.  Roy. SOC. A, Vol. 
312, 1969,  pp. 181-206. 

4 .  Nei land,  V . :  I z v .  Akad. Nauk  SSSR, Mekh. Zhidk.  Gaza, No. 4 ,  
1969,  p .  40 .  

5.  Stewartson,  K .  : Mathematika,  Vol. 1 6 ,  1969,  p .  106 .  

6 .  Messiter, A .  F . :  S I A M  J. Appl.  Math.,  Vol. 18,  1970, p .  241 .  

7 .  Jenson,  R . ,  Burggraf ,  0 .  R . ,  a n d   R i z z e t t a ,  D . :  P r o c .   4 t h   I n t .  
Conf.  on  Numerical  Methods i n   F l u i d  Dynamics,  Lecture  Notes i n  
Physics,   Vol 35, Springer-Verlag,  1975, p .  218.  

8 .  R i z z e t t a ,  D . :  Asymptot ic   Solut ion  for   Two-Dimensional   Viscous 
Supersonic   and  Hypersonic  Flows past   Compression  and  Expansion 
Corners ,  Ph.D. D i s s e r t a t i o n ,   . O h i o   S t a t e   U n i v . ,   J u n e  1 9 7 6 .  

9 .  Williams, P .  G . :  Proc.   4 th   Int .   Conf .   on  Numerical   Methods  in  
Fluid  Dynamics,   Lecture   Notes   in   Physics ,  V o l .  35, Spr inger -  
Verlag,  1975 ,  p .  445. 

1 0 .  Burggraf ,  0. R . :  Proc.  AGARD Symp. on  Flow S e p a r a t i o n ,   h e l d   i n  
Gij t t ingen,  Germany, AGARD-CP-168,  1975.  

11. Chapman, D. R . ,  Kuehn, D . ,  and  Larsen,  H . :  NACA Rep. 1356,  1958.  

1 2 .  Nie lsen ,  J . ,  Lynes, L . ,  and Goodwin, F . :  USAF  FDL TR-65-107, 
1965 .  

13. Werle, M. J . ,  and Vatsa, V. N . :  A I A A  J . ,  Vol.  1 2 ,  1974,  
pp.  1491-1497 .  

1 4 .  L e w i s ,  J .  E . ,  Kubota, T . ,  and Lees, L . :  A I A A  J .  Vol. 6 ,  1968,  
pp.  7-14. 

1 5 .  Carter, J.  E . :  NASA TR-R-385, 1972 .  

1 6 .  Jobe, C .  E . ,  and  Burggraf,  0. R . :  P P O C .  R O Y .  s O C =  A,  vola  340, 
1974,  pp.  91-111. 

1 7 .  Veldman, A.E.P. ,  and  van  de  Vooren, A .  I.: P r o c .   4 t h  I n t .  
Conf.  on  Numerical  Methods i n   F l u i d  Dynamics,  Lecture  Notes i n  
Physics ,   Vol .  35, Springer-Verlag,  1975,  P o  423. 

1443 

". .. .. ... . .. . . .. . _. 



18.  Melnik,  R.  E . ,  and Chow, R . :  NASA SP-347, 1975. 

1 9 .  D a n i e l s ,  P.  G . :  Q u a r t ,  J.  Mech. Appl.   Math. ,   Vol.  27, p t .  2, 
May 1974,  PP.  175-191. 

20 .  Sa to ,  H . ,  a n d   K u r i k i ,  K . :  J .  F l u i d  Mech.,  Vol. 11, p t .  3, 1961, 
PP. 321-352. 

21. Danie ls ,   P .  G . :  J .  F l u i d  Mech., Vo l .  63, p t .  4 ,  1 9 7 4 ,  pp.  641-  
656. 

22 .  Chow, R . ,  and  Melnik,  R.  E . :  P roc .  5 t h  In t .   Conf .   on   Numer ica l  
Methods i n   F l u i d  Dynamics,   Lecture  Notes i n   P h y s i c s ,   S p r i n g e r -  
Ver lag ,  1977 .  

23. Brown, S.  N . ,  and   Dan ie l s ,  P .  G . :  J .  F l u i d  Mech., V O l .  67,  
p t .  4 ,  1975,  PP.  743-761. 

1444 



- T -  

"" 
""" 

""- ""- 

- " - " "" 

"" 

Figure 1.- Schematic of triple deck. 

1445 



-20 -10 0 IO 20 
X 
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NUMERICAL AND APPROXIMATE  SOLUTION OF THE 
HIGH REYNOLDS NUMBER SMALL SEPARATION PROBLEM? 

R.T. Davis 
University o€ Cincinnati 

SUMMARY 

The  purpose of  this  paper  is  to  explore  several  possible 
methods of solving  the  small  separation  problem  at  high  Reynolds 
number.  In  addition  to  using  analytical  methods,  there  ,are  sev- 
eral  numerical  approaches  which  can  be  used  and  in  addition  there 
is the  possibility  of  using  approximate  integral  methods.  We  will 
restrict  ourselves  to  high  Reynolds  number.laminar  two-dimensional 
problems  for  simplicity.  Presumably,  the  same  techniques  can  be 
extended  to  more  complicated  flow  fields.  Only  a  brief  discussion 
will  be  given of  the  finite  difference  methods  since  these  methods 
are  discussed  in  detail  by  Davis  and  Werle  (ref. 3 ) .  Most of the 
emphasis  will  be  placed on developing  an  approximate  integral  meth- 
od. As a-model problem  we  will  choose  the  supersonic  compression 
ramp  problem  since  several  numerical  solutions  along  with  experi- 
mental  data  are  available  for  this  case.  The  techniques  discussed 
can  be  modified  and  applied  to  other  simiiar  type  wall  geometries. 

INTRODUCTION 

It has  been  recognized  for  many  years  that  the  problem  of 
computing  high  Reynolds  number  separated  flows is extremely  diffi- 
cult.  The  reason  for  the  difficulty  becomes  clear  if one  examines 
the  results of the  asymptotic  theory, see Stewartson  (ref. 2). 
Davis  and  Werle  (ref. 1) have  discussed  the  implications of these 
results  and  suggested  how  one  might  use  the  results of  the  asymp- 
totic  analysis  in  order to do  efficient  numerical  computations. 

Briefly,  the  asymptotic  theory  reveals  that  at  high  Reynolds 
number  severe  scaling  problems  exist  around  and  downstream of sep- 
aration.  In  addition  the  asymptotic  theory  for  the  small  separa- 
tion  problem  reveals  a  mechanism  for  upstream  propagation  through 
boundary-layer  interaction,  even  if  the  external  flow  is  super- 
sonic.  These  two  features  require  that  an  efficient  numerical 
scheme  use  properly  scaled  independent  variables  for  resolution 
and  in  addition  require  that  the  boundary-layer  interaction  be 
handled  in  a  manner  appropriate to boundary  value  problems.  These 
features  should  be  accounted  for  even  in  the  solution of the full 
Navier-Stokes  equations. 

t This  research  was  supported by the  Office  of  Naval  Rese-arch  under 
~ ~~ 

Contract  ONR-N00014-76-C-0364,  and  Naval  Ship  Research and 
Development  Center  under  Contract  ONR-N00014-7642-0359. 
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The  asymptotic  theory  is  partially  complete  for  some  massive 
separation  problems,  see  Messiter  (ref. 3 )  for example, and the 
results  indicate  that  numerical  solutions  will  be  extremely  dif- 
ficult  to  perform  for  this  type of problem. On the  other  hand, 
the  theory  for  the  small  separation  problem is essentially  com- 
plete,  see  Stewartson (ref. 21, and we can now begin  to  compute 
flows of this  type  with  confidence.  For  the  remainder  of  this 
paper we will  therefore  concentrate on the  type  of  problem  where 
separation  is  of  limited  extent  and  can  be  handled  within  the 
framework of boundary-layer  theory. 

According  to  the  asymptotic  theory, we may  define  a  small 
separation  problem  to  be  one  such  that  the  scales of a  bump or 
depression on a  flat  plate  are  the  same  as  the  length  scales  of 
the  lower  deck  in  the  triple  deck  analysis,  see  Stewartson  (ref. 
2 ) .  This  requires  that  the  length of the  bump or depression 
generating  the  separation  scale  as  Re-318  while  the  height  must 
scale as Re-518.  If  this  is true,  the  separated  region  will  be 
entirely  confined  to  the  lower  (fundamental)  deck  and  the  high , 

Reynolds  number  separation  problem  can  be  attacked  entirely  with 
the  lower  deck  equations  coupled  with  an  interaction  law  for  the 
outer  inviscid  flow.  This  is  the  approach  taken  by  Jenson, 
Burggraf,  and  Rizzetta  (ref. 4 )  and  Rizzetta  (ref.  5)  in  consider- 
ing  supersonic  ramp  type  separations.  Smith  (ref. 6) has  in 
addition  solved  the  linear  version of the  small  separation  problem 
for  flow  over  protuberances. 

As  an  alternative,  for  the  same  type of separation  problems, 
one may  solve  the  ordinary  Prandtl  boundary-layer  equations  in- 
cluding  interaction  with  the  outer  inviscid  flow. It. can  be  shown 
that  these  equations  contain  all  of  the  terms  in  the  triple  deck 
equations  plus  some  additional  ones.  The  extra  terns  in  fact  pro- 
vide  some  corrections  which  allow  better  agreement  with  experiment 
at  moderately  high  Reynolds  numbers.  This is the  approach  taken 
by  Werle  and  Vatsa  (ref. 7) and  Vatsa  (ref. 8) in  considering 
supersonic  ramp  type  separations. 

The  supersonic  ramp  separation  problem  has  also  been  solved 
by  Carter  (ref. 9) and  others  using  the  full  Navier-Stokes  equa- 
tions.  These  calculations  provide  a  basis  for  comparison  with 
other  less  exact  models  of  separation. 

The  high  Reynolds  number  small  separation  problem  may  there- 
fore  be  approached  in  a  variety  of  ways.  The  most  complicated 
method  would  involve  the  solution  of  the  full  Navier-Stokes  equa- 
tions.  Next  in  complexity  would  be to solve  interacting  boundary- 
layer  like  equations  or one of the  sets of so-called  parabolized 
Navier-Stokes  equations.  The  simplest  set of  equations  one  could 
solve  and  retain  all of the  features of the  flow  would  be  the 
triple  deck  equations. 
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If one wishes to do  for  example  a  full  Navier-Stokes  calcula- 
tion  for  flow  over  a  complicated  configuration  one  may  not  wish  to 
provide  the  mesh  refinements  in  small  separated  regions as is 
indicated  as  being  necessary  by  the  asymptotic  theory.  These 
regions  can  be  excluded  from  the  overall  calculation  and  accounted 
for  by  a  local  calculation.  This  local  calculation can  then  pro- 
vide  a  slip  type  boundary  condition on the  edge of the  small  sep- 
arated  region. Thus by  excluding  the  small  separation  bubble  and 
replacing  it  with  a  slip  type  boundary  condition,  the  overall 
calculation  can  be  made  accurately  with  a  much  larger  mesh  size 
than  wouid  be  required  if  the  separated  bubble  were  included. 

One  important  application  of  triple  deck  theory  could  thus  be 
to  provide  local  solutions  in  small  separated  regions  to  match 
into  an  overall  calculation. It therefore  seems  important  that  we 
be  able  to  solve  the  triple  deck  equations  in  as  efficient  a 
manner  as  possible. 

The  simplest  and  therefore  fastest  type of approximate  solu- 
tions  to  the  boundary-layer  equations  are  obtained  with  integral 
methods.  To  test  the  applicability  of  the  integral  technique  to 
triple  deck  theory, we will  develop  an  integral  method  for  solving 
the  iower  deck  equations  and  compare  solutions  obtained  from  this 
method  with  more  exact  solutions.  This  is  perhaps  the  fastest 
method  for  solving  the  small  separation  problem  if  one  is  willing 
to  accept  the  inaccuracies  associated  with  an  approximate  integral 
method.  The  method  is  attractive  for  doing  local  calculations, 
especially  if  one  considers  that  the  errors  obtained  from  the 
integral  method  would  probably  be  much  smaller  than  those  which 
would  exist  from  a  course  mesh  finite  difference  calculation 
which  might  be  used  as  an  alternative. 

GOVERNING EQUATIONS FOR SMALL SEPARATIONS 

The  small  separation  problem is by definition  a  separation 
generated  by  a bump or depression on a  flat  plate  such  that  the 
scaling  of  the  bump or depression  is  the  same  as  that  given by 
the  lower  deck  analysis of Stewartson  (ref. 2 ) .  Thus  such a bump 
or  depression  scales as ~3 in the  streamwise  direction  and ~5 in 
the  normal  direction,  as E + 0, where E = Re'lI8. Such a  bump  or 
depression  generates  an  interaction  which  falls  within  the  frame- 
work  of  triple  deck  analysis  and  the  problem  can  thus  be  handled 
by  solving the  lower  deck  equations  coupled  with  an  interaction 
law. 

In the  lower  deck  variables  defined  by  equations ( 4 - 4 )  in 
Stewartson  (ref. 21, the  small  separation  problem is governed  by 
the  following  equations, see figure 1 

- au  av - 
ax ay f-" I 
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and -I 

with  boundary  and  matching  conditions 

u = v = 0 at y = f(x) , ( 3 )  

and 
6 ( +  m )  = 0 . 

According  to  linear  theory  the  interaction  law  is  given by 
1 I 

P = f  (x) + 6 (x) for  supersonic  flow (6) 
or 

00 f (x,)+ 6 I (x,) 
p = - -  l J  dxl for  subsonic  flow. (7) 

7r -OD 
x - x1 

The  quantity  f(x)  denotes  the  dimensionless  surface  measured 
from  the  Cartesian  coordinate  system  on  the  flat  plate  surface  and 
6 is  the  dimensionless  displacement  thickness.  Both  of  these 
quantities  are  nondimensionalized  in  the  same  manner  as  the  y 
coordinate. 

In  order  to  solve  the  lower  deck  equations,  it  is  convenient 
to  shift  the  coordinate  system  such  that  the  body  surface  lies 
along  a  constant  coordinate  curve.  This  can  be  accomplished  with 
the  use  of  Prandtl's  transposition theoremt  see  Jenson,  Burggraf, 
and  Rizzetta  (ref. 4 )  for  example. 

With  the  change  of  variables 

z = y - f(x) 
and 

w = v - -  
dx df u 

and  all  other  variables  remaining  unchanged we obtain  from  equa- 
tions (1) - ( 4 )  

u = w = o  at z = O  I 

The  remaining  equations (5147) are  unchanged  by  the  transformations. 
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INTEGRAL FORMULATION  FOR  THE LOWER DECK EQUATIONS 

The  lower  deck  equations (10)- (13) and ( 5 ) -  (7) can be put 
into  a  form  similar  to  the  von  Karman  momentum  integral  equation 
for  two-dimensional  boundary  layers.  The  advantage  in  doing  this 
is  that  a  simple  approximate  solution  technique can be developed 
for the lower  deck  equations  along  the  same  lines  as  approximate 
solution  methods  for  non-interacting  boundary  layers. 

First  let z -+ - in  the  momentum  equation (11) and  substitute 
the  outer  .edge  condition for u  given  by  equation (13). This 
results  in 

Next  integrate  the  continuity  equation (10) with  respect  to 
z to  find  another  expression  for  v as z -+ -. Thus  results  in 

where  we  have  defined  Ue  as 

u e = z -  6 

Equating  the  two  expressions  f0r.v  as z -+ - from  equations (14) 
and (15) we  find 

Integrating  this  expression  with  respect  to  x  and  using  the  con- 
dition  that  all  quantities  in  the  equation d i e  out  as  x -+ -- 
we  obtain 

2 OD 

- 
2 

We  next  integrate  the  momentum  equation (11) with  respect  to 

+ P = J (U - Ue)dz . C18 1 
0 

z from z equals  zero  to  infinity.  After  some  fairly  straight- 
forward  algebra,  this  results  in 

- d - 2  2 
dx 0 

1 (U - Ue)dz + 6 dD = 1 - U,(X,O) . 
We therefore  have  three  integral  quantities  which  must  be 

evaluated.  The  displacement  thickness 6, from  equation (13) can 
be  written  as 
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dD - d M + 6 =  = 1 - T w  
dx 

where 

The  simplest  possible  approximate  solution  method  to  the 
integral  equations  (23)  and ( 2 4 )  is to  assume  a  linear  shear  pro- 
file of the  following  form 

and 

for 

C2 6 )- 

where R(x) is the  boundary-layer  thickness  function.  Substituting 
the  above  equations  into  equation ( 2 0 )  results  in 

6 =  R z 
Integrating  equation  (26)  results  in  a  parabolic  velocity 

profile of the  form 
2 

U = T +(I - Tw) x + c(X) z for z < R 
W - 

and 
u = U e = z - 6  for z > R . 

We  choose  to  satisfy  the  conditions  that  u = 0 and z = 0 and u = 
Ue  at z = R. The  first  condition  results  in C(x) = 0 and  the 
second  reproduces  equation  (27).  Thus  the  velocity  profile is 
given  by 2 

W 2R U = T  z +  ( l - T w )  - . z  for z < R - 
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and (29) 

u = z - 6  for z > R . 
This  profile  satisfies  the  no  slip  condition,  is  continuous  and 
has  a  continuous  first  derivative  at z = R. 

Using  the  above  velocity  profile,  the  expression (21) for D 
gives 

D =  2 6  
3 

while  the  expression (22) for M gives 

Substituting  these  expressions  into  the  integral  equations (18) 
and (19) gives 

R6 
3 2 

p = " -  

In  order  to  close  the  problem,  equation (6) or  equation ( 7 )  
for P is  used  depending  upon  whether  the  flow  is  supersonic or 
subsonic.  Initial  and  downstream  boundary  conditions  are  pre- 
scribed  in  the  form  of  equation ( 5 ) .  

The  integral  formulation  therefore  results  in  the  solution of 
two  nonlinear  first-order  ordinary  differential  equations  for R 
and 6 for  the  supersonic  case  and  the  solution  of  one  nonlinear 
integral  equation  and  one  nonlinear  first-order  ordinary  differ- 
ential  equation  for  the  subsonic  case. 

The  present  choice  of  profile  shapes  is  the  simplest  possible. 
However,  more  complicated  profiles  can  easily  be  cho.sen.  The  pur- 
pose of  the  present  analysis  is  to  show  how  an  integral  method 
may  be  formulated  without  paying  attention  at  this  point  in  time 
to  accuracy of the  method. 

We  can  easily  find  an  approximate  solution  corresponding  to 
Lighthill's  (ref. 10) analysis  of  the  initiation  of  a  free  inter- 
action  process  in  supersonic  flow.  If  we  consider  the  possible 
emergence of a  sublayer  at  a  point  x* on a  flat  plate,  see  Ste- 
wartson  (ref. 2), we can  study  the ihtiation of  the  sublayer 
using  the  linearized  version of equations (32) and ( 3 3 ) .  For 
supersonic  flow,  if we consider 6 to  be  small,  these  equations 
result  in 

d6 R6 (34) 
dx=3 
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Dividing  the  first  equation  by  the  second  and  integrating, it is 
easy  to  show  that  the  approximate  solution  corresponding to 
Lighthill's  exact  solution  is 

a = & - -  
and 

6 = 6,e kx 

where 

k =  -3" '' - 0.8165 . 
The  approximate  value of k  given  by  this  analysis  compares  favor- 
ably  with  the  exact  value of 0.8272  given  by  Lighthill's  analysis. 
From  the  expression  (27)  and  the  linear  version  of (321,  assuming 
R = , 6 can  be  eliminated  to  give 

T = 1 - P  W (39) 
which  also  compares  favorably  with T = 1 - 1.209P  given  by 
Lighthill's  analysis. W 

Next  we  consider  the  case  of  compressive  free  interactions, 
see  Stewartson  and  Williams  (refs. 11 and  12),  Stewartson  (ref.  2) 
and  Williams  (ref.  13).  The  full  approximate  equations (32) and 
( 3 3 )  for  supersonic  flow,  i.e. P = d6/dx, were  integrated  numeri- 
cally  using  a  fourth-order  Runge  Kutta  method.*  The  results  were 
adjusted  such  that  the  zero  shear  point  occurs  \at x = 0 in  order 
to  compare  with  Stewartson  and  William's  results,  see  Stewartson 
(ref.  2)  and  Williams  (ref. 13). 

Figure  2  shows  that  the  approximate  results  agree  quite 
favorably  up  to  and  through  the  separation  point. Far  downstream 
of  separation  the  approximate  results  produce  a  shear  which  asymp- 
totically  approaches -1/3 rather  than  zero  from  the  exact  results 
and a pressure  which  goes  to  zero  rather  than  1.800  [see  Williams 
(ref.  13)]  from  the  exact  results.  These  deficiencies  are  due 
to  the  complicated  nature of the  lower  deck  free  interaction solu-  
tion a s  x -t a, see  Williams  (ref.  13). A more  elaborate  and 
physically  meaningful  assumption  for  a  shear  profile  to  handle  the 
region  for  large  x  should  overcome  this  deficiency.  However,  it 
is  important  to  note  that  the  present  approximate  integral  method 
preserves  the  qualitative  features  of  the  exact  results,  except 
when  the  interaction  region is too  long. 

* The  author  wishes  to  express  thanks  to  Mr. S.  Khullar f o r  per- 
forming  these  and  later  calculations  using  the  integral,  method. 
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As a  final  example  of  the  application of the  approximate 
method,  we  consider  flow  past  a'compression  ramp,  Exact  numerical 
solutions  have  been  provided  to  the  lower  deck equationifor this 

Consider  supersonic  flow  along  a  flat  plate  which  abruptly 
encounters  a  wedge  type  compression  ramp.  Jenson,  Burggraf  and 
Rizzetta  (ref. 4 )  have  considered  the  formulation  and  numerical 
solution of this  problem  within  the  framework  of  triple  deck 
analysis. In  terms  of  their  formulation,  the  appropriate  problem 
to  be  solved  with  the  approximate  set  of  equations  is  given  by 
equations (32) and (33) with  the  supersonic  interaction  law (6) 
given  by 

d6 p = -  
dx for x < 0 

and 
P = - + a  d6 - for  x > 0 dx - 

where  is  related  to  the  physical  angle CL through 

The  governing  equations  were  again  integrated  using  a  fourth- 
order  Runge  Kutta  method.  The  initial  conditions  were  applied  at 
x = -20 with R = 6 . A shooting  method  was  used  to  find  the 
correct  initial  condition  on 6 at  x = -20 to  produce  a 6 which 
goes  to  zero as x -f 03. The  solutions  branch  as  downstream  infin- 
ity  is  approached  and  therefore  become  very  sensitive  to  initial 
guess. A more  appropriate way to  solve  the  problem  is to recog- 
nize  that  it is boundary  value  in  nature  and  therefore  solve it 
as  a  time  relaxation  process  using  central  differences on all of 
the  space  variables.  This  type  of  technique  has  been  used  by 
Werle  and  Vatsa  (ref. 7) to solve  the  interacting  boundary-layer 
equations. 

Figures 3 and 4 show  the  results for  pressure  and  wall  shear 
as  a  function  of  the reduced  angle a. Rizzetta  (ref. 5) has  pre- 

a there  is  good  agreement  between  the  present  results  and  those 
of Rizzetta. A direct  comparison  is  given  for a = 2.5. The 
comparison-between  the  present  results  and  Rizzetta's  becomes 
poorer  as a increases.  This  is  at  least  partially  due to the  fact 
that  the  free  interaction  portion  of  the  solution  has  eitended  far 
enough  upstream  for  values  of u greater  than 2.5 that  the  diffi- 
culties of the  present  approximate  method  with  the  free  interac- 
tion  plateau  region  are  beginning  to  appear.  However,  overall 
this  simple  integral  method  gives  the  main  features of the  flow- 
field  and  with  improvements  would  seem  to  be a reasonably  accurate 

- sented  exact  numerical  results  for  the  same  problem.  For  small 
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and  extremely fast  method  for  finding  lower  deck  solutions. 

NUMERICAL  FINITE  DIFFERENCE  SOLUTION OF 
THE SMALL SEPARATION  PROBLEM 

Jenson,  Burggraf,  and  Rizzetta (ref. 4 )  have  developed  a 
finite  difference  numerical  scheme  for  solving  the  lower  deck 
equations  for  the  supersonic  case.  As was mentioned  in  the  pre- 
vious  sections,  they  have  applied  their  numerical  method  to  the 
problem of flow  past  a  compression  ramp.  Rizzetta  (ref. 5) gives. 
more  extensive  numerical  results  for  the  same  problem  using 
essentially  the  same  finite  difference  technique. 

It can  easily  be  shown  that  the  ordinary  Prandtl  boundary- 
layer  equations  contain  all of the  terms  indicated  as  being  im- 
portant  in  the  triple  deck  analysis  as  long  as one takes  into 
account  the  interaction  of  the  boundary  layer  with  the  outer  in- 
viscid  flow. It is not a simple  matter  to  solve  the  resulting 
set  of  interacting  boundary-layer  equations  since,  like  the  lower 
deck  equations,  they  are  boundary  value  in  nature. 

A  very  natural  way  to  solve  the  interacting  boundary-layer 
equations  is  by  the  use of an  alternating  direction  implicit  (ADI) 
method.  This  is  the  approach  taken  by  Werle  and  Vatsa  (ref. 7 )  
and  Vatsa  (ref. 8 )  in  their  solution  of  the  same  type  of  compres- 
sion  ramp  problems  as  were  considered  by  Jenson,  Burggraf  and 
Rizzetta. 

Figure 5 shows  a  comparison  of  the  results  for  skin  friction. 
obtained  using  Werle  and  Vatsa's  method  with  those  obtained  from 
the  triple  deck  analysis  by  Rizzetta,  see  also  Burggraf  et  al. 
(ref. 14). The  results  show  that  the  interacting  boundary-layer 
model  slowly  approaches  the  triple  deck  asymptotic  solution  as 
Reynolds  number  goes  to  infinity. 

Because  of  the  slow  approach  to  the  infinite  Reynolds  number 
limit  indicated  in  the  comparison,  the  triple  deck  results  do  not 
tend  to  agree  well  with  experimental  data  at  high  but  finite 
Reynolds  numbers.  On  the  other  hand, interacthg boundary-layer 
results  tend  to  agree  well.  Figure 6 shows  a  comparison  of 
Navier-Stokes  and  interacting  boundary-layer  results  with  the 
experimental  data of Lewis,  Kubota  and  Lees  (ref. 15). 

Tu  and  Weinbaum  (ref. 16) have  suggested  that  the  principle 
cause  of  the  poor  agreement  between  triple  deck  results  and 
experimental  data  lies  in  the  fact  that  triple  deck  analysis 
neglects  streamtube  divergence  in  the  middle  deck  region.  Since 
interacting  boundary-layer  results  contain  this  effect,  they  tend 
to  show  much  better  agreement with experiment. 
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CONCLUSION 

The  idea  of  solving  separation  problems  using  triple  deck 
theory  is  still  relatively  new.  It is anticipated  that  with  time, 
the  theory  will  be  modified  to  incorporate  the  additional  terms 
which  will  allow  better  agreement  with  experimental  data.  Even  if 
this  were  not  done,  the  insight  gained  from  triple  deck  theory 
into  the  mechanism  of  high  Reynolds  number  separation  is  in  itself 
extremely  valuable. 
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Figure 1.- Coordinate  system  and bump i n  lower  deck variables. 
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Figure 3.- Comparison of asymptotic and  approximate 
pressure  distribution. 

Figure 4.- Comparison of asymptotic and  approximate 
shear  distribution. 

1464 



I 

2 . 0  

1.2 

T 

0 . 4  

- 0 . 4  

- \ -  
urn = 3 

TJTo = 0 . 5  

D = 2 . 5  

"-c 

Interacting Boundary Layer 

T r i p l e  Deck 

-1 
I I I I I I I I 

.o - 8  - 6  - 4  - 2  0 2 4 6 8 1 0  

Figure , 5 . -  comparison of asymptotic and interacting  boundary- 
layer  solutions,  after  Burggraf et al. (ref. 14). 

7..6 

2 . 2  

1 . B  

1.4 

1 . 0  

Navier-Stokes 
Carter (ref. 9 )  

R e _  = 6 . 8  x l o 4  

I I I 
4 0 . 8  1.2 1 . 6  2.0 

I 

x 

Figure 6.- Comparison  of  supersonic  interacting 
boundary-layer  with  Navier-Stokes so lu t ions  
for a compression  ramp,  after Vatsa (ref. 8). 

1465 





THE RELATIVE  MERITS OF SEVERAL NUMERICAL  TECHNIQUES FOR 

SOLVING THE COMPRESSIBLE  NAVIER-STOKES  EQUATIONS 

Terry L .  Holst 
Langl ey  Research Center 

SUMMARY 

Four expl ic i t   f in i te -d i f fe rence   t echniques  designed to   so lve  the time- 
dependent,  compressible  Navier-Stokes  equations have been compared. These 
techniques  are  (1) MacCormack, ( 2 )  modified Du Fort-Frankel, (3 )  modified 
hopscotch, and (4)  Brai  1  ovskaya. The comparison was  made numeri cal   Iy by 
solving  the  quasi-one-dimensional  Navier-Stokes  equations f o r  the flow i n  a 
converging-diverging  nozzle.  Solutions w i t h  and without  standing normal 
shock waves were computed f o r  u n i t  Reynolds numbers (based on total   condi- 
tions)  ranging from  45374 t o  2269. The results ind ica t e   t ha t   a l l   f ou r  
techniques  are  comparable i n  accuracy; however, the modified  hopscotch scheme 
i s  two t o  three times  faster  than the Brai  lovskaya and MacCormack schemes and 
th ree   t o  s ix  times  faster  than  the  modified Du Fort-Frankel  scheme. 

INTRODUCTION 

Recently,  konsiderable  interest  has  surfaced i n  the numerical  solution 
of  the  compressible  Navier-Stokes  equations  (refs.  1-4). Expl i c i  t numerical 
techniques have been used i n  most  of these  studies,   especially  those  involving 
shock  waves. The limited  use  of impl i c i t  methods i s  due t o  ( 1  ) coding com- 
plexity  associated w i t h  the Navier-Stokes  equations, ( 2 )  limited  success i n  
obtaining  the  large time steps as  predicted by l i n e a r   s t a b i l i t y   a n a l y s i s ,  and 
(3)  limited  success i n  capturing  shock waves.  Another factor  involved i s  the 
apparent  success  of  explicit  methods over impl i c i t  methods for   adapt ing   to  
the new fourth  generation  computers (STAR 100 and ILLIAC IV). 

The purpose  of  the present study i s  to   inves t iga te   the   re1   a t i  ve merits 
o f  seve ra l   exp l i c i t  f i n i  te-difference  techniques  for  solving the compressible, 
time-dependent  Navier-Stokes  equations. Some of the important  aspects 
evaluated  are  (1 ) computational speed, ( 2 )  numeri cal  accuracy, ( 3 )  computer 
storage requirements, ( 4 )  Reynolds number l imi ta t ions ,  and (5 )  e f f ec t s   o f  
a r t i f i c i a l  smoothing. The four  numerical  techniques  investigated  are  (1) 
modified  hopscotch, ( 2 )  MacCormack, ( 3 )  modified Du Fort-Frankel, and ( 4 )  
Brailovskaya. Each of these methods  has been used to   so lve  a  quasi-one- 
dimensional  converging-diverging  nozzle  problem.  Solutions w i t h  and without 
standing normal shock waves a re  presented f o r  u n i t  Reynolds numbers ranging 
from 45374 t o  2269. 
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SYMBOLS 

A nozzle  cross-sect ional   area,  m 

C speed o f  sound, m/sec 

2 

E t o t a l   i n t e r n a l  

M Mach number 

P pressure , N/m 
2 

ene rgy   pe r   un i t  volume , N-m/m 3 

R Reynolds number p e r   u n i t   l e n g t h ,  m 

S smoothing  term 

- I  

t time,  sec 

T temperature , K 

U v e l o c i t y  , m/sec 

X d is tance  a long  nozz le  ax is ,  m 

A t  t ime  increment,  sec 

Ax space  increment, m 

P densi ty , kg/m 
3 

Subscr ip ts :  

i space  index 
t t o t a l   c o n d i t i o n s  
Superscr ip t  : 

n t ime  index 

GOVERNING EQUATIONS AND TEST  PROBLEM 

The converging-diverging  nozzle  problem  used i n   t h i s   s t u d y   r e p r e s e n t s  a 
r igorous   tes t   case f o r  the  numerical   techniques. The s t e a d y - s t a t e   f l o w   f i e l d  
i s   i n i t i a l l y  subsonic, goes sonic   a t   the  throat ,   passes  through a s tanding 
normal shock wave i n   t h e   d i v e r g i n g   p o r t i o n   o f   t h e   n o z z l e ,  and e x i t s   t h e  
nozz le  wi th   subsonic   f low.  Cases which do n o t   c o n t a i n  a standing  normal 
shock wave are   a lso  computed. For  these  cases  the  f low f i e l d  downstream o f  
t h e   t h r o a t   i s   s u p e r s o n i c .   D i f f e r e n t   e x i t   b o u n d a r y   c o n d i t i o n s   a r e   r e q u i r e d  
f o r  each o f  these  cases  and will be discussed i n  a subsequent  section. 
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The time-dependent,  quasi-one-dimensional flow of  a  compressible, 
viscous  fluid i s  governed by a s e t  of  three  partial  differential  equations 
expressing  the  conservation of  mass, momentum, and energy. These equations 
i n  conservative form are  as  follows: 

where 

The coefficients of viscosity (1-1) and thermal conductivity ( k )  are given by 
Sutherland's  viscosity law  and a  constant P r a n d t l  number assumption. 

Differencing Schemes 

Several characterist ics  are common t o  each of the numerical schemes 
evaluated i n  tfiis study. They are a1 1 second-order-accurate (for  the  steady- 
state  solution)  finite-difference  techniques which solve  the time-dependent 
form of  the  governing  equations i n  search of a  final  steady-state  solution. 
The methods a re   expl ic i t ,  and hence , easi ly  programmed.  In particular,   the 
methods evaluated  here have  been chosen especially w i t h  regard t o  programming 
simplicity  for  the  Navier-Stokes  equations. 

Modified Hopscotch 

The current  version of hopscotch was f i r s t  introduced i n  reference 5 
where i t  was applied  to  the  compressible Navier-Stokes  equations fo r  a  shear 
layer mix ing  problem. This modified  hopscotch technique  (applied t o  eq. ( 1 ) )  
i s  expressed i n  two sweeps given by 

f i r s t  sweep ( i + n  even) 
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second sweep ( i + n  odd) 

G o t t l i e b  and  Gustafsson ( r e f .  6 )  h a v e   i n v e s t i g a t e d   t h e   s t a b i l i t y   o f   t h e  
cur ren t   vers ion   o f   hopscotch   and have found i t  t o  be  governed  by  the  fo l lowing 
CFL c o n d i t i o n  : 

I n   a d d i t i o n   r e f e r e n c e  6 found t h e   v i s c o u s   s t a b i l i t y   c o n d i t i o n   f o r   t h e  
modi f ied  hopscotch  technique  to   be 

Gour lay   ( re f .  7)  suggested a s i m p l i f i c a t i o n   t o   t h e   s t a n d a r d  two-sweep 
hopscotch scheme w h i c h   a l m o s t   e n t i r e l y  removed t h e   f i r s t  sweep where  equation 
(3 )  i s  rep1  aced  by 

u;+1 = 2ui n - ui n-1  (i+n  even) (7 )  

Numerical   tests  were  performed  wi th and w i thout   the   use   o f   equat ion  ( 7 )  
y i e l d i n g   i d e n t i c a l   r e s u l t s .  The use o f   e q u a t i o n  (7 )  inc reases   the   speed  o f  
the  modi f ied  hopscotch  technique  by a f a c t o r   o f  two   w i thou t   requ i r i ng  
add i t iona l   s to rage.  

Mod i f i ed  Du For t -Frankel  

The c u r r e n t   v e r s i o n   o f   t h e  Du Fort -Frankel  scheme  was in t roduced  by 
G o t t l e i b  and  Gustafsson ( r e f .  8) as fo l l ows :  
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where the   l a s t  term is  a s tabi l iz ing term. The value  of w ( s t a b i l i z i n g  
coefficient)  must be determined by numerical  experiment. The s tabi l izer   takes  
the  place of the time  averaging  appearing i n  the  viscous terms  of the  standard 
Du Fort-Frankel scheme. This simplifies  the  resulting numerical  code, 
especially  for  the Navier-Stokes  equations i n  multiple  dimensions. 

In addition  to  equation (8) an additional  dissipative term must be 
added for  stable  operation 

E - 4Ul+l + 6U; - 4Uiml n + U!-2) 

where the constant E is  determined  numerically. 

MacCormack 

The version  of  the  two-step Lax-Wendroff  scheme used i n  this study was 
f i r s t  introduced by  MacCormack ( r e f .  9 ) .  Using the MacCormack technique t o  
difference  equation ( 1 )  yields 

where the  overbar on the n superscript  indicates a predicted  value. The 
s t a b i l i t y  requirement fo r   t h i s  scheme i s  the CFL condition  (eq. ( 5 ) ) .  In 
addition, a stabil i ty  condition due t o  viscous  effects i s  also  present: 

To surpress  pointwise  oscillations an a r t i f i c i a l  smoothing term can  be 
added t o  the r i g h t - h a n d  side of equations  (10) and (11)  as  follows: 
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where C, i s  an adjustable  constant. In regions of smooth f low these terms 
will be negligible and will n o t  influence  the  solution. In regions o f  point- 
wise oscil lations  these terms will provide  the  effect o f  solution smoothing. 

Brailovskaya 

The two-step finite-difference scheme introduced by Brailovskaya i n  1965 
( r e f .  10) i s  second-order  accurate i n  space and first-order  accurate i n  time. 
Using this technique t o  difference  equation ( 1 )  yields 

predictor  step 

corrector  step 

+ -  2 A  Ax t r!?+12+ BY ( CY+1 Ax - C y ) -  BY ; BY-1 ( C y  Ax - CY-l)] 

The viscous terms i n  the  predictor  step  are  identical  with  the  viscous terms 
i n  the  corrector  step  and,  therefore, need to  be computed only once  per  time 
step.  This feature reduces the  required amount o f  computer time. The s t a -  
bil i ty  requirement for the Brai lovskaya scheme is the  usual CFL condition 
(eq. ( 5 ) ) .  An additional  viscous  stability  condition  is  required and i s  given 
by equation ( 1 2 ) .  The a r t i f i c i a l  smoothing applied t o  the MacCormack  scheme 
(eqs. (13) and ( 1 4 ) )  was also  applied t o  the  Brailovskaya scheme. 

Boundary Conditions 

The boundary conditions  described i n  this  section were used fo r  each 
numerical method. Three boundary conditions a t  both  the i n f l o w  and outflow 
boundaries must  be specified.  A t  the  subsonic  inflow  total  pressure and total  
temperature were specified and held  fixed. The t h i r d  inflow boundary condition 
was obtained by requiring a zero  gradient on s ta t ic   pressure.  
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A t  the  outflow 
conditions were 

boundary ( i  = N )  for  the  supersonic  case  the boundary 

A t  the  outflow boundary for  the normal shock wave case  the  flow is  sub- 
sonic;  consequently,  the boundary conditions  are modified  as  follows 

where  Pexi t is   specif ied and held  fixed.  Obtaining  accurate  results w i t h  such 
simple boundary conditions i s  made possible by add ing  constant  area  duct  seg- 
ments at  the  inflow and outflow stat ions o f  the  nozzle. 

These boundary conditions when applied  to  the modified Du Fort-Frankel 
code resulted i n  unstable  oscillations a t  the  boundaries. These osci l la t ions 
were eliminated by  two different  methods. The f i r s t  method  was t o  apply 
second-order damping given by 

s; = 16 E ( u;+l - 2u; + ui- l  " 1  
a t  i = 2 for  the  inflow and i = N -1 for  the  outflow. 

The second method of removing the  oscillations  consisted of replacing  the 
original boundary conditions w i t h  a new s e t  given by 

n - n-1 
P t  = const, T = const, P1 - P2 t 

pnN = pexi t, UN = u 
n n-1 n - n-1 

N - 1  ' 'N - 'N-1 

where equations (20) and (21) were used for the no shock 
equations (20) and (22)  for   the normal shock wave case. 
solutions  the second method of removing the  oscil lations 

wave case and 
For shock-free  flow 
produced the  best 

resul ts  and are  presented i n  the  next  section. For the normal shock wave 
case, both methods produced similar resu l t s .  
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DISCUSSION OF RESULTS 

Shock-Free Solution 

The initial  condition  solution  for  the  isentropic  calculation was 
.established by f i r s t  computing the inf low and outflow  endpoints from one- 
dimensional isentropic  theory. Then l inear   dis t r ibut ions for a l l  the flow 
variables were  computed  between the  endpoints. 

Table I summarizes the computing s t a t i s t i c s  of all  the  results  presented. 
The resul ts  of  the  isentropic (shock free)  calculation  are  presented i n  f igure 
I .  Included are Mach number, pressure, and temperature  distributions along 
the  nozzle  axis for  a l l  four numerical techniques.  Overall  the agreement is  
very good. In par t icular ,  a1 1 f o u r  numerically  predicted  values of pressure 
a t  the  throat 1 i e  w i t h i n  0.5  percent of the  theoretical  value. The 1 arges t 
disagreement  occurs a t  the  outflow where theory  predicts an e x i t  Mach number 
of  1.925. The numerically  predicted  exit Mach numbers are below th is  and l i e  
between 1.907 and 1.920. 

The maximum e r ro r  ( E R R )  versus 
i s  presented i n  f igure 2 where 

ERR = 
max 

The CPU time required  for computing 
ou-kput has been subtracted from the 

the  central  processor u n i t  time (CPU time) 

init ial   conditions and solution i n p u t /  
cpu  time  displa.yed i n  figure 2. The 

curves have  been continued u n t i  1 the maximum er ror  dropped below 0.001 
although  the  actual  calculations were carried  to 0.0001 accuracy. For the t e s t  
problem the  modified  hopscotch  technique is   c lear ly   the  fas tes t  of  the four 
techniques  tested,  being 2.2 times f a s t e r  than  Brailovskaya,  2.5 times f a s t e r  
t h a n  MacCormack, and 4.0 times f a s t e r  than  modified Du Fort-Frankel. 

Normal  Shock  Wave S o l u t i o n  

The init ial   conditions for the  cases w i t h  a standlng normal shock wave 
were obtained from one-dimensional isentropic  theory. The i n i t i a l  s o l u t i o n  
was entirely  subsonic w i t h  the  standard  expansion i n  the converging  portion i n  
the  nozzle,  the  sonic  condition a t  the  throat, and subsonic compression i n  the 
diverging  portion  of  the  nozzle. This condition was chosen  because the use of 
init ial   conditions w i t h  supersonic  outflows caused d i f f i cu l t i e s  when the o u t -  
flow pressure was specified.  

Mach number  and pressure  distributions  are  presented i n  figures 3 and 4. 
A standing normal shock wave w i t h  a pressure  ratio o f  approximately 3.7 has 
been captured by al l   four  methods a t  i = 38. The shock wave is  spread  over 
two to  three g r i d  p o i n t s  w i t h  minimal overshoots and no undershoots. The 

1474 



Reynolds number  was not low  enough fo r  any significant  viscous  effects  to 
appear. The g r i d  Reynolds numbers ( p u  A x h )  were between 10 and 20. In 
general  the agreement is qui te  good between the  four  techniques. 

Both the MacCormack and Brai 1 ovskaya resul ts  were computed w i t h  a r t i f i  - 
cia1 smoothing added; however, the smoothing was not  required  for a s tab le  
solution.  Instead, i t  was used t o  improve the  characteristics  of  the  captured 
shock by reducing  the  overshoot and undershoot osci l la t ions.  

Again the  modified  hopscotch  technique i s  the  fas tes t  of  the  four methods 
tested  (see  table I ,  case 2)  be ing  1.7  times f a s t e r  than  Brailovskaya, 1.8 
times f a s t e r  than MacCormack,  and 3.9 times f a s t e r  than  modified Du Fort-Frankel. 

Reynolds Number Effects 

Three  of the  techniques  (modified  hopscotch, MacCormack,  and Brailovskaya) 
have viscous stabil i ty  conditions and therefore,  should  exhibit  smaller time 
steps and longer CPU times fo r  lower Reynolds numbers. Two t e s t  cases were 
computed w i t h  lower Reynolds numbers by decreasing  the  total  pressure  (see 
table I ,  cases 3 and 4 ) .  Mach number distributions  for  these two cases  are 

j shown i n  figures 5 and 6. The e f fec t  of  the reduced Reynolds number is  
clearly  evident. In f igure 5 ( R  = 11345 m-1) the shock wave is spread  across 
f ive   to   s ix  g r i d  points, and i n  f igure 6 ( R  = 2269 m-1) the  solution  is  so 
smeared by the  physical  viscosity  that a shock wave cannot be recognized. The  

, g r i d  Reynolds numbers are  between 2 and 5 for  case 3 and  between 0.5 and 1 .O 
. for  case 4. 

The shock p o s i t i o n  predicted by the modified Du Fort-Frankel  technique 
for case 3 (see  f ig .  5) i s  i n  s l i gh t  disagreement w i t h  the shock position  pre- 
dicted by the  other  three methods. This i s  due t o  the  different  outflow 
boundary conditions used by the modified Du Fort-Frankel  technique  (see  eqs. 
(19)  - ( 2 2 ) ) .  The e f fec t  i s  to   a l te r   the  value o f  exit  pressure and thus, 
change the shock position. The modified Du Fort-Frankel scheme fa i led   to  
converge for case 4.  

As expected, the viscous stabil i ty  condition was  more r e s t r i c t ive  and 
therefore dominated the low Reynolds number calcul  atlions , especially  case 4. 
Modified hopscotch seemed to  have a s l igh t ly  more severe  viscous s t a b i l i t y  
condition than  MacCormack or  Brailovskaya, b u t ,  possibly due to  the added 
physical  viscosity,  actually reached a converged solution  sooner i n  physical 
time. For instance, i n  case 3, modified  hopscotch was 2 .8  times f a s t e r  t h a n  
Brailovskaya, 3.2 times f a s t e r  t h a n  MacCormack,  and 6.2 times f a s t e r  than 
modified Du Fort-Frankel. 

The lack o f  a viscous s t a b i l i t y  limit fo r  modified Du Fort-Frankel  could 
not be ful ly   tes ted due t o  i t s  fa i lure  t o  converge for  case 4. The reduced 
time step  ratio  exhibited by modified Du Fort-Frankel fo r   a l l   c a ses   i s  due to  
the  ar t i f ic ia l   d iss ipat ion which must be  added for  stable  operation. Hence, 
even if modified Du Fort-Frankel i s  not  restricted by a viscous s t a b i l i t y  
condition, i t  must pay the  price of a reduced  time step  for  another  reason, 
regardless o f  Reynolds number. 
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Arti fi cia1  Smoothing 

A r t i f i c i a l  smoothing  has  been  used i n  t h i s   s t u d y  on th ree  of t h e   f o u r  
methods t e s t e d  (MacCormack, Brai  lovskaya,  and Du For t -Frankel  ) . To i n v e s t i -  
gate  the  effect  of  smoothing, a ser ies  o f  Mach number d i s t r i b u t i o n s  f.or t h r e e  
d i f f e r e n t   v a l u e s '   o f  C, (smoothing  constant)   are  presented i n  f i g u r e  7. The 
three  curves  correspond t o  no  smoothing (C, = O.O), moderate  smoothing (C, = 
O . Z ) ,  and  massive  smoothing (C, = 1 .O). All t h ree  curve's  were  computed  by 
the  same numerical   technique  (Brai lovskaya)  and  at   the same f l ow   cond i t i ons  
(R = 45374 m-1 and peXit/pt = 0.7).  Enlargements o f   t h e  Mach. number p r o f i l e s  
around  the  standing  normal  shock wave are  presented i n  f i g u r e  7. The no 
smoothing  case  spreads  the  shock wave ac ross   t h ree   g r i d   po fn ts  and e x h i b i t s  
p re-shock   osc i l la t ions .  The moderate  smoothing  case,  l ikewise,  spreads  the 
shock  over   three  gr id   po ints ,   a lmost   ident ica l ly   match ing  the  no  smooth ing 
shock, b u t   w i t h o u t   p r e - s h o c k   o s c i l l a t i o n s .  The massive  smoothing  case  spreads 
the  s h o c k   o v e r   f o u r   o r   f i v e   g r i d   p o i n t s  and e f f e c t i v e l y  causes a p o s i t i o n  
s h i f t   i n   t h e  shock wave. All t h r e e   p r o f i l e s  away f rom  the  shock  are i n  good 
agreement  regardless o f  Row nuch  smoothing i s  appl ied.  Therefore, i t  i s  
c l e a r   t h a t   a r t i f i c i a l  smoothing i n  a l i m i t e d  amount  has he lped   t he   qua l i t y  
o f  t h e   s o l u t i o n .  

CONCLUDING REMARKS 

The modif ied  hopscotch  technique was super io r  i n  speed f o r   a l l  cases 
tested,   be ing  1 .7  to   2 .8  t imes  faster   than  the  Bra i lovskaya  technique,   1 .8  to  
3.2 t imes  fas te r   than  the  MacCormack technique,  and 3.9 t o  6.2 t imes   f as te r  
than  the  modif ied Du For t -Frankel   technique.  

All methods tes ted  were  comparable i n  accuracy  for  the  cases  tested, 
w i t h   o r   w i t h o u t  shock  waves. 

The modif ied  hopscotch scheme  seemed t o  have a s J i g h t l y  more severe 
viscous s t a b i l i t y   c o n d i t i o n   t h a n   t h e  MacCormack o r   B ra i l ovskaya  schemes. 
However, f o r   t h e   v i s c o u s   s t a b i l i t y   r e s t r i c t e d  cases,  solut ions computed by 
the  modif ied  hopscotch  technique  actual ly  reached  steady  state  sooner i n  
physical   t ime  than any o f   the   o ther   techn iques   tes ted .  
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Table 1,- Summary of r e s u l t s .  

I sentropic  Supersonic  Normal  Shock 
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Figure  1.- Shock-free  calculat ion.  
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Figure 3.- Mach number d i s t r i b u t i o n  (case 2).  
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Figure  5.- Mach number d i s t r i b u t i o n  (case 3 ) .  
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CALCULATION OF A SEPARATED  TURBULENT - 

BOUNDARY LAYER 

Barrett  Baldwin 
Ames  Research  Center 

Ching Ma0  Hung 
DCW Industries  and  Ames  Research  Center 

SUMMARY 

The  properties  of  a  Navier-Stokes  solution  of  a  shock-separated  turbulent 
flow  over  a  flat  wall  are  investigated.  Refinements  of an algebraic  relaxation 
turbulence  model  previously  shown  to  be  of  value  for  the  simulation  of  separated 
flows  are  presented.  A  simplified  analysis  applicable  near  an  adiabatic  wall 
is  developed  and  used  to  help  verify  the  accuracy  of  the  numerical  solution. 
Features  of  the  time-dependent  response of a  turbulent  boundary  layer  to  shock 
impingement  are  presented. 

INTRODUCTION 

Computers now available  are  capable of practical  calculations  of  complex 
flow  fields,  including  separated  turbulent  boundary  layers.  However,  as 
discussed  in  reference 1, development of adequate  turbulence  models  is  a  pacing 
item  that  impedes  progress  toward  that  goal.  Recent  improvements  in  numerical 
methods,  such  as  those  described  in  reference 2, have  made  it  feasible  to  test 
a  variety  of  modifications of existing  turbulence  models  (see,  e.g.,  refer- 
ences 3-5 and  the  more  comprehensive  reference  lists  therein).  For  engineering 
purposes,  it  would  be  practical  to  use  simplified  models  calibrated  from 
experiments  conducted  at  nearby  flow  conditions.  The  shortage  of  experimental 
information on separated  flows  prevents  calibration  with  precision  at  this  time. 
Nevertheless,  it  seems  worthwhile  to  proceed  with  the  development of computer 
codes  for  complex  flows  based  on  simplified  turbulence  models  that  can  be 
.adjusted to accommodate  the.  existing  experiments.  With  presently  available 
information, it may  be  possible  to  accomplish  this  for  high  Reynolds  number 
flows  at  Mach  numbers  up  to 3 using  the  boundary-layer  approximation  for 
viscous  and  Reynolds  stress  terms  in  the  layers  near  solid  surfaces.  More 
complicated  procedures  can be incorporated  when  they  are  justified  or  can  be 
used  to  aid in the  calibration  of  the  simplified  models. 

In reference 5, it  was  shown  that an inner  layer  algebraic  eddy  viscosity 
model  used  by  Clauser  (ref. 6)  provides  better  agreement  with  two  separated flow 
experiments  than  more  conventional  models.  In  this  paper,  the  properties  of  a 
Navier-Stokes  solution  of  a  shock-separated flow based on  a  variation  of  that 
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model  are  investigated. A simplified  analysis  applicable  near  an  adiabatic 
wall  is  presented.  Favorable  comparisons  of  results  from  this  analysis  with 
the  Navier-Stokes'solution  show  that  the  boundary-layer  approximation  is  valid 
near  the  wall  for  this  case  and  that  the  Navier-Stokes  solution  is  accurate. 
As an  example  of  the  type  of  information  that  can  result  from  such  numerical 
solutions,  features of the  time-dependent  response of a boundary  layer  to 
impingement  of a shock  wave  are  presented. 

SYMBOLS 

A 

B 

BF3 
C 

K 

P 

'RT 

s2 

T 

U 

U 
T2 

U 
T3 

V 

vF 

x, Y 

Y+ 

constant  (eq. ( 2 2 ) )  

constant  (eq. (23 ) )  

constant  in  turbulence  model  (eq. ( 6 ) )  

constant  (eq. (17)) 

specific  heat  at  constant  pressure 

universal  function  (en. (18)) 

universal  function  (eq. (19)) 

Karman  constant (0.4) 

Clauser  constant (0.016) 

pressure,  N/m2(lb/ft2) 

turbulent  Prandtl  number (0 .9 )  

constants  in  Sutherland  viscosity  law  (eq. (20)) 

temperature, K (OR) 

velocity  in  x-direction,  m/sec  (ft/sec) 

friction  velocity  (eq. (4)), m/sec  (ft/sec) 

friction  velocity  (eq. (5)) , m/sec  (ft/sec) 

constant  in  Van  Driest  damping  factor  (eq. (8)) 

Van  Driest  damping  factor (eq. (8)) 

Cartesian  coordinates, m (ft) 

law  of  the  wall  variable  (eq. ( 9 ) )  
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6 boundary-layer  thickness,  m  (ft) 

6* kinematic  displacement  thickness (eq. (lo)), m (ft) 

A relaxation  parameter  (eq. (5)) 

u molecular  coefficient of viscosity,  kg/m-sec  (slugs/ft-sec) 

Ut 

P gas  density,  kg/m3  (slugs/ft3) 

T shear  stress  (eq. (ll)), N/m2  (lb/ft2) 

turbulent  eddy  viscosity  coefficient  (eqs. (1),(2)) kg/m-sec 
(slugs/ft-sec) 

Subscripts: 

0 initial  profile 

2 value  of  y  at 

3 value  of y at 

at  station  ahead  of  interaction 

which  u  is  evaluated  (eqs. (31 ,  ( 4 ) )  
T2 

which 3eq 
is  evaluated  (eq. (6)) 

i  position of inviscid  shock  impingement  on  wall 

max maximum  velocity  in  profile 

W value  at  wall 

METHOD 

Numerical  Method  for  Navier-Stokes  Solutions 

The  basic  numerical  method  used  in  this  investigation  is  described  in 
reference 7. Recently,  MacCormack  has  improved  the  method  such  that  the  calcu- 
lations  require  an  order of magnitude  less  computation  time  than  formerly  (see 
ref. 2). The  compressible  Navier-Stokes  equations  to  be  solved  are  also 
listed  in  reference 7. 

Experiment  Used  for  Comparison 

The  experimental  flow  field  (ref. 8 )  is  depicted  in  figure 1. A shock  wave 
generated  by  a  plate  set  at 13'  to  the  free  stream  impinges  on  the  boundary 
layer on the  upper  wind  tunnel  wall. A separation  bubble  containing  reversed 
flow  forms  and  extends  upstream of the  inviscid  shock  impingement  point. A 
pattern  containing  induced  and  reflected  shocks forms. The  free-stream  Mach 
number  is 3 and  the  Reynolds  number  based  on  initial  boundary-layer  thickness 
ahead  of  the  interaction is lo6. 
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Turbulence  Model 

The  two-layer  algebraic  eddy  viscosity  model  used  in  the  present  calcula- 
tions  is  defined  by  the  following  equations: 

P t  ) 
- - KPumaxG* K = 0.0168 

outer 

where p, and p2 are  evaluated  at  y = y, with y2 determined  from  the 
relations 

The  quantity  u  is  determined  from  the  relaxation  formula 
T3 

3 
U - u  
T 3eq T3 - =  

dx y A = 5  
A6 0 

where 
a 

U ~ 3 e q  = BF3 (ky $) 
Y'Y 3 

with y3 determined  from  the  relation 

au 
PkY a 

-+ = ( / y, = 2000 y3 
Y=Y 3 

The  quantity  VF  is  the  Van  Driest  damping  factor 

BF3 = 1.18 

VF = 1 - exp  (-y+/V)  V = 18 

where 
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The  transition  from  the  inner  to  the  outer  formula  takes  place  at  the  minimum 
value  of  y  at  which  (ut)inner = (ut)outero The  kinematic  displacement  thick- 
ness 6" is  given  by 

max 
The  foregoing  model  differs  from  that  developed  in  reference 5 in  several 

respects.  Replacement  of p with p2p/u2 at  y < y2  in  equation (1) has 
the  effect  of  removing  the  dependence  of  pt/p  on  variations  of  temperature 
and density.in  the  viscous  sublayer.  Although  future  experimental  data  may 
show  such  a  dependence,  it  seems  preferable  at  this  time  to  make  pt/p  dependent 
on  y+  alone,  and  thus  to  maintain  a  close  correspondence  with  incompressible 
flows.  Additionally,  the  factor BFg in  equation ( 6 )  allows  a  close  corre- 
spondence  of  the  present  inner  layer  Clauser  model  with  more  conventional  models 
for  flows  with  zero  pressure  gradient.  Finally,  us.e  of  y+  as  defined  in 
equation (9) in  the  Van  Driest  damping  factor  instead  of  the  definition  used  in 
reference 5 requires  rescaling of V to V = 18. 

Simplified  Analysis  Applicable  Near  an  Adiabatic  Wall 

The  following  approximate  relationships,  obtained  from  the  compressible 
Navier-Stokes  equations,  are  useful  for  checking  the  adequacy  of  the  mesh  used 
for  the  numerical  solution.  They  may  also  be  useful  for  deducing  values  of 
parameters  in  the  turbulence  model  from  experimental  data  obtained  from  sepa- 
rated  and  attached  boundary-layer  flows  with  pressure  gradients.  Upon  neglecting 
the  convection  and  inertia  terms,  the  steady-state  x-momentum  and  energy  equa- 
tions  can  bs  approximated  by 

Replacement  of 
of  state  for  a 

P + - , 2  C T  1 =P T2 1 
2 + - u2  (adiabatic  wall) 

'RT. 'RT 2 2  

the  y-momentum  equation  with  ap/ay = 0 and  use  of  the  equation 
perfect  gas  yields 

T2 P=- 
p 2  T 

With  the  definition 
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and  substitution  of  the  foregoing  inner-layer  eddy  viscosity  model  into  equa- 
tion (11) , the  following  expression  for  u+  can  be  derived: 

where 
u+ = (1 - P+)f  (Y+) + €2 f (Y+) 

Y$ 

.,+ 

To obtain  the  relation  between  u+  and  u,  we  use  the  Sutherland  viscosity 
law  in  the  form 

Linearization of the  Sutherland  relation  and  substitution of equations  (12) 
and  (13)  into (14) leads to 

where 
2 + 3S2/Tw 

A =  1 + S2/TW 

B =  
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RESULTS AND DISCUSSION 

A time-dependent  solution  of  the  compressible  Navier-Stokes  equations  based 
on  the  foregoing  eddy  viscosity  model  has  been  carried  out.  The  initial  flow 
field  is  uniform  in  the  x-direction  with a boundary-layer  profile  corresponding 
to  an  upstream  station  in  the  experiment  of  reference 8 .  At the  lower  boundary 
of  the  computational  field,  boundary  conditions  are  imposed  corresponding  to 
the  shock  wave  in  the  experiment  (see  fig. 1). During  the  calculation,  the  shock 
wave  grows  toward  the  upper  nozzle  wall.  Eventually, a steady  state is reached 
corresponding  to  the  conditions  at  which  experimental  measurements  were  made. 
As  an  illustration  of  the  type  of  information  that  can  result  from  such  calcula- 
tions,  features  of  the  time-dependent  response of the  boundary  layer  to  growth 
of.the incident,  induced,  and  reflected  shock  pattern  will  be  presented.  How- 
ever,  the  simplified  analysis  in  the  preceding  section  will  first  be  used  to 
check  the  adequacy  of  the  computational  mesh. 

The  steady-state  Navier-Stokes  solution  was  used  to  compute  dimensionless 
profiles of u+  versus  y+  according  to  equations (9) and  (21).  Three  such 
profiles  are  contained  in  figure 2. The  circles  represent  the  Navier-Stokes 
solution  and  are  at  the  computational  mesh  points.  The  dashed  lines  are  obtained 
from  the  simplified  analysis  (eq.  15)),  using  values  of p+ and  y+  evaluated 
from  the  Navier-Stokes  solution  according to equations (3) , ( 4 ) ,  f 9 )  and  (16). 
The  upper  two  profiles  are  at  stations  aft  of  reattachment  where  relatively 
small  pressure  gradients  are  present.  The  bottom  profile  is  in  the  region of 
constant  pressure  ahead  of  the  separated  region,  which  extends  from 
-2.6 < (x - xi/60)'2 0.5. The  close  correspondence  between  the  approximate 
and  numerical  solutions  leads  to  two  conclusions: (1) Use  of  the  boundary- 
layer  approximation  with  additional  neglect  of  convection  and  inertia  terms 
is a valid  approximation  near  the  wall  for  small  pressure  gradients;  and 
(2) the  computational  mesh  used  for  the  Navier-Stokes  solution  provides  adequate 
resolution.  However,  are  the  same  conclusions  valid  at  stations  where  strong 
pressure  gradients  exist? 

Profiles  near  separation  and  in  the  middle of the  reversed  flow  bubble 
are  shown  in  figure 3. Again  the  Navier-Stokes  solution  is  represented  by 
symbols  and  the  simplified  boundary-layer  approximation  by  dashed  lines. 
Near  separation,  the  approximate  results  are  invalid  for  values  of y+ greater 
than  about 300 because  of  neglect  of  the  convection  and  inertia  terms.  In  the 
middle  of  the  separation  (lower  curve),  the  simplified  analysis  retains  validity 
to  large  values  of  y+.  The  resolution  of  the  Navier-Stokes  solution  is  again 
shown  to  be  adequate.  Profiles  near  reattachment  are  shown  in  figure 4 .  The 
two  solutions  agree  closely  over a large  range  of'  y+  in  this  region. 

With  confidence  in  the  resolution  of  the  Navier-Stokes  solution  established, 
it  is  of  interest  to  observe  the  time-dependent  response  of  the  boundary  layer 
to  shock  impingement.  Figure 5 contains  plots  of  wall  pressure  distribution 
at a series  of  time  intervals  after  the  start  of  the  calculation.  Shortly 
after  the  shock  reaches  the  boundary  layer  and a reflected  shock  has  formed,  the 
wall  pressure  rise  is  steep  and  extends  about  one boundary-1ayer.thickness 
upstream  of  the  inviscid  shock  impingement  point,  which  occurs  at 0 on  the 
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abscissa  scale.  During  succeeding  time  intervals,  the  pressure  gradient 
decreases  and  the  pressure  rise  moves  upstream.  Eventually, a steady  state  is 
reached  in  which  the  initial  pressure  rise  occurs  about  three  boundary-layer 
thicknesses  ahead  of  the  inviscid  shock  impingement  point.  The  plot  at  the  top 
includes  the  corresponding  experimental  steady-state  pressure  distribution  from 
reference 8 for  comparison. 

Figure 6 contains  plots  of  the  skin-friction  distributions  after  the  same 
series of time  intervals.  In  the  plot  at  the  top,  the  calculations  are  in  close 
agreement  with a Preston  tube  measurement  of  the  initial  skin-friction  coeffi- 
cient  Cf  and  oil-flow  observations  of  separation  and  reattachment  points 
(ref. 8). Skin-friction  measurements  were  not  made  at  other  stations  in  this 
experiment. 
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THE LIFI '  FORCE ON A DROP I N  UNBOUNDED 

PLANE  POISEUILLE Flow 

P h i l i p  R. Wohl 
Old Dominion University 

SUMMARY 

The l i f t   f o r c e  on a deformable  liquid  sphere moving in   s teady ,   p lane  

Poiseuille-Stokes  f low  and  subjected  to  an  external body force  is calculated.  

The r e s u l t s  are obtained by seeking a solut ion  to   Stokes '   equat ions  for   the 

motion  of t h e   l i q u i d s   i n s i d e  and outs ide   the   s l igh t ly   per turbed   sphere   sur face ,  

as expansions  valid  for small values   of   the   ra t io   of   the  Weber number t o   t h e  

Reynolds number. When the   r a t io   o f   t he  drop  and e x t e r n a l   f l u i d   v i s c o s i t i e s  i s  

small, t h e   l i f t   e x e r t e d  on a neutrally  buoyant drop is found to  be  approximately 

one-tenth  of  the  magnitude  of  the  force  reported by Wohl and Rubinow ( re f .   1 )  

ac t ing  on the  same drop i n  unbounded Po i seu i l l e   f l ow  in  a tube. The r e s u l t a n t  

t ra jectory  of   the  drop is ca lcu la ted  and  displayed as a function  of  the  exter-  

n a l  body force .  

INTRODUCTION 

Understanding  the dynamics of a s i n g l e   p a r t i c l e  and  suspensions  of  parti-  

c l e s   i n  slow  viscous  flow is  of  fundamental  importance i n  many branches  of 

science and  technology,  such as a i r  pol lut ion,   ra indrop  formation,   f luidizat ion 

i n  the  chemical  process  industry,   blood  f low,  the  f low  of  f iber  suspensions  in 

paper making, e t  al .  ( r e f s .  2, 3) .  

The migration  of a s ing le   sphe r i ca l   pa r t i c l e   ac ross   t he   s t r eaml ines   o f  a 

nonuniform  creeping  flow  cannot  be  explained on t h e   b a s i s  of Stokes'  equations, 

even i n  the  presence  of  bounding walls; i .e.,  a sphere  experiences no trans- 
verse force a t  zero  Reynolds number. A t ransverse  force  does exist theore t i -  

c a l l y  i f  i n e r t i a l   f o r c e s  are taken  into  account  (refs. 4, 5 ,  6). Hawever, 

t h e   s i t u a t i o n  is d i f f e r e n t   f o r   f l e x i b l e   p a r t i c l e s .   E x p e r i m n t a l   o b s e r v a t i o n s  

(ref- 7) reveal t h a t  a t  low Reynolds  numbers,  even when a r igid  sphere  experi-  
ences a negligible  transverse  force,   neutrally  buoyant  deforming  drops (and 
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f l ex ib l e   so l id   pa r t i c l e s )   mig ra t e   r ap id ly   ac ross   s t r eaml ines .   Th i s   sugges t s  

t h a t   t h e   l i f t   f o r c e  which  produces  migration arises from the   i n t e rac t ion  be- 

tween the  par t ic le   deformation and the   sur rounding   f low  f ie ld ,   ra ther   than  from 

an i n e r t i a l   e f f e c t .  

Chaffey e t  a l .  ( r e f .  8) considered  the  problem  of a deformable  liquid  sphere 

i n  Couette-Stokes  flow  (linear  shear). Assuming the   d rop   to   be   ' c lose '   to   the  

plane w a l l  bounding  the  flow,  they  found  that  the  effect on the  deformed  drop 

w a s  t o  produce a force  tending  to  push the  drop away from the  w a l l .  This  force 

has two f a i l i n g s  when used  alone as a basis   for   explaining  the  migrat ion  of   drops 

i n   p l a n e   P o i s e u i l l e  flow. F i r s t ,  i t  neglec ts   the   force  due t o   t h e   i n t e r a c t i o n  

of  the  parabolic  profile  with  the  resultant  deformation  of  the  drop.  Secondly,  

i t  cannot  be  expected t o  be   va l id  when the  drop is n o t   c l o s e   t o   t h e  w a l l .  I n  

f a c t ,  Karnis & Mason ( r e f .  9) have shown experimentally  that  the  migrat 'ion rates 

ca lcu la ted  by Chaffey e t  a l .  are s igni f icant ly   l a rger   than   those  which are ob- 

served. The experimental  observations were recorded a t  a considerable   dis tance 

from the walls r e l a t i v e   t o   t h e   p a r t i c l e   s i z e .  

In   th i s   paper ,   the  hydrodynamic fo rce   a r i s ing   ou t   o f   t he   i n t e rac t ion  between 

the  incident  plane  parabolic  f low and the  sphere  deformation is  ca lcu la ted .  The 

i n t e r a c t i o n  between the  drop  and  the  boundary walls i s  neglected.  The ana lys i s  

herein  follows  that   of  reference i wherein  the  case of P c i s e u i l l e  f l o w  i n  a 

tube i s  considered  (see  a lso  refs .   10,  11, 12). 

FORMULATION 

The drop sur face  i s  defined by 

r = 1 + f ( 0 ,  $), (1) 

where ( r ,  0 ,  4) are spherical   polar   coordinates   with  pole   f ixed a t  the  center  of 

the  undis tor ted drop  and the  axis 0 = 0 along  the  direct ion  of   the  undis turbed 

ve loc i ty  U. We denote   the   ve loc i ty   o f   the   f lu id   ex te r ior   to   th i s   sur face  by 

v and the  pressure by  p. 813 .  e x t e r n a l   l e n g t h s , , v e l o c i t i e s  and stresses have  been 

-). 

-f 

non-dimensionalized by a , Uo and vUoa , respec t ive ly ,  where a i s  the 

radius  of  the undeformed drop, Uo is a re ference   ve loc i ty   to   be   spec i f ied  la ter ,  

and 1-1 is  the   v i scos i ty   o f   the   f lu id   ou ts ide   the   d rop .   Quant i t ies   charac te r -  
i z i n g   t h e   i n t e r i o r   o f   t h e  drop are distinguished  with a prime. It is  assumed 

that  {v,p) and {v' , p ' }   s a t i s f y   t h e  Stokes'  equations  and  conditions: 

-I 

-t -+ I.- 
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I 

+ + + +  
A v - V p - 0 ,  V v = O ,  v - U a t  r = a ,  
A;' - Vp' = 0, V G' = 0, 3' bounded, 

( 0 -  

+ + + 
v = v' = 0, Vt = v' -rt = a-r a t  r = 1 +  f(0,$),  +' 

n n t' t 

ETn = E a  T' + R1 a t  r = 1 + f ( e ,Q) ,  ( 4 )  -1 + R-l 
n 2 

where v represents   the  normal   veloci ty  component, v the   t angen t i a l   ve loc i ty  

vector,  -rt the   t angent ia l  stress vector,  the  magnitude  of  the  normal stress; 

a = p'/v;  R and R2 are the  two pr inc ipa l   r ad i i   o f   cu rva tu re  of t h e  drop  surface; 

and the  dimensionless  parameter E = pUOT , where, T is the  constant  surface  ten- 

s ion   a s soc ia t ed   w i th   t he   i n t e r f ace  between  tlle two viscous media. The pressure  

p'  includes a body force  K pe r   un i t  volunae which is  assumed t o  act on the  drop 

in   the   pos i t ive-z   d i rec t ion .   Equat ion  ( 4 )  is Laplace's   formula  for  the  equili-  

brium  between  the  normal stress across   the  surface and the  tension and curvature 

of the   sur face .  

+ 
n+ t 

'n 

1 -1 

We seek  the  solution  of  equations (2) - ( 4 )  as expansions  valid  for small 

values of E which, upon neglec t ing  terms of O(E) ,  are of t he  form 
+ +  
v = vo + E vl, p = Po + E pl, 

+ 

+ 
v'  = v'  + E v;, p '  = E pi1 + p;, + E p i ,  

+ + -1 
0 

€ = E f  1 '  

The so lu t ion   i n   gene ra l  w i l l  depend on the  parameter a. We s h a l l  see (eq. ( 6 ) )  

t ha t   t he  t e r m  E ' , which  gives   the  internal   pressure  of   the   drop  in  i t s  

spherical   shape when U = 0,  i s  needed in   o rde r   t o   s a t i s fy   cond i t ion  ( 4 ) .  The 

deformation f is assumed t o   b e  O(E) so that  the  drop is  s p h e r i c a l  when U = 0. 

Upon inser t ing  equat ions (5) into  equat ions (2) and  equating  coefficients  of  each 

p-1 + 

+ 

power of E i n  each  equation, we f ind  that   {vi ,pi ,G' ,p '3   for  i = 0 ,  1 s a t i s f y  

the  Stokes'equations, VpI1 = 0, vo = U a t  r = 03, and v1 = 0 a t  r = 00. 

. +  
+ + i 5  

The boundary  conditions (3) - ( 4 )  must be  examined c a r e f u l l y   i n   o r d e r   t o  

determine  the  contributions a t  the  various  orders  of E.  It can be shown ( r e f .   1 )  

t ha t   t he  normal  and t angen t i a l  components  of t he   ve loc i ty  and stress vec tors  can 

be  expressed,  through a small r o t a t i o n ,   i n  terms of   spherical   coordinate  com- 

ponents.  This small r o t a t i o n  is def ined  with  the  a id   of  two Eulerian  angles,  
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which are re la ted   to   the   deformat ion  of the  drop. A Taylor  expansion  about 

r = 1 of   t he   quan t i t i e s   i n   equa t ions  (3) - (4) is then  used  to  transform  to  an 

equivalent set of  boundary  conditions  evaluated on t h e  undeformed sphere  surface.  

Final ly ,   taking  account   of   equat ions (5) y i e lds :  

OCEO), 
Pi1 = 2/a, 

a a 2 a" 
ae 2) fl a0 

'I: Orr Orr = a'I:' - (2 + cosece - (sine z) + cosec 8 a t  r = 1. (9) 

Equations (7) involve  only  the O(E ) terms of the  expansion, and equation (9) 
gives  the  deformation f i n  terms of the  quantit ies  determined from the O(E ) 

so lu t ion .  The function f . is determined as a p a r t i c u l a r   s o l u t i o n  of equation (9) 

sub jec t   t o   t he   aux i l i a ry   cond i t ions   t ha t   t he  volume of   the  drop  remains  constant, 

and that   the   centroid  of   the   drop is chosen to  coincide  with  the  origin  of  the 

coordinate  system. 

0 

0 
1 

1 

PLANE PARABOLIC FLOW 

We now consider U t o  be a plane  parabolic  f low  represented by 

U = B + G x + y x ,  2 
(10) 

with  respect   to  a coordinate  system  fixed a t  the   cen t ro id  of the  drop,  where 

B ,  6 and y are cons tan ts .   In   o rder   to  relate t h i s   t o   p l a n e   P o i s e u i l l e  flow, le t  

the  drop  be  located a t  an  orthogonal  distance X = b measured  from the mid-plane 
between two parallel walls, one s t a t iona ry ,   w i th   t he   pos i t i ve  X-axis po in t ing  
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i n   t h e   d i r e c t i o n  of t he   o the r  w a l l  moving in   the   pos i t ive-z   d i rec t ion   wi th   ve lo-  

c i t y  Uw. Suppose that   the   drop is moving with  dimensionless  velocity 

c = dZ/dt , wi th   r e spec t   t o  a coordinate   system  f ixed  in   the  s ta t ionary w a l l , !  

and i n   t h e  same d i rec t ion  as the   Poiseui l le   f low  f ie ld .  Then the  veloci ty   of  

t he  flow wi th   r e spec t   t o  a coordinate  system  fixed a t  the   cen t ro id  of the  drop 

is 

where 1 
X = b + ax. J 

-Here the   re fe rence   ve loc i ty  U = -b  G/2u where  bo is one-half   the  distance 

between the  walls bounding the  flow,  and G # 0 is the  constant   appl ied  pressure 

gradient. By comparing equation (10) with  equation (11) it fol lows  that  

2 
0 0 

b 2 'w b 6 f 1 -  (-) + -  (l+-) - c, 
2u0 

2 ab 2 6 E  
2u0 bo 

- -  , Y -(a/bo) 

Since  the O(E: ) v e l o c i t y   f i e l d   s a t i s f i e s   t h e  boundary  condition vo -+ Uk 

as r + 00, where k is t h e   u n i t   v e c t o r   i n   t h e  z d i r e c t i o n ,  i t  follows from t h e  

l inear i ty   o f   S tokes '   equa t ions   tha t   the  O(E ) so lu t ion  is eas i ly   ob ta ined  as t h e  

0 -+ -f 

-f 

0 

sum of 

plane 

on the  

the  known flows  past  a l iquid  sphere  in   uniform stream, l i n e a r   s h e a r  and 

quadra t ic   shear .  From these   so lu t ions   t he  O(E ).hydrodynamic  force F 0 -F 

drop is ca lcu la ted   to   be  c) 

0 

+ F = 6rpa U0[ 2 6 + - - 
0 at-1 

This is the   d rag   force   ac t ing  on the  undeformed drop. The value  of B (o r  

equiva len t ly   the   ve loc i ty  c of t h e  drop via eq.  (12))is  determined so t h a t   t h e  

body force "IT a Kk balances Fo, v i z .  4 3 - +  -+ 
3 

where k is the  non-dimensional body force  given  by k = K a / p'Uo. 2 

The deformation fl is found  from  equation (9) t o   b e  
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f l  = fll + fl2Y 

16  
19 cos@  p2 (case), fll = 24 a+l 

1 

10 

Cp3(cose) -. -  COS^$ p3 I, = - y -  
f12 40 a+l 6 

- 11 0 1 2 

where  P2, P and P are associated  Legendre  polynomials.  It is  s e e n   t h a t   t h e  

deformation is independent   of   the  body fo rce .  

1 0  2 
3 3 

To determine  the O(e) fields  {vl,pl ,   vi ,p;)  w e  must so lve   S tokes '   equa t ions  
-+ -% 

sub jec t   t o   t he   i n t e r f ace   boundary   cond i t ions  (8) a t  r = 1, i n   a d d i t i o n   t o   h a v i n g  

v vanish a t  i n f i n i t y .  It is found  that   the  drop  does  not  experience  any  hydro- 

dynamic fo rce  owing t o   i n c i d e n t   l i n e a r   s h e a r  (6x) and  quadra t ic   shear  (yx ), 

+ 
1 2 

considered  independent ly .  However, t he i r   combina t ion   g ives  rise t o   a n   a d d i t i o n a l  

O(E) ' f l o w   n e e d e d   t o   s a t i s f y   a d d i t i o n a l   i n t e r a c t i o n  terms i n   t h e  boundary  condi- 

t i o n s   ( 8 ) .  It is  t h i s   i n t e r a c t i o n   f i e l d  which  produces a t r ansve r se   fo rce  on t h e  

d r o p .   I n   p a r t i c u l a r ,   d e f i n e   t h e   i n t e r a c t i o n   c o n t r i b u t i o n s  w and cr l r   l r  8 by 

where v(') a n d   v ( 2 ) r e p r e s e n t   t h e   l i n e a r   s h e a r   a n d   q u a d r a t i c   s h e a r   f l o w s ,  con- 

s idered  independent ly .  There are no cont r ibu t ions   a r i s ing   f rom  the   un i form  f low 

(8) i n   equa t ions   (16 )   because   t o  O(e) uniform  flow  produces  no  deformation  of  the 

drop  (eqs .   (15)) .   Subst i tut ing  equat ions  (16)   and  analogous  expressions  for  

t h e   o t h e r  O ( E )  ve loc i ty   and  stress components i n t o   c o n d i t i o n s  (8) toge the r   w i th  

the  deformations (15), w e  f i n d   t h a t   t h e   i n t e r a c t i o n   f i e l d  must s a t i s f y ,  a t  r = 1: 

l r   l r  

J 
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The quant i ty  v ( ~ )   i n  equations (17) denotes  the O(E ) r a d i a l   v e l o c i t y  component 

corresponding  to a uniform stream, l i n e a r   s h e a r  flow and quadrat ic   shear   f low 

f o r  i = 0 ,  1, and 2 ,  respec t ive ly ,  and s i m i l a r l y   f o r   t h e   o t h e r   v e l o c i t y  and 

stress components. 

0 
O r  

THE LIFT FORCE AND TRAJECTORY 

The O(E) i n t e r a c t i o n   f i e l d  can now be found by f i r s t   i n s e r t i n g   t h e  known 

deformations  and O(E ) f i e l d s   i n t o  boundary  conditions (17 ) .  The s o l i d   s p h e r i c a l  

harmonics  and t h e i r   c o e f f i c i e n t s   i n  Lamb’s genera l   so lu t ion   ( re f .  13, p. 595) t o  

Stokes’  equations,   for a sphere are then  chosen s o  that   condi t ions (17) a r e  satis- 

f i ed .  However, t h e pe r tu rba t ion   t o   t he  O(E ) force  experienced by the  drop a f t e r  

deformation  depends  only upon one s o l i d   s p h e r i c a l  harmonic  of  order -2 i n  Lamb’s 

general   solut ion  ( ref .   14) .   This  O(E) force  can  be  expressed by 

0 

0 

-h 
F1 = -4.rrl.l€UOa V(r P 2) , 3 - 

where P - ~  - - A - ~  1 r-2 p;(cos e) cos 1 (18) 

in   the   case   o f  a parabolic  f low  represented by equation (10) Upon s u b s t i t u t i n g  

equation (14) i n to   t he  computed value  of   the  coeff ic ient  A’ ’ we obtain  the 
n -2 ’ 

r e s u l t  -f 19 F1 = - 
L 

20 .rrpEuo a 6 y c F~~ 1, 
n=O 

where 
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- 1 3  10 108867 153439 - 28237) 
223440 a+- 15960 * 

a2 F12 - - (zi) (a + 11' (148960 

The d i rec t ion   of   the   force  F1 is or thogonal   to   the   d i rec t ion   of   the   undis -  
-t 

turbed  flow a t  i n f i n i t y .  We no te   t ha t   t he   f ac to r  y appearing  in  equation  (19) 

causes the   cont r ibu t ions  made by t h e   c o e f f i c i e n t s  F and F12 to   vanish  when the.  

quadra t ic   shear   por t ion   o f   the   inc ident   parabol ic   f low is  set  equal  to  zero,  

whereas the  body force   cont r ibu t ion   appear ing   in   the   coef f ic ien t  F remains 

f i n i t e  and   propor t iona l   to   the  body force  parameter k. I n   t h i s  case F repre- 

sen ts   the   t ransverse   force   exer ted  on a drop when the   inc ident   f low  cons is t s   o f  

a uniform stream p lus  a l inear   shear   f low.  It is observed  from  the  detailed 

ca lcu la t ion  which  has  been  performed  that  the  contributions made by the  coeff i - -  

c i e n t s  Fl l  and F12 t o  F1 arise, respec t ive ly ,  from i n t e r a c t i o n s  between  (a)  the 

O(E ) quadrat ic   shear   f low and the  l inear   shear   deformation f ,and  (b)  the O(E ) 

l inear   shear   f law and the  quadrat ic   shear   deformation f12. It is seen  that   the  

i n t e r a c t i o n  between O(E ) uniform stream and f does  not   contr ibute   to   the 

O(E) force.  

11 

1% 
1 

-b 

0 0 
11 

0 
12 

-t 
The s ign   of   the   force  F1 can  be  determined by inspection  of  equation (19) 

a f te r   inser t ing   the   va lue   o f   b ,   g iven  by equation  (22). The coe f f i c i en t s  (20) 

and t h e i r  sum are p lo t t ed   aga ins t  a i n   f i g u r e  1 f o r  a neutrally  buoyant  drop, 

when k is zero.  For small a, the  sum FI0 + Fll + F12 is negat ive.   In   this   case 

the  migration  of  the  drop is  always  towards  the  point  of  zero  velocity  gradient, 

v iz .  X = U b /4U0. It is observed  from  equations  (20)  that,  in  general,  the 

direct ion  of   migrat ion depends  only on the  parameters k/y and a and  not upon 

rad ia l   pos i t ion   (o ther   than  which s ide   o f   the   po in t  where  dU/dX= 0 the drop i s ) .  

We s h a l l  now ca lcu la te   the   t ra jec tory   o f   the   d rop .  Its lateral ve loc i ty  

w o  

+ 
db/dt i s  determined by equating  the Hadamard & Rybczynski  drag  force  for a 

l iqu id   sphere   to  F, . Thus, 
-f 

J. 

db 2 - = E (5) (- - 2) F, 
ab 

4uOb0 bo 

2 

d t  

19 a+l 
60 ( 2) ' Fin' a 5  n=O 

F = - -  - 
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Integrat ion  of   equat ion  (21)   yields  
\ 

uwbo 

4 u ~  
b =-  

4 3 T = bo/&Uoa F, J 
where  bl is the  i n i t i a l  posi t ion  of   the  drop.  The t ra jectory  of   the  drop is 

obtained  by  dividing  db/dt,  given by equation  (21)  into  dz/dt = c, given  by 

equation (14). Upon in t eg ra t ion  w e  ob ta in  b 

2 -1 

E (a/bo) 3F 

"- 
" - 

- 4 u ~  

The r a t i o  U /U may be   e i the r   pos i t i ve   o r   nega t ive  depending on the   s ign  w o  
of  the  applied  pressure  gradient.   In  undisturbed  f low some l aye r s  of t h e   f l u i d  

w i l l  move i n  a d i rec t ion   oppos i te   to  U when U i s  su f f i c i en t ly   nega t ive .  The 

c r i t i ca l   p ressure   g rad ien t   occurs  when  dU/dX = 0 a t  X = -b i.e., when 

Uw/Uo = - 4 .  Theoretical   curves  based on equation (23) are shown i n   f i g u r e   2 ( a )  

f o r  Uw = 0, Uo > 0 and i n   f i g u r e   2 ( b )   f o r  Uw/Uo = -4, for   the  parameter   values  

a = 0, & = 0.01, a/bo = 0.1 and bl/bO = 0.5, and for   var ious  values  of t h e  body 

force  parameter k. These t r a j e c t o r i e s  show t h a t   t h e  drop may move inwards o r  

outwards. The direct ion  of   migrat ion as t -f 03 for   the  var ious  values   of  k can 

be  determined by examination  of  equations  (21)  and (14). 

W 0 

0' 

Figure  2(a)  (wherein Uw = 0) shows that   the   drop moves in   t he   pos i t i ve -z  

d i r ec t ion  and  approaches  the axis midway between the  walls (b = 0) asymptotically 

f o r  k > -0.011 (to  three  decimal  places) . When k = -0.011, the  drop travels 

a long   t he   l i ne  b = bl i n   t he   pos i t i ve -z   d i r ec t ion .  For  -2.25 < k < -0.011, t h e  

d rop   mig ra t e s   r ad ia l ly   ou twards ,   i n i t i a l ly   i n   t he   pos i t i ve -z   d i r ec t ion .  When 
k < -2.25, t h e   t r a j e c t o r i e s  are always i n  the  negat ive-z   direct ion  and  radial ly  

outwards. When the  above t r a j e c t o r i e s  are compared with  those  of a drop i n  

Po i seu i l l e   f l ow  in  a tube,   depicted  in   Figure 7 of Wohl and Rubinow ( r e f .  1) , 
it is observed  that   there  is negl ig ib le   d i f fe rence   except  i n  the  case lkl << 1. 

This  observation is to  be  expected  because when a = 0 and'a/bo = 0.1, it is 

found t h a t  F = 1.337 + 120k (to  three  decimal  places)  from  equations (21) and 
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(20). The v a l u e   o f   F   f o r   c i r c u l a r   P o i s e u i l l e   f l o w  is 10.075+  120k ( t o   t h r e e  

decimal   places) .  The  body force  parameter  k  dominates  both  expressions unless 

I kl << 1. Figure  2(b)  (wherein Uw/Uo = -4) d i sp lays   the   d rop  moving i n   t h e  

pos i t ive-z   d i rec t ion   and   approaching   the   s ta t ionary  w a l l  (b = -bo) asymptot ica l ly  

f o r  k < -0.011. For  -0.011 < k C 6 . 7 5 ,   t h e   t r a j e c t o r i e s  are always i n   t h e  

pos i t i ve -z   d i r ec t ion   and   r ad ia l ly   ou twards .  When. k > 6.75  the  drop  migrates 

r a d i a l l y   o u t w a r d s ,   i n i t i a l l y   i n   t h e   n e g a t i v e - z   d i r e c t i o n .  

SCOPE  OF THE ANALYSIS 
The inc iden t   pa rabo l i c   f l ow is  c o n s i d e r e d   t o   b e  unbounded i n   t h e   s e n s e   t h a t  

t he '   s econda ry   e f f ec t   o f   t he  w a l l  on  the  perturbed  f low  produced by the  drop i s  

neglec ted ,  i .e . ,  interact ion  between  the  drop  and  the  boundary walls is 

neg lec t ed .   A l so ,   t he   r e su l t s   he re in  are n o t   a p p l i c a b l e   u n l e s s   t h e   e f f e c t s   o f  

O(E) a n d   ( n o n l i n e a r )   i n e r t i a l   e f f e c t s   c a n   b e   n e g l e c t e d .  
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Figure 1 . -  Contributions to the  force F1 defined by equations 

(20) with the body force parameter k = 0 ,  as  a  function of 

the viscosity  ratio a. 
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(a )  Uw = 0; u0 > 0. 
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(b) Uw/Uo = - 4 .  

Figure  2.- T r a j e c t o r i e s  of a d r o p   i n   p l a n e   P o i s e u i l l e   f l o w  and 

s u b j e c t   t o  a body fo rce ,   acco rd ing   t o   equa t ion  (23) .  It i s  

assumed t h a t  a = 0, E = 0.01,  a/bo = 0.1,  and b /b = 0.5. The 

l a b e l s   d e n o t e   v a r i o u s   v a l u e s  of t h e  body force   parameter  

k = Ka /p'Uo. The l i n e  b = 0 is  loca ted  midway between t h e  two 

walls bounding the   f low.  The   a r rowheads   i nd ica t e   t he   d i r ec t ion  

of  migration. 
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Stability  of  Flow  of  a  Thermoviscoelastic  Fluid  Between 
Rotating  Coaxial  Circular  Cylinders 

Nabil N. Ghandour  and M.N.L. Narasimhan 
Department of Mathematics, Oregon State  University 

Abstract 

The  stability  problem  of  thermoviscoelastic  fluid  flow 
between  rotating  coaxial  cylinders  is  investigated  using  non- 
linear  thermoviscoelastic  constitutive  equations  due  to  Eringen 
and  Koh  (ref. 1). In  the  course  of  the  investigation,  the  solution 
set  for  the  steady  state  Coue-flow  problem is first  found.  The 
velocity  field  is  found  to  be  indentical  with  that of the  clas- 
sical  viscous  case  and  the  case of the  viscoelastic  fluid,  but 
the  temperature  and  pressure  fields  are  found  to  be  different. 
By  imposing  some  physically  reasonable  mechanical  and  geomet- 
rical  .restrictions on, the  flow, and  by  a  suitable  mathematical 
analysis,  the  problem  is  reduced.  to  a  characteristic  value 
problem.. The  resulting  problem  is  solved  in  this  paper  and  sta- 
bility  criteria  are  obtained  in  terms  of  critical Taylor.numbers. 
In  general,  it  is  found  that  thermoviscoelastic  fluids  are  more 
stable  than  classical  viscous  fluids  and  viscoinelastic  fluids 
under  similar  conditions. 

Introduction 

Although  stability  problems  of  a  wide  variety of classical 
viscous  flows  have  been  exhaustively  investigated  to  date,  sig- 
nificant  qualitative  and  quantitative  analytical  studies  con- 
cerning  varieties  of  non-Newtonian  fluid  flow  stability  problems 
are  still  lacking.  Since  non-Newtonian  fluids  such  as  high 
polymer  solutions,  paints,  colloidal  suspensions, etc., occur 
very  commonly  in  many  laboratory  experiments  concerned  with  tech- 
nological  and  biophysical  studies,  it  is of great  importance  to 
investigate  the  stability of flows  of  such  fluids.  Among  these 
stability  problems of non-Newtonian  fluids  which  have  been  inves- 
tigated  are  those  of  a  viscoinelastic  fluid  in  a  Couette  flow  in 
the  presence  of  a  circular  magnetic  fieid  by  Narasimhan  (ref. 2) 
and  that of a  pseudoplastic  material  in  a  Couette  flow  by  Graebel 
(ref. 3 ) .  In  the  present  investigation  we  study  the  stability of 
Cbuetteflow  of  a  thermoviscoelastic  fluid  based on the  consti- 
tutive  equations of Eringen  and Koh (ref. 1). 
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Mathematical  Analysis 

In  the  course of the  analysis,  the  steady  state  solution 
is first  obtained  for  the  Couette  flow of a  thermoviscoelastic 
fluid. Then by  superposing  axisymmetric,  time-dependent  small 
disturbances on the  basic  steady  flow  and  linearizing  with 
respect  to  these  small  disturbances,  the  problem  is  reduced  to  a 
characteristic  value  problem. The requirement  that  nontrivial 
solutions  exist  for  this  problem  leads  to  a  characteristic  equa- 
tion  between  the  parameters of the  problem,  namely (T, q, a, 
ai, Ni, M G), where  T is the Taylor  number, q, represents 
the  disturbance  temperature  field,  a  represents  the  wave 
number of the  disturbance,  ai  represent  the  material  coeffi- 
cients, Ni, M and G represent  geometric  parameters and 
thermoviscoelastic  properties  of  the  fluid. The resulting 
characteristic  value  problem  consists in finding  those  sets  of 
values  for  these  parameters  which  represent  the  solution  of  the 
system  at  marginal  stability,  i.e.,  determining  the  mode of un- 
stable  motion  which  will  appear  at  the  onset of instability. 
This  would  give  a  sequence  of  values of T for  different  values 
of a, the  lowest  values of which  would  be of interest  in  ob- 
taining  marginal  stability  because  the  mode  described  by  this 
value  would  appear  before  the  others.  Thus  the  characteristic 
value  problem  becomes  one of finding  this  minimum  lowest  posi- 
tive,  real  value of T for  various  values of a. The  stability 
criterion  is  then  determined  in  terms of these  critical  Taylor 
numbers  by  using  the  principle of exchange of stabilities  and  by 
employing  the  orthogonal  development  technique  of  Chandrasekhar 
(ref. 4 ) .  

1' 

j 

Conclusions  and  Remarks 

The  numerical  results  obtained  are  compared  with  the 
existing  stability  investigations.  We  find  that  thermovisco- 
elastic  fluids in a  Couette  flow  are  more  stable  than  classical 
viscous  fluids  like  Bingham  plastics  and  unlike  viscoinelastic 
fluids  which  have  been  found  to  be  less  stable  than  viscous 
fluids.  This  behavior of the  fluid  in our case  is  essentially 
due to  the  viscoelastic  nature of the  fluid  under  thermal  as  well 
as  rotational  effects. 
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STABILITY OF A VISCOUS  FLUID I N  A RECTANGULAR CAVITY 

I N  THE PRESENCE OF A MAGNETIC FIELD 

C. Y. Liang  and Y. Y. Hung 
Oakland University 

SUMMARY 

The s t a b i l i t y  of  an e lec t r ica l ly   conduct ing   f lu id   subjec ted   to  two 
dimensional  disturbance w a s  inves t iga ted .  The physical  system  consists of two 
paral le l  i n f i n i t e   v e r t i c a l   p l a t e s  which are thermally  insulated.  Applied 
normal t o   t h e   p l a t e s  is  an  external   magnet ic   f ie ld  of constant   s t rength.  The 
f l u i d   i s . h e a t e d  from  below so  t h a t  a steady  temperature  gradient is  maintained 
i n   t h e   f l u i d .  The governing  equations were derived by perturbation  technique, 
and so lu t ions  were obtained by a modified  Galerkin method. It w a s  found t h a t  
the  presence of the   magnet ic   f ie ld   increases   the   s tab i l i ty  of the  physical  
system,  and i n s t a b i l i t y  can  occur i n   t h e  form of n e u t r a l   o r   o s c i l l a t o r y  
i n s t a b i l i t y .  

INTRODUCTION 

The Bgrnard  problem of s t a b i l i t y  of a v iscous ,   s ta t ionary   f lu id   hea ted  
from  below  has  been a subjec t  of many inves t iga t ions   ( r e f .   1 ) .  It is  found 
t h a t  when the  temperature  gradient  exceeds a c r i t i c a l   v a l u e ,   i n s t a b i l i t y  sets 
i n  as s ta t ionary  cel lular   convect ion.   For   the  case of a n   e l e c t r i c a l l y  con- 
duc t ing   f lu id   in   the   p resence  of a magnet ic   f ie ld ,  however, the  physical  
phenomenon becomes more complicated. The motion of t h e   f l u i d   c r o s s i n g   t h e  
magnet ic   f ie ld   ,causes  electrical currents   to   be  generated,   and  the  current  
car ry ing   f lu id   e lements   t ravers ing   the   magnet ic   f ie ld   g ives  rise t o   a n  
add i t iona l  body force  ( the  Lorentz   force)  which t e n d s   t o   r e t a r d   t h e   f l u i d  
motion.  Consequently,   the  stabil i ty of the  system is great ly   increased.  
Furthermore,  Chandrasekhar  (ref.  1)  proved  that  depending  on  the  relationship 
between t h e  electric r e s i s t i v i t y  and the   thermal   d i f fus iv i ty   o f   the   f lu id ,  
i n s t a b i l i t y   c a n   m a n i f e s t . i t s e l f   i n   t h e  form  of s t a t i o n a r y   o r   o s c i l l a t o r y  
motion. 

Exact so lu t ion  of i n s t a b i l i t y  due t o  small two dimensional  disturbance of 
a viscous   f lu id  bounded by two p a r a l l e l  vertical planes w a s  obtained by  Yih 
( re f .  2). The bounding  planes are thermally  insulated,  and ari upward tempera- 
t u re   g rad ien t  is a p p l i e d   t o   t h e   f l u i d .  Yih showed tha t   fo r   d i s tu rbances  
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periodic  in  the  vertical  direction,  the  most  unstable  modes  are  associated 
with  the  wave  number  zero.  It  is  also  shown  that  instabilities  due to anti- 
symmetric  disturbances  with  respect  to  a  median  vertical  plane  are,  more  easily 
excited  than  those  due  to  symmetric  disturbances  of  the  same  wave  number, 

In  this  investigation,  it  is  proposed  to  extend  Yih's  finding  by 
incorporating  the  effect  of a magnetic  field  applied  normal  to  the  bounding 
walls.  The  governing  equations  were  simplified  by  using  Boussinesq  approxi- 
mation.  The  onset  of  neutral  as  well  as  oscillatory  instabilities  was 
studied. 

SYMBOLS 

d 

g 

HO 

h 

n 

P 

Prl 

Pr2 
1 

Pr 2 

Q 

Q' 

R 

U,W 

X, Z 

a 

B 

rl 

8 
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distance  between  the  vertical  planes 

acceleration  due  to  gravity 

intensity of applied  magnetic  field of constant  strength 

perturbation  quantity  of  magnetic  intensity 

wave  number 

pressure 

Prandtl  number, V / K  

magnetic  Prandtl  number, v / n  

parameter  defined  as T)/K 

electromagnetic  number, (pH d ) / ( 4 ~ r ~ v ~ )  

parameter  defined  as (pH d ) / ( ~ T ~ P K  ) 

Rayleigh  number,  (gaBd ) / ( K V )  

perturbation  velocity  quantity  in x and z direction 

2 2  

2 2  2 

4 

space  co-ordinates 

coefficient  denoting  change of fluid  density  per  degree  rise  in 
temperature 

temperature  gradients  in  fluid 

electric  resistivity 

fluid  temperature 



t h e r m a l   d i f f u s i v i t y  IC 

lJ 

V 

P 

w 
C 

6W 

V 2  

magnet ic   permeabi l i ty  

k i n e m a t i c   v i s c o s i t y  

d e n s i t y  

cr i t ical  wave speed 

parameter   def ined as ( 8 P l p )  + (W30hx>l/(4a~)  

Laplace   opera tor ,  - + - 
.. . 

a2 a 2  I 

ax az2 
2 

Superscr ip t :  * dimensionless  

Subscr ip ts :  
X,Z x and z component, r e s p e c t i v e l y  
C c r i t i ca l  

FORMULATION 

The phys ica l   sys tem  under   s tudy   cons is t s   o f  two i n f i n i t e  and  thermally 
i n s u l a t e d   v e r t i c a l   p l a n e s   p l a c e d  a t  a d i s t a n c e  d apart .   Appl ied  normal   to  the 
bounding  planes is an   ex te rna l   magne t i c   f i e ld  of c o n s t a n t   s t r e n g t h  Ho. The 
e l e c t r i c a l l y   c o n d u c t i n g   f l u i d  is  heated  from  below so  t h a t  a steady  tempera- 
t u r e   g r a d i e n t  is ma in ta ined   i n   t he   f l u id .   F igu re  1 shows the   schemat ic  
diagram of the   phys ica l   sys tem  and   the   Car tes ian   co-ord ina te   adopted   for   th i s  
s tudy  . 

A de ta i l ed   deve lopmen t   o f   t he   gove rn ing   d i f f e ren t i a l   equa t ions   and   t he  
pe r tu rba t ion   equa t ions  are p r e s e n t e d   i n   c h a p t e r s  2 and 4 i n   r e f e r e n c e  1. For 
the   p re sen t   p rob lem,   t he   pe r tu rba t ion   equa t ions  'are given  below: 

Cont inui ty   equat ion  

Momentum equat ion  

au pHo ahx 
a t  ax 4 r p  ax 
- = "  

- a (6w) + vvzu + - - 



aw pHO 
ah2 

a t  az a (SF) + gae + vv2w + - - 4 ~ p  ax 
" "- 

Energy  equation 

ae 
a t  - =  BW i- Kv28 

Equations  for E-M f i e l d  

- a hx ahz + - -  - 0  ax az 

a t  - Ho ax 
a t  - Ho ax 

ah 
" 

X a u  + qV2hx 

aw + qV2hz " ahz 

The physical   var iables   used  in   the  above  equat ions are de f ined   i n   t he  SYMBOLS. 
In  order  to  reduce  the  above  equation  to  dimensionless form, the  fol lowing 
dimensionless   quant i t ies  are introduced: 

* ud * wd x = -  
* x  

K '  
w = -  u = -  K '  d '  

* z  * x  * z  
h h 

z = -  d y  h = -  h = -  
x Ho z H y  

0 

* e  4 d2 - 0 = -  t * = -  Kt 6w = - 
Bd d2 ' 2 

6w 
K 

By employing these  dimensionless  quantit ies,   eqs.   (1)  . to (7)  can  be 
expressed  in  non-dimension  form as in  the  following: 

* * 
a U  "d: *2 * f ah* 

a t- ax 
- = - -  * a ( 6 w ) + p r l v  u + Q  - * 

ax 
* 

ae  
a t  

* 
* 

* *2 * 
- =  w + V  e 

* * 
- ahX ahz * * + - -  - 0  

X az 
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ahX ' *2 * 
a t  ax 

* hX 

a h Z  

a t  ax 

* 
-= - * aU + Pr2 v 

* * 
1 *2 * -= - * * + P r 2  v hZ 

Elimination  of a w  from eqs.  (9) and (10) y ie lds  
- *  

a *2 au aw ae* 
a t  

* * 
[T - Pr V I(? - 7) = PrlR 7 1 az ax ax 

l a  ah; ah; 

ax az ax 
+ Q  - [ ~ - - l  * 

The system  of  equations  can  be  simplified by introducing  the  following 
stream functions $ and 9 which satisfy  eqs.   (8)  and(l2)  automatically,  

Subst i tut ing  eq.  (16) into  eqs.   (15),  (11)  and  (14), the  governing 
eqs. become 

a *2 *2 ae* @ a  *2 

a t  ax  ax 

a *2 * a$ [*-v ] e  = -  
a t  ax 

a *2 a4 a $ 
[ T -  P r 2  v 1 * - 

a t  ax ax 

[T - PrlV ] V = PrlR 7 + Q 7 (V $) 

* 
2 

"2 

SOLUTION 

Solutions were sought by using  Galerkin method modified by Finlayson 
(ref.   3).  Assuming disturbances of the  following form 

$ = A(t) $(x) eini 

e = B(t)  @(X) e 
* inz  
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9 = C ( t >  a ( t )  einz (23) 

I n   s e l e c t i n g   a n   a p p r o p r i a t e  t r ial  f u n c t i o n   f o r  Y, a d i s tu rbance  
symmetrical w i t h   r e s p e c t   t o   t h e  medium plane  w a s  chosen as * * - - Cash A i X  - .  cos  AiX 

'i Cosh  (Ai/2) Cos (Ai/2)  (24) 

where t h e   c h a r a c t e r i s t i c   v a l u e s  X .  are given by 
1 

t anh  (Ai/2) + t a n  (Ai/2) = 0 

The assumed f u n c t i o n   f o r  8 and s are 
* * 

8 = s i n   a . x  , s = s i n   $ . x  
1 1 

S u b s t i t u t i n g   t h e  trial func t ions   g iven  by eqs.   (24)  and  (26)  into the 
governing  eqs .   (17) ,   (18)   and  (19) ,   and  af ter   d iagonal izat ion,   the   governing 
d i f f e r e n t i a l   e q u a t i o n s  are reduced t o  

+ rl ( C . / C i ) l  A + Pr  Ra.(C./Cosaix  )B + 4 * 
J 1 1 J  

Q' [-Bi(Bi2 + rl 2 >(C./CosBix ) I C  
* 

J 
dB ? 

(s ina  . /Sinai)  dt = (sinai/Ci)A + [-(a 2 2  +n ) ( s ina .   / s ina i ) ]B  

(s in$. /s inBi)  - = (sinBj/Ci)A + Pr2[  (Bi 2 2  +rl ) (s in0  . / s inBi)  I C  (29) 

J J 
dC 1 ? 

J -  d t  J 
Where the   inner   p roducts  are d e f i n e d   i n   t h e   f o l l o w i n g  manner 

1 

11 
- I 

( c j / c j  =/ CjD 2 Cidx * 
1 
2 

- -  

DISCUSSION OF RESULTS 

Numerical r e s u l t s  were obtained by us ing  a d i g i t a l  computer. The cr i t ica l  
Rayleigh number was obta ined   for   d i f fe ren t   combina t ions   o f   the   Prandt l  number 
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Pr l ,   the   e lec t romagnet ic   Prandt l  number Pr2 ,   the   e lec t romagnet ic  number Q and 
wave number n. The r e s u l t s  were p r e s e n t e d   i n   g r a p h i c a l  form from figures 2 to 
5-  

For   the case when Q = 0, the  present   problem w a s  r educed   t o   t he   Y ih ' s  
problem.  Examinat ion  of   the  resul ts   presented  in   Table  1 shows t h a t   t h e  
c r i t i ca l  Rayleigh number conve rges   r ap id ly   t o   Y ih ' s  exact s o l u t i o n   w i t h   t h e  
second  approximat ion ,   thus   conf i rming   the   va l id i ty   o f   the   resu l t s .  

Table 1: COMPARISON  OF R FOR Q = 0 
C 

n 4 2 1 0 

Yih ' s   so ln .  500.8 
514.6 1st approx. 

2952 856.0  592.0 

2927  857.0  578.8 501.0 2nd approx. 
3100  885.5  597.1 R c  

For  the case of n e u t r a l   s t a b i l i t y ,   t h e  c r i t i ca l  Rayleigh number is only a 
func t ion  of t he  wave number n and Q which i s  a measure  of   the   s t rength  of   the 
app l i ed   magne t i c   f i e ld   ( s ee   f i g s .  2 and 3 ) .  The P r a n d t l  numbers  Prl  and  Pr2 
have   no   e f fec t   on   the   s tab i l i ty   o f   the   sys tem.   This  is expec ted   s ince   fo r  
t he  case of n e u t r a l   s t a b i l i t y ,   t h e  terms involv ing   the  t i m e  d e r i v a t i v e   i n   t h e  
governing  equations  (eqs.  28 t o  30) are dropped,  and P r  and  Pr2  would  be 
c a n c e l l e d   f r o m   t h e   r e s u l t i n g   e q u a t i o n s .   S i m i l a r   s i t u a t l o n s  arise i n   t h e  
Bgrnard  problem. 

1 

For   t he   p re sen t   phys i ca l   sys t em,   ove r s t ab i l i t y   can   occu r .   F igu re  4 shows 
t h e   v a r i a t i o n  of R as a func t ion  of Q ,  P r  and Pr2.  The r e s u l t s  show t h a t   a n  
i n c r e a s e   i n   e i t h e r  P r  o r  P r  t end   t o   dec rease  R . This   f ind ing  is i n   a g r e e -  
ment w i th   t he   r e su l t s   ob ta ined   fo r   Bgrna rd  Problem  (Chapter 4 ,  r e f .   1 ) .  1 2 e 

C 1 

With t h e  t r i a l  func t ions   u sed   i n   t h i s   s tudy ,   t he   conve rgence  of t he  
n u m e r i c a l   r e s u l t s  are f a i r l y   s a t i s f a c t o r y .   T h i s  is e s p e c i a l l y  so i n   t h e  case 
of n e u t r a l   s t a b i l i t y ;   a n   a v e r a g e   d i s c r e p a n c y  of  about 5% w a s  observed  between 
t h e   f i r s t  and  second  approximation.  For  the case of o v e r s t a b i l i t y ,   g r e a t e r  
dev ia t ion  is observed. A d i f f e r e n c e  of  25% w a s  obse rved   be tween   t he   f i r s t  and 
second  approximations.   Higher  order  approximation would be   needed   to   ob ta in  
more a c c u r a t e   r e s u l t s .  

CONCLUDING REMARKS 

The fol lowing  conclusions  can  be drawn  from t h i s   s t u d y :  

1. The presence  of a m a g n e t i c   f i e l d   i n c r e a s e s   t h e   s t a b i l i t y .  
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2. In  the  presence  of a magnet ic   f ie ld ,   ins tab i l i ty   can   occur   in   the  
form of n e u t r a l  or  o s c i l l a t o r y   i n s t a b i l i t y .  When o s c i l l a t o r y   i n s t a b i l i t y  
occur s ,   t he   e f f ec t  of  Prl  and  Pr2 becomes important. An i n c r e a s e   i n   e i t h e r  
one or  both  parameters  tend  to  render  the  system less s t ab le .  

3. The most uns tab le  modes are assoc ia ted   wi th   the  wave number zero. 
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Figure 1.- Schematic  diagram of physical system. 
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Figure 2.- Variation of R as a  function of n and Q for onset of 
neutral  stability. 

1517 



Figure 3 . -  Variation  of Rc as  a function of Q for  onset 
of  neutral s tab i l i ty  (Q = 0 ) .  

Figure 4 . -  Variation of Rc as a function of Q, P r l  
and P r 2  for  onset  of  overstability. 
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Figure 5.- Variation of critical wave speed wc for onset of overstability. 
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ADVANCED TRANSONIC AERODYNAMIC TECHNOLOGY 

Richard T. Whitcomb 
Langley  Research  Center 

SUMMARY 

The primary  discussion i s  of NASA s u p e r c r i t i c a l   a i r f o i l s  and the i r   app l i -  
c a t i o n s   t o  wings for   var ious  types  of   a i rcraf t .  The various wings discussed 
have  been  designed f o r  a subsonic j e t  transport  with  increased  speed, a var iab le  
sweep fighter  with  greater  transonic  maneuverabili ty,  a high  subsonic  speed STOL 
j e t  t ransport  w i t h  improved low speed  characterist ics,  and a subsonic j e t  trans- 
port  w i t h  subs tan t ia l ly  improved  aerodynamic efficiency.  Results  of wind 
tunnel and fl ight  demonstration  investigations are described. Also discussed 
are refinements  of  the  transonic area rule concept  and  methods for   reducing  the 
aerodynamic interference between engine  nacelles and  wings at high  subsonic 
speeds. 

INTRODUCTION 

It i s  generally  recognized that the transonic  speed  range is t h a t   i n  which 
the  flow  about an aerodynamic configuration i s  an  interact ing mixture of sub- 
sonic  and  supersonic  fields. The Mach number for  the  onset  of  such  conditions 
i s  ca l led  the c r i t i c a l  Mach number, thus  transonic  flow at subsonic  freestream 
Mach numbers i s  c a l l e d   s u p e r c r i t i c d  flow. Most high  performance  aircraft 
ope ra t e   a t  least part  time at supe rc r i t i ca l  or transonic  conditions. There- 
fore ,  th i s  speed  regime i s  of   g rea t   p rac t ica l   in te res t .  Further, because  of 
the mixture of subsonic  and  supersonic f low f ie lds   bo th  the theo re t i ca l  and 
experimental   research  in   this  area i s  extremely complex.  Because of   the  pract i -  
c a l   i n t e r e s t  and the  complexity,  extensive  theoretical and  experimental.  research 
i s  being  conducted i n  this area. T h i s  research  has led  t o  a number of   s ignif i -  
cant  advances in   recent   years .  The theo re t i ca l  work i n  this area i s  covered by 
other  papers  of t h i s  conference.   In  this  paper some of  the  experimental   re- 
search will be  described. Because  of the  prescribed  brevity  of the paper  only 
t h a t  wurk w i t h  which the  author  has been direct ly   involved w i l l  be  discussed. 
Even th is   d i scuss ion  is, of   necessi ty ,   very  superf ic ia l .  

SYMBOLS 

C a i r f o i l  chord 

C d sect ion  drag  coeff ic ient  
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cD 
a i rplane  drag  coeff ic ient  

cL 

C pressure  coeff ic ient  

a i rplane l i f t  coef f ic ien t  

P 
C section  normal-force  coefficient n 
M Mach number 

t a i r f o i l  maximum thickness 

NASA  SUPERCRITICAL  AIRFOILS 

Description 

The well-known flow  problem for   convent iona l   a i r fo i l s  a t  high  subsonic 
speeds i s  i l l u s t r a t e d  a t  the   t op  of figure 1. A local  region  of  supersonic or 
supercrit ical   f low  develops above t h e  upper  surface  of a l i f t i n g   a i r f o i l  which 
terminates   in  a strong shock wave.  The wave i tself  causes some increase   in  
drag,   but   usual ly   the  pr incipal   effect  i s  separation  of  the boundary layer  with 
a s ignif icant   increase  in   drag,   s tabi l i ty   problems,  and buffet .  For t h e  NASA 
s u p e r c r i t i c a l   a i r f o i l s ,  as shown at  the bottom  of figure 1, the  curvature of 
t h e  middle  region  of  the  upper  surface i s  substantially  reduced  with a resu l t ing  
decrease   in   the   s t rength  and extent  of  the shock wave.  The drag  associated  with 
t h e  wave i s  reduced  and, more importantly,   the  onset  of  separation i s  substan- 
t i a l l y  delayed. The l i f t  l o s t  by reducing  the  curvature  of  the  upper  surface 
i s  regained  by  substantial camber of   the  rear   port ion of t h e   a i r f o i l s .  

The a i r fo i l s   a l so   incorpora te   o ther   fea tures  which are important t o   t h e  
to ta l   e f fec t iveness   o f   the  new shape. The middle  region  of  the  lower  surface 
i s  designed t o  maintain  subcrit ical   f low  for a l l  operating  conditions of t h e  
air foi ls ,   because the pressure   r i se .assoc ia ted   wi th  a shock wave superimposed 
on the  pressure rise caused by the  cusp would cause  separation  of  the lower- 
surface  boundary  layer. To minimize the  surface  curvatures and thus  the  induced 
ve loc i t i e s  on t h e  middle regions  of  both  the  upper and  lower  surfaces,  the 
leading edge i s  made subs tan t ia l ly   l a rger   than   for   p rev ious   a i r fo i l s .  It i s  
more than   twice   tha t   for  a 6-series a i r f o i l   o f   t h e  same thickness-to-chord  ratio. 

The rear portion  of  the  upper  surface i s  designed t o  produce a constant or 
decreasing  pressure  behind  the shock wave for  the  design  condition.  This 
f ea tu re   s t ab i l i ze s   t he  boundary layer  behind  the shock  before it en te r s   t he  
subsonic  pressure  recovery.  In  particular, it substant ia l ly   delays the f i n a l  
detachment  of t h e  boundary-layer  bubble  present  under the strong shock f o r  high- 
l i f t  conditions. Results t o  be  presented later w i l l  de f ine   t h i s   e f f ec t  

more expl ic i t ly .  The pressure   d i s t r ibu t ion  on t h e  aft  portion  of  the  lower 
surface  5s"designed by the   S t r a t fo rd   c r i t e r i a   t o   ob ta in   t he   l a rges t   i nc rease   i n  
l i f t  by the  cusp  without  incurring  boundary-layer  separation  in  the  cusp.  This 
involves a r ap id   i n i t i a l   i nc rease   i n   p re s su re   fo l lowed  by a more gradual 
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increase. A t  t h e   t r a i l i n g  edge the  slope  of  the  lower  surface i s  made approxi- 
mately  equal t o  that of   the  upper   surface  to   reduce  to  a minimum the   requi red  
pressure  recovery at the  upper-surface  t ra i l ing edge. 

A t  Mach numbers or l i f t  coeff ic ients   less   than  the  design  condi t ions,   the  
shock wave is  farther  forward  with an increase i n  ve loc i ty  af t  of t h e  shock t o  
a second ve loc i ty  peak in   the  vicini ty   of   the   three-quarter   chord.   This  peak 
must be  careful ly   control led  to   prevent   the development of a second  shock  with 
associated  separation on t h e  extreme  rearward  portion  of  the  airfoils.  A t  Mach 
numbers higher  than  the  design  value,   the shock wave moves rearward  and becomes 
stronger. Also, the  pressure  plateau  disappears.  A s  a result, t h e  boundary 
layer   usual ly   separates  af t  of   the shock. A more complete  description  of  the 
aerodynamic flow on t h e  NASA s u p e r c r i t i c a l   a i r f o i l s  a t  and off   the   design con- 
d i t i on  i s  presented  in   reference 1. 

Two-Dimensional Results 

A comparison of the  drag  variation  with Mach number a t  a normal-force 
coef f ic ien t  of 0.7 f o r  a 10-percent  thick  conventional  airfoil  (NACA 64A-410) 
and two 10-percent  thick  versions  of  the NASA s u p e r c r i t i c a l   a i r f o i l s  i s  shown 
i n   f i g u r e  2. The e a r l y   s u p e r c r i t i c a l   a i r f o i l   f o r  which r e s u l t s  are shown i s  
s imi la r   to   tha t   used  for a l l  appl icat ions up t o  1973. The abrupt  drag r ise  for 
t h i s   a i r f o i l  i s  more than 0.1 Mach number la te r   than   tha t   for   the   6 -ser ies  air- 
fo i l .   This   ear ly   supercr i t ica l   a i r fo i l -exper ienced  a; drag  creep a t  Mach  num- 
bers  below the  abrupt  drag rise. This  drag i s  assoc ia ted   wi th   re la t ive ly  weak 
shock waves above t h e  upper  surface  at  these  speeds. 

Much of   the  recent  work a t  Langley has been  devoted to   t he   e l imina t ion  
of this   undesirable   drag  creep,  and the  sol id   curve of f igure  2 shows an example 
of t h e   r e s u l t s  of t hese   e f fo r t s .  Refinements t o   t h e   a i r f o i l s  were involved  pri- 
marily w i t h  changes  which r e s u l t e d   i n  a more favorable  flow  over  the  forward 
region  of  the  upper  surface and the  elimination of the  region of  flow  over- 
expansion  near  the  three-quarter  chord  location on the  upper  surface. A s l i g h t  
loss  in  force-break or drag-divergence Mach number i s  noted  (about 0.01) as a 
resu l t   o f   s l igh t ly   increased  wave lo s ses   a t . t he   h ighe r  Mach numbers, b u t   t h i s  
compromise i s  f e l t   t o  be  of l i t t l e  consequence re la t ive   to   the   ga ins   ach ieved  
in  eliminating  drag  creep. It should  be  noted tha t ,   un l ike   t he   ea r ly  work, 
the  shaping  changes  used in   the   des ign  of t h e   r e c e n t   a i r f o i l s  were guided i n  
pa r t  by the   use  of t he   r ecen t ly  developed  analytical program  of reference 2 t o  
achieve  desired  pressure  distributions  for  the  various  cases.  

In  figure 3 the  Mach number for   the  onset   of   severe   separat ion,   that  is ,  
for   buf fe t  or abrupt  drag r ise ,  i s  plotted  against  normal-force  coefficient 
f o r   t h e  same a i r f o i l s  as in   the   p rev ious   f igure .  The results ind ica te   tha t   no t  
only  does  the  supercr i t ical   a i r foi l   delay  drag rise at  near   cruise  l i f t  coeffi-  
c ien ts   bu t  it also  substant ia l ly   increases   both  the Mach number and lift 
coef f ic ien t  a t  the  characterist ic  high-lif t   corner  of  the  curve.   This  effect ,  
which results primarily from the   s t ab i l i za t ion  of the  bubble  under  the shock 
wave as discussed  ear l ier ,  i s  par t icular ly   important   for  improving maneuver- 
a b i l i t y .  
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Recent a i rp lane   des igns   incorpora te   a i r fo i l s   wi th  somewhat higher  drag 
r ise Mach numbers t h a n   f o r   t h e  NACA 6-series shown here. However, it has  been 
d i f f i c u l t   t o   a c q u i r e  two-dimensional da ta   for   such   a i r fo i l s .  Results obtained 
with a C-5A a i rp lane  model i n  the Langley  Research  Center  8-foot  tunnel  indicate 
t h a t  one  of these  new shapes,   the  Pearcey  peaky  airfoil ,   delays  the  drag-rise 
Mach number 0.02 or 0.03 compared wi th   the  NACA 6-series a i r f o i l s   b u t  at a loss 
i n   t h e  maximum l i f t  . 

The a f t  loading  ( f ig .  1) associated  with  the new shape results, of  course, 
i n  more negative  pitching moments. 

APPLICATIONS OF SUPERCRITICAL  AIRFOILS 

Three-Dimensional Wing Considerations 

Ecp l i c i t   t heo re t i ca l  methods for  designing  three-dimensional swept-wing 
configurat ions  for   supercr i t ical   f l ight   condi t ions are not as f u l l y  developed 
as those   for  two-dimensional  configurations. However, some rat ional   qual i ta-  
t i v e  approaches  have  been  developed which will be  discussed  briefly. 

For wings  of  reasonably  high  aspect  ratio,   the  airfoil   sections  of  the 
midsemispan  and outboard  regions  can  be  the same as those of t h e  two-dimensional 
a i r f o i l s .  For t he   supe rc r i t i ca l  wing developed f o r   t h e  F-8 fl ight  demonstration 
t o  be  described la ter  and shown in   f i gu re  5 such  an  agreement  kolds  even fo r  
sections on the  outboard  part  of  the  nontrapezoidal  region  of  the wing. The 
section  near  the  wing-fuselage  juncture i s  subs t an t i a l ly   d i f f e ren t   i n   de t a i l  
from the  two-dimensional  section. However, even here some a f t  camber provided 
t h e  most sa t i s fac tory  results. 

Substantial  wing t w i s t  i s  usually  required  for  the  best   overall   performance 
of supercr i t ica l  swept  wings, as for  previous swept  wings intended  for  high- 
speed f l i g h t .  Experiments a t  t h e  Langley  Research  Center  and in   indus t ry  have 
indicated  that  for  both  previous and supercr i t ica l  swept  wings a twist s ign i f i -  
can t ly   g rea te r   than   tha t  which theore t ica l ly   p rovides   an   e l l ip t ica l   load   d i s -  
t r ibut ion  provides   the  best   overal l   design.   This   large amount of t w i s t  sub- 
s tant ia l ly   reduces or el iminates   the t r i m  penal ty   associated  with  the  greater  
negative  pitching moment f o r   t h e   s u p e r c r i t i c a l   a i r f o i l  for a sweptback  wing. 

The planform as shown i n  figure 5 i s  an  important  part  of  obtaining a high 
drag-rise Mach number as well as a prac t ica l   s t ruc ture   for  a swept  wing. The 
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rearward  extension  of  the  root  section  allows  for  the  attachment  of  landing 
gear i n  a transport   application  of  such a wing. The glove  extending  forward i s  
an at tempt   to   provide  the same drag-rise Mach number for   the   roo t   sec t ions  as 
for   the  outboard  regions  of   the wing. Experiments  and theory have indicated 
t h a t  a t  supercr i t ical   speeds  the  isobars  on  any  sweptback wing move rearward 
near the  root  sooner  and.more  rapidly  than  outboard,  with a resulting  premature 
drag r i s e   f o r   t h i s   r e g i o n .  The forward  root  extension  turns  the  isobars  forward 
for   subcri t ical   condi t ions,  so t h a t  a t  supercr i t ical   design  condi t ions  the sweeps 
of the   i sobars  of the  inboard  region more nearly match those of the  outboard 
region. The wing shown i n   f i g u r e  5 i s  described i n  more d e t a i l  i n  reference 4. 

Flight  Demonstrat ion Program 

Because  of the   d ras t ica l ly   d i f fe ren t   na ture  of t h e  flow  over  the Super- 
c r i t i c a l   a i r f o i l s   t h e r e  w a s  considerable  concern as t o  how t h e  new shape would 
opera te   in   ac tua l   f l igh t .   Therefore ,   the   severa l  U. S. government agencies 
responsible   for   the development o f   a i r c ra f t ,  that is  NASA, t h e  A i r  Force, and 
the  N a v y ,  undertook a coordinated,  three-part  flight  demonstration program. The 
program was to   evaluate   the  appl icat ion  of   the new a i r f o i l s   t o  a high  speed,  long- 
range  transport wing configuration, a th i ck  wing,  and a variable-sweep  fighter 
wing. In   each   case   ex is t ing   mi l i ta ry   a i rc raf t  were  used as t e s t  beds. However, 
i n  none of the  cases  w a s  it intended  the tes t  wing would be  appl ied  to  produc- 
t ion  vers ions of  t hese   a i r c ra f t .  

The t ransport  wing configuration w a s  flown on a Navy F-8 f igh te r   ( f i g .  6 ) .  
The wing w a s  designed  for  cruise a t  ve ry   c lose   t o   t he  speed  of  sound ( M  .& 0.98). 
This program was sponsored by NASA. The wing s t ruc ture  w a s  designed and fabr i -  
cated by Los Angeles  Division  of  the Rockwell In te rna t iona l  Company and the  
f l i g h t  tests were conducted a t  t h e  NASA Dryden Flight  Research  Center.  Results 
from t h i s  program are presented  in   reference 3. 

The th ick  wing w a s  flown on a Navy  '1'-2C t r a i n e r .  A comparison  of a i r c r a f t  
with and without  the  thick  section i s  shown i n  figure 7 .  This program w a s  
sponsored by t h e  Navy and NASA. The configuration and s t ructural   design,   fabr i -  
cat ion,  and f l i g h t  tes ts  were conducted by t h e  Columbus Division  of  the Rockwell 
Internat ional  Company. Results from t h i s  program are presented  in   reference 3. 

The var iab le  sweep f igh te r  wing was flown on an A i r  Force F-111 ( f ig .  8 ) .  
The wing w a s  designed to   ach ieve   subs tan t ia l ly  improved maneuverability a t  high 
subsonic  speed  and a higher  cruise  speed.  This program, ca l led  TACT, was 
sponsored by t h e  A i r  Force  and NASA. The wing s t ruc ture  was designed and fabr i -  
cated by the   For t  Worth Division  of  the General Dynamics Company and t h e   f l i g h t  
t e s t s  were  conducted a t  t h e  NASA Dryden Flight  Research  Center. The i n i t i a l  
wind t u n n e l   r e s u l t s   o f   t h i s  program are   presented  in   reference 5. 

The results from a l l  three f l i g h t  programs v e r i f i e d   t h e  wind tunnel  re- 
sults. The performance  gains  predicted were achieved  and no off  design-problems 
were encountered. 
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Recent  Applications 

The f irst  U. S. pre-production  prototype  airplane  configurations  to  in- 
corporate NASA s u p e r c r i t i c a l   a i r f o i l s  are t h e  A i r  Force  advance medium STOL 
transport  (AMST) configurations  designed by t h e  McDonnell Douglas Company'(YC-15) 
and t h e  Boeing Company ( Y C - 1 4 ) .  The Douglas configuration i s  shown i n   f i g u r e  9. 
The advantage  of t h i s   a i r fo i l   i n   de l ay ing   t he   onse t   o f   t he   adve r se   supe rc r i t i ca l  
f low  effects   has   been  exploi ted  in   these  a i rcraf t  by eliminating wing sweep. 
This  change  allows  higher  useable lift coef f ic ien t   for   l anding  and take   o f f  
with a resu l t ing  improvement i n   t h e  performance for   these  condi t ions.  

In   t he   i n i t i a l   e f fo r t   o f   app ly ing  NASA s u p e r c r i t i c a l   a i r f o i l s   t o   t r a n s p o r t  
a i r c r a f t  it w a s  assumed that   the   a i r foi l   should  be  exploi ted  through  an  in-  
c r ease   i n   t he  speed,  since t h i s  had been t h e   t r a d i t i o n a l  area of  advance f o r  
such a i r c r a f t .  The  work  on t h e  wing demonstrated on t h e  F-8 took   th i s   d i rec t ion .  
With ' the  recent   dramatic   increase  in   the  pr ice   of   fuel   the   a i r l ines  are now 
more i n t e r e s t e d   i n   f u e l  economy rather  than  speed.  Therefore,   the more recent 
r e sea rch   e f fo r t   a t   t he  Langley  Research  Center  has  been  directed  toward  using 
these   a i r fo i l s   to   ach ieve   h igh   l i f t - to -drag   ra t ios .   This   research  is  summarized 
on f igure  10. A s  has  already  been  mentioned  the  airfoils  al low  an  increased 
thickness-to-chord r a t i o  f o r  a given  drag r ise Mach number. This  allows a 
greater  span  with  the same s t ruc tu ra l  weight  which,  of  course,  results  in  lower 
induced  drag. With the  higher  span  the  design l i f t  coef f ic ien t  must be  in- 
creased. Also, a s   f o r   t h e  AMST configurations  described  previously,   the  use 
of t h i s   a i r f o i l   a l l o w s  a reduction  of wing sweep with a r e su l t i ng  improvement 
of   the  lacding and t ake   o f f   cha rac t e r i s t i c s .   I n   t h i s   ca se   t he  improvement i s  
exploited by a reduct ion   in  wing area and thus  weight. One of   the models  used 
i n   t h i s   i n v e s t i g a t i o n  i s  shown i n   f i g u r e  10. The wind tunnel   resu l t s   ind ica te  
t h a t   f o r  a given wing weight the  l i f t - to-drag  ra t io   can  be  increased by 18 
percent a t  the   c ru i se  Mach numbers of  current  transports.  

AREA RULE REFINEMENTS 

The area  rule ,   developed  in   the 1950's, i s  a concept which r e l a t e s   t h e  
shock wave drag  of  airplane  configurations  at   transonic and supersonic  speeds 
t o   t h e   l o n g i t u d i n a l  development  of the   c ross -sec t iona l   a rea   o f   the   to ta l  con- 
f igurat ion.  On the   bas i s  of t h i s  concept t h e  minimum wave drag  for   an  a i rplane 
configuration a t  supersonic  speeds i s  achieved when the   longi tudina l  development 
of  cross-sectional area i s  t h e  same a s   t h a t   f o r  a body of  revolution  with 
minimum supersonic wave drag. The application  of  this  concept  usually results 
i n  an  indented  fuselage.  This  idea  has been explo i ted   p r imar i ly   in   mi l i ta ry  
a i r c ra f t .  Most present  subsonic commercial t r anspor t   a i r c ra f t  do not f l y  a t  
suf f ic ien t ly   h igh   speeds   to   jus t i fy   the   use  of t h i s  concept. However, t h e  
appl icat ion of t h e  NASA supercr i t ical   a i r foi l   a l lows  speeds  of   such  t ransports  
t o  be  such tha t   t he   a r ea  rule can  be  applied t o  advantage.  Following  the wind 
tunnel development of   the   t ranspor t   supercr i t ica l  wing demonstrated  on  the F-8 
considerable wind tunnel  research was carr ied  out  on a t ransport   configurat ion 
incorporating  not  only  this wing but  also  fuselage  modification  based on t h e  
area  rule. The configuration was intended  for   eff ic ient   cruise   f l ight   near  
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t h e  speed  of sound (M % 0.98). The results o f   t h i s   r e sea rch  are presented   in  
reference 6. During th i s   r e sea rch  several improvements of   the area rule con- 
cept were developed. 

F i r s t ,  a body of  revolution  with an increased  drag rise Mach number was 
developed  using  the same approach as tha t   fo r   t he  NASA s u p e r c r i t i c a l   a i r f o i l s .  
This body was intended t o  provide   the   bas i s   for   the  optimum longi tudinal  
development  of  cross-sectional area f o r  an airplane  intended  for   f l ight  just 
below t h e  speed  of sound rather  than  supersonic  speeds. The streamwise dis-  
tr ibution  of  cross-sectional area f o r   t h i s  body of  revolution i s  shown i n  
figure 11. This   d i s t r ibu t ion  i s  substant ia l ly   different   than  that   for  a body 
with minimum wave drag at supersonic  speeds. It has a nose  with  substantial  
bluntness. Also, the   curvature  of the   d i s t r ibu t ion   near   the  maximum area i s  
subs tan t ia l ly  less than   fo r   t he  minimum supersonic wave drag body of   the same 
f ineness   ra t io .  

The area r u l e  i s  e s sen t i a l ly  a l inear  theory  concept  for  zero l i f t .  
During the  research on the  near  sonic  transport   configuration it w a s  found 
tha t   t o   ach ieve   t he  most sa t i s fac tory   d rag   charac te r i s t ics  a t  l i f t i n g  condi- 
t ions  the  fuselage  shape had t o  be  modified  from that   def ined by the  simple 
appl icat ion  of   the  area rule as previously  described  to  account  for  the non- 
l inear i ty   o f   the   f low at such  conditions. For l i f t ing   condi t ions  a t  near 
sonic  speeds  there i s  a subs tan t ia l   loca l   reg ion  of supercr i t ical   f low above 
the  wing surface which results i n   i o c a l  expansions  of  the  stream  tube  areas. 
In  the  basic  considerations of the   a rea  rule concept t h i s  expansion i s  equiva- 
l e n t   t o  an  increase  in   the  physical   th ickness   of   the  wing. To compensate f o r  
this   effect   the   fuselage  indentat ion  required  to   e l iminate   the far f i e l d   e f f e c t s  
of t h e  wing must be  increased. The corrections  in  cross-sectional  areas re- 
quired  for   the  t ransport   invest igated  are  shown at  t h e  bottom  of  figure 11 and 
are  designated B. The dis t r ibut ion  used  to   design  the  total   configurat ion i s  
the  optimum zero l i f t   d i s t r ibu t ion   descr ibed   ear l ie r   wi th   the   cor rec t ion   a rea  B 
subtracted. The fuselage  indentation  based on th i s   cor rec ted   a rea   d i s t r ibu-  
t i o n   r e s u l t e d   i n  a s igni f icant  ( . 0 2 )  de lay   i n   t he   d rag   r i s e  Mach number compared 
with  that   for  the  indentation  based on the  zero l i f t   d i s t r i b u t i o n .  

The drag  r ise   character is t ics   for   the  t ransport   configurat ion  incorporat ing 
both   the   supercr i t ica l  wing and a fuselage  shape  based on the   re f ined   a rea   ru le  
i s  shown as a s o l i d   l i n e   i n   f i g u r e  12. The c ru ise  Mach number i s  approximately 
18 percent  higher  than  that   for  the  current wide body transports.  Following 
t h e  wind tunnel development  of th i s   conf igura t ion  three a i r c r a f t  companies 
under  contract   to NASA designed  possible  transport  configurations  based  on 
such  an  arrangement. One of the  designs is shown in   f i gu re  13. 

WING AND ENGINE NACELLE INTERFmENCE 

The in i t i a l   des igns   o f  most high  performance  aircraft  configurations  with 
external ly  mounted engines  have  resulted i n  an  adverse aerodynamic interference 
between the  flows  around  the wing,  engine  nacelles, and pylons a t  transonic 
speeds.  This  interference results from the  super-position  of  the  induced 
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flows  of the   severa l  components. Considerable  research  has  been  conducted t o  
reduce  these  adverse  interferences  to   acceptable   ievels .  

An extreme example of  such  interference was encountered  during a recent 
wind tunnel   invest igat ion  of   the  appl icat ion  of  a supe rc r i t i ca l  wing t o  an 
executive or business jet .  The configuration i s  shown i n   f i g u r e  14. The 
forward  portion  of  the rear mounted engine  extends well forward  over  the  upper 
surface  of  the wing. Because  of the  curvatures  of the   var ious  components a con- 
verging and then  diverging  channel was present between t h e  components. As a 
result a high  supersonic  local Mach number developed i n   t h i s   r e g i o n  at t h e  
intended  cruise Mach number. Wind tunnel  research  has  indicated  that   the most 
straight  forward method for  greatly  reducing  such  interference is  t o  move t h e  
engine  nacelle rearward. However, because  of a balance problem f o r   t h i s  air- 
plane  the  engine  could  not  be moved rearward.  For th i s   conf igura t ion   the  
shapes  of  the  upper  surface  of the wing and the  pylons were d r a s t i c a l l y  modi- 
f i ed   t o   p rov ide  an  approximately  uniform  cross-sectional area channel between 
t h e  components. 

Results  of  the  modifications are shown i n   f i g u r e  15. The configuration 
without  the  engines added i s  shown by the  short   dash  l ine.  With t h e   i n i t i a l  
configuration  of the  nacel les  and  pylons the  drag at the  intended  cruise Mach 
number of 0.80 was increased by approximately 0.0040. The configuration was 
completely  unacceptable. With the  reshaping of the wing and  pylons the  drag 
increment i s  approximately 0.0010 a t  the  cruise   condi t ion,  which i s  about as 
low as can be achieved  with  the  severe  practical   constraints imposed on t h e  
arrangement. 

For engines mounted forward  under the wing, as f o r  many j e t   t r anspor t s ,  
similar interference problems  can  be  present. They also  can be grea t ly  re- 
duced  by reshaping the configuration. 

CONCLUDING RENARKS 

Application  of NASA supercr i t ica l   a i r fo i l s   can   p rovide   subs tan t ia l  
improvements i n   t h e  speed,  efficiency,  maneuverability, and landing and take 
of f   charac te r i s t ics  of a i rc raf t   in tended   to   opera te  a t  transonic  speeds. 
Further,   refinements  in  the  area  rule  concept  can  be  used  to  achieve  efficient 
c ru i se   a t   ve ry   c lose   t o   t he  speed of  sound ( M  0.98). Also the  proper  shaping 
of   the wing and  pylon  can  greatly  reduce  the  adverse aerodynamic interference 
which can  be  present between t h e  wing engine  pylon  arrangement a t   t ransonic  
speeds. 
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Figure 3 . -  Onset of drag rise. 

Figure 4.- Thick supercritical  airfoil  CPalmer of Columbus Division 
of Rockwell International). 
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Figure 5 . -  Supercritical wing  on  F-8 research  airplane. 

Figure 6 . -  U . S .  Navy F-8 with  transport  type supercritical wing. 
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Figure 7 . -  Comparison of U.S. Navy T-2C airplane  with and 
without thick  supercritical  airfoil.  

Figure 8 . -  U.S .  Air Force F-111 with  supercritical w i n g  (TACT). 
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Figure  9.- McDonnell-Douglas YC-15 with s u p e r c r i t i c a l  wing. 
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Figure  10.- S u p e r c r i t i c a l   w i n g  f o r  i n c r e a s e d   l i f t - t o - d r a g   r a t i o .  
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Figure 13.-  Artist 's  concept of a near-sonic  transport 
incorporating a supercritical wing. 

Figure 14.-  Model of business j e t  with  supercritical wing. 

1536 



ACD=CD,M-CD,M=0.60 
,012 r 

.OO 8 1 
*CD 

INITIAL, PYLONS AND 
NACELLES ON 

INITIAL,PYLONS 

.004[ - FINAL,  NACELLES I L p  PYLONS,AND ON OFF NACELLES 

0 ”” ” 
1 I I I \ 1 

.60 .65 .70 .7 5 -8.0 .85 

”” 
“ - 

MACH NUMBER , M 

Figure 15.-  Effects of wing-root and pylon modifications.  Executive-type 
aircraft; C = 0.25 .  L 

1537 





I 

DESIGN  CONSIDERATIONS FOR LAMINAR- 
FLOW-CONTROL AIRCRAFT* 

R. F. Sturgeon and J. A. Bennett 
LockheedGeorgia Company 

SUMMARY 

A  study was conducted to investigate  major  design considerations involved in the application of 
laminar flow control to the wings and empennage of long-range subsonic transport aircraft 
compatible with initial operation in 1985. For commercial transports with a design  mission range of 
10,186 km (5500 n mi) and  a payload of 200 passengers, parametric configuration analyses  were 
conducted to evaluate the effect of aircraft performance, operational, and geometric parameters on 
fuel efficiency. Study results indicate that major design  goals for aircraft optimization include 
maximization of aspect ratio and wing loading and minimization of wing sweep consistent with wing 
volume and airport performance requirements. 

INTRODUCTION 

The recognition of potential long-term shortages of petroleum-based fuel, evidenced  by 
increasing costs and limited availability  since 1973, has  emphasized the need for improving the 
efficiency  of  long-range transport aircraft. This requirement forms  a common theme in the recent 
literature devoted to  the analysis  of future  transport aircraft systems (ref. 1-5). All  of these analyses 
recognize the contribution of aerodynamic drag reduction to aircraft efficiency and that, of the 
variety of  drag reduction concepts which  have  been subjected to critical analysis, laminar flow 
control offers the greatest improvement. 

This paper  summarizes the initial phase  of studies conducted to evaluate the technical and 
economic feasibility of applying laminar flow control to long-range subsonic transport aircraft 
(ref.  6). The primary objective of the investigations reported herein  is the evaluation of the impact of 
bo th  configuration and mission performance parameters on  the fuel efficiency of 
laminar-flow-control aircraft. 

SYMBOLS  AND  ABBREVIATIONS 

Values are given  in both SI and U. S. Customary Units.  The measurements and calculations 
were  made  in  U. S.  Customary Units. 

AR aspect ratio S area, m 2 2  (ft ) 
BPR engine bypass ratio SLS sea  level standard 
DOC direct operating cost, w/s aircraft wing loading, 

! w m  (d/ssm) kg/m2  (lb/ft2) 

* This work was conducted under Contract NAS 1-13694, “Study of the Application of Advanced 
Technologies to Laminar-Flow-Control Systems for Subsonic Transports,’’ sponsored by the NASA 
Langley  Research Center. 
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H cruise altitude,  m  (ft) 
LFC laminar flow control 
M Mach number 

tl ratio of required to available 

A wing sweep angle,  rad (deg) 
thrust at cruise 

PROCEDURES 

Assumptions and Criteria 

All  analyses conducted  as a part of this  study are consistent with the guidelines and 
requirements outlined below. , 

(1) Basic Study Mission 

o Design Payload - 23,.769  kg (52,400 lb), consisting  of 200 passengers 
and 4536 kg (10,000 lb) of belly cargo. 

o Design  Range - 10,186 km (5500 n mi) 
o FAR Field Length (SLS) - 3353  m (1 1,000 ft) 

(2) Aircraft Life  Cycle 

o The life  cycle  of the aircraft evaluated in this  study assumes initial passenger operation in 
1985.  The assumed technology level for all aircraft elements is compatible with this 
operational date. 

o All aircraft evaluated are compatible with the Air Traffic Control 'Systems and the general 
operating environment envisioned for the post-1 985  time period. 

(3) Design  Criteria 

o The aircraft studied satisfy the requirements for  type certification in the transport 
category under Federal Aviation Regulations - Part 25, and are capable of operating under 
pertinent FAA rules. 

o All aircraft satisfy the noise requirements of Federal Aviation Regulations - P q t  36 
minus 10 EPNdB. 

(4) Configuration Constraints 

o This study is directed toward a practical commercial transport aircraft for initial operation 
in 1985. Therefore, only conventional aircraft configurations are evaluated. Variations 
which  maximize the effectiveness  of  laminar flow control, such as flying wings or aircraft 
with aspect ratios sufficiently high to require external  struts, are not considered. 

o The configurations of this  study recognize the ,preference of commercial  airlines for 
low-wing  passenger aircraft. 
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o The configurations of this  study are limited to  the fuel volume  available in the wing, with 
wing center-section fuel volume employed as required. 

Baseline Aircraft Configuration 

Figure 1 illustrates the conventional wide-body  fuselage configuration, sized for the required 
passenger  and  cargo payload with associated accommodations, used for all parametric analyses. The 
parametric configurations use  five  LFC suction units with two pylon-mounted units per  wing 
semi-span and one tail-mounted unit. This LFC suction unit arrangement was  selected to minimize 
ducting requirements within the wing and ensure adequate volume for fuel and ducting over the wide 
range  of  wing geometries considered. Subsequent analyses indicated the desirability of utilizing two 
fuselage-mounted  LFC suction units  for aircraft configurations compatible with this arrangement. A 
non-structural LFC surface configuration is assumed, with a weight  of 7.323 kg/m2 (1.5 lb/ft2) above 
that of the basic wing structure. Suction requirements for the parametric studies are consistent with 
those outlined in reference 7. Laminar areas of the wings and empennage for parametric aircraft are 
illustrated by figure 1 .  In a later phase of the  study,  it was determined that  the chordwise extent of 
laminarization shown in this figure is  very  near that which provides  minimum total fuel consumption. 

Parametric Variations 

The procedure used in  the selection of configuration parameters is illustrated by figure  2.  As 
outlined in this figure, an initial matrix of  LFC aircraft was exercised in the Generalized Aircraft 
Sizing  Program with fuselage geometry, main propulsion engine characteristics, and the chordwise 
extent of laminarization held constant. These initial parametric investigations considered both three 
and four  aft fuselage-mounted primary propulsion engines.  An  engine bypass ratio of 7.50 and  a 
cruise  power ratio of 0.80 were  used. For fixed  values of these parameters, the influence of the 
variables  shown in table  1 was  evaluated  by  allowing aircraft size to vary as required to perform the 
specified  mission. All combinations of the variables  listed  in table 1 were considered, resulting in the 
evaluation  of a matrix of 768 aircraft configurations. 

TABLE 1 .  CONFIGURATION  MATRIX 

M 0.70 0.75 0.775 0.80 
H, m, (ft) 10,973  (36,000) 12,192  (40,000) 13,411  (44,000) 
h ,rad (deg) 0 0.175 (10) 0.349 (20)  0.524  (30) 
w/s, k / m 2  391 (80) 488  (100) 586 (1 20)  683  (1 40) 

(lb/ft2) 
AR 8 10 12 14 

In general, the parametric configurations defined by the first phase of the analysis do  not 
precisely satisfy takeoff distance and second-segment  climb gradient requirements. For parametric 
configurations which minimize fuel consumption, as determined from the configuration matrix, 
engine number and location, cruise power ratio, and bypass ratio were  varied to define pointdesign 
configurations compatible with takeoff distance and second-segment climb requirements. The final 
configuration parameters were selected from these pointdesign configurations on  the basis  of fuel 
efficiency and compatibility with projected airline traffic. 
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RESULTS AND DISCUSSION 

Wing Geometry and Cruise Parameters 

Figures 3 and 4 illustrate representative results of the parametric study. For a cruise altitude of 
10,973  m  (36,000 ft), these figures show the effect of variations in wing loading, aspect ratio, and 
mjse Mach number on block fuel for wing  sweep  angles  of 0 and 0.524 rad (30 deg). These data 
show that minimum block fuel is realized for a cruise  Mach number of 0.75. For all  cruise  speeds, 
fuel consumption is minimized by configurations with unswept wings,  high wing loading, and high 
aspect ratio. 

Of particular significance in the selection of LFC configuration parameters is  the fuel volume 
limit, shown as a dashed line in figures 3 and 4. The combination of a relatively small payload, a long 
mission  range, and the wing volume required for ducting and distribution of  LFC suction air, places a 
severe constraint on  the selection of wing parameters. In these figures, only  the values of wing 
loading and aspect ratio which lie above the fuel volume limit line represent aircraft configurations 
with adequate fuel volume to satisfy the design  mission requirements. 

Figure 5 summarizes the block fuel requirements of M = 0.75 and M = 0.80 LFC configurations 
as a  function of  wing  sweep  angle for an aspect ratio of 14. All  of the configurations represented by 
the curves  of this figure  have the minimum fuel volume required for the design  mission and thus 
represent the  optimum LFC configurations compatible with practical design constraints. It is 
significant, and not unexpected, that cruise at M = 0.75 results in a lower block fuel requirement than 
cruise at M = 0.80  for all  wing  sweep  angles. The minimum block fuel for M = 0.75 aircraft is  realized 
by an unswept wing,  while a wing  sweep of about 0.384 rad (22 deg) minimizes block fuel for 
M = 0.80 aircraft. 

The influence of cruise M and wing sweep on block fuel and DOC is shown in figure 6  for 
configurations with a wing  loading  of 537 kg/m2 (1 10 lb/ft2) and an aspect ratio of 14. It will be 
observed that fuel consumption is minimized  by  selecting a cruise M of 0.75 or less, but  that 
minimum DOC occurs for  a cruise M of about  0.78. 

Figures 7 and 8 illustrate the effect of cruise altitude and cruise M on block fuel and DOC for 
configurations with the same  wing  loading and aspect ratio  for wing  sweep  angles  of 0 and 0.349 rad 
(20 deg). For either wing sweep, minimum block fuel is obtained at  the lowest altitude considered at 
a cruise M of 0.75 or less.  Minimum DOC is  also  realized by cruising at  the lowest altitude,  but 
optimum cruise M is from 0.75 to 0.79, depending on altitude and wing sweep. 

Engine Parameters 

The parametric configurations defined in the configuration matrix were  based on  a constant 
cruise  power ratio of 0.80, and do  not recognize a field length constraint. For a representative 
configuration geometry, bypass ratio and cruise  power ratio variations were conducted as required to 
satisfy the specified FAR field length requirement of 3353 m (1 1,000  ft).  In conducting these 
variations, it was determined that  a cruise altitude of 11,582  m  (38,000 ft) allowed a  better  match of 
cruise and takeoff thrust requirements than cruise at 10,973 m (36,000 ft). 
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The variation of FAR field length,  block  fuel,  and DOC with aspect ratio  and engine bypass 
ratio is shown in figure 9 for M= 0.75 aircraft  with fixed wing sweep and wing loading. 
Configurations  with the lower aspect ratio  demonstrate  better  takeoff  performance,  but  block  fuel 
and DOC are minimized by  the high-aspect-ratio configurations. Fuel  consumption is minimized by 
selecting a bypass ratio of about 6.0. This value also represents  a reasonable compromise relative to 
takeoff  performance  and DOC. 

CONCLUSIONS 

The following summarizes the design considerations implied by  the  data generated  in the 
parametric analysis of  LFC  transport  aircraft  for  the specified mission: 

(1) Cruise Mach number - Fuel  consumption of LFC aircraft is minimized by selecting a cruise M 
of 0.75 or less. On  the basis of DOC, the  optimum cruise M is between  0.76  and  0.79, 
depending on aircraft  configuration. 

(2 )  Cruise Altitude - Both  fuel  consumption  and DOC are minimized for LFC aircraft by selecting 
the lowest cruise altitude above 10,670 m (35,000 ft) which permits  a  reasonable match of 
cruise and  takeoff  thrust  requirements. 
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Wing Geometry - Within the constraints imposed by considering only conventional aircraft 
configurations, fuel consumption of  LFC aircraft is minimized by selecting the highest  wing 
loading and aspect ratio  and lowest wing  sweep compatible with  fuel and LFC ducting volume 
requirements for  the design  mission. 

Engine  Bypass Ratio - An engine bypass ratio -of 6.0 minimizes fuel consumption, provides 
reasonable airport performance, and does not incur a significant penalty in DOC. 

Number  and Location of Primary Engines - To minimize both  the influence of engine  noise on 
the laminar boundary layer and the loss  of laminar area due to pylon/wing interference, it is 
desirable to employ fuselage-mounted  engines on LFC aircraft. The use  of four 
fuselage-mounted  engines  provides better takeoff and se.cond-segment climb performance and 
minimizes block fuel. 

If selection of configuration parameters is based entirely on  the minimization of fuel consumption, 
the preceding  analyses dictate  the development of  LFC aircraft with  a cruise M of 0.75 or less and 
near-zero  wing  sweep..  However, the practical considerations of somewhat improved direct operating 
costs at M = 0.80 or greater cannot be ignored. Consequently, it is likely that  future studies of  LEC 
transport aircraft and programs  leading to the ultimate development of such aircraft will accept the 
fuel consumption penalty attending  the selection of  higher  cruise  speeds. 
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ON THE STATUS OF V/STOL FLIGHT 

Barnes W. McCormick 
Department  of  Aerospace  Engineering 
The Pennsylvania  State  University 

SUMMARY 

Basic p r i n c i p l e s   r e l a t i n g   t o   t h e  accomplishment of V/STOL f l i g h t  are 
reviewed as they  per ta in   to   current   prototype  developments .   Par t icular  
consideration is  g iven   t o   t he  j e t  f l a p ,  flow  augmentation  and  circulation 
cont ro l   separa te ly  and i n  combination. To be  discussed wi-11  be  such 
configurations as the  augmentor  wing,  upper-surf ace blown f l a p s ,   e x t e r n a l l y  
blown f l a p s  and the   c i rcu la t ion-cont ro l led   ro tor .  

INTRODUCTION 

The development of an  a i rplane  with vertical o r   sho r t   t ake   o f f  and landing 
capab i l i t y ,  (V/STOL), and ye t   compet i t ive   wi th   convent iona l   a i rp lanes   in   c ru ise ,  
has  been  an  elusive  target  over  the last twenty  years.  Except  for  the Hawker- 
Siddeley Harrier and a few small STOL's none of the  many experimental  proto- 
types  have gone into  production. This includes  such  configurations as t h e  
compound he l i cop te r ,   t i l t -w ing ,   de f l ec t ed - s l ip s t r eam,   d i r ec t   l i f t ,  t a i l  sitter, 
t i l t i n g   d u c t e d   p r o p e l l e r s  and t h e  fan-in-wing. 

A t  the   p resent  time the re  are s i x  developments,  three VTOL'S and th ree  

1. The tilt  r o t o r ;   t h e  Bell XV-15 
2. Augmented VTOL; t h e  Rockwell XFV-12A 
3 .  Circula t ion   cont ro l ;   the  X-wing concept 
4. Upper-surface  blowing;, t h e  Boeing AMST YC-14 
5. Externally blown f l a p s ;   t h e  McDonnell-Douglas AMST YC-15 
6 .  Augmentor wing;  modified  DeHaviland  Buffalo 

STOL'S, which  appear t o   ho ld  some promise.  These are: 

There are a l s o   o t h e r  V/STOL configurations  currently  belng  proposed  or  investi-  
gated,  such as t h e   l i f t / c r u i s e   f a n   r e s e a r c h  and technology  a i rc raf t ,  
undoubtedly  worthy of discussion  but   this   present   paper  w i l l  be   l imi ted  
p r i m a r i l y   t o  a cons idera t ion  of t he  above s ix   conf igura t ions .  

SYMBOLS 

A th roa t  area of t h r u s t  augmentor  (Fig. l), m 2 

+ e x i t  area of t h r u s t  augmentor  (Fig. 1 ) ,  m 

A primary  nozzle area of t h r u s t  augmentor  (Fig. 1) , m 

CL wing l i f t   c o e f f i c i e n t  

CL maximum value  of t h e  wing l i f t   c o e f f i c i e n t  

2 

2 
j 

m a x  
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C 
1.I 

m 

P 

T 

W 

a 

B 

9 

C 
1 

C ‘or 
6f 

8 a 

jet  momentum  coefficient  (ratio  of  jet  momentum  flux  per  unit  surface  area 
to  free  stream  dynamic  pressure) 

mass  flow, kg/s 

power, W 

thrust, N 

induced  velocity,  m/s 

ratio  of A to A 

ratio  of AE to A 

thrust  augmentation  ratio;  ratio  of  total  thrust  of  augmentor  to  thrust of 
primary  nozzle 

rolling  moment  coefficient 

j 

ac1 
aa 
- 

flap  deflection 

aileron  deflection 

VTOL 

In  the  design  of  a  VTOL  aircraft  the  division  between  hovering  and 
cruising  flight  in  the  mission  profile  plays  a  dominant  role  in  determining  the 
aircraft’s  configuration.  This  statement is easily  understood  from  basic 
momentum  principles. A static  lift  system  having  a  mass  flow  rate  of  m  and 
producing a thrust  of  T  will,  on  the  average,  accelerate  the  flow  to  a  final 
velocity  of  w  where  m, T and w, in  consistent  units,  are  related  by, 

the  power, P, delivered to the  mass  flow,  by  the  lift  system  will  equal  the 
flux  of  kinetic  energy  in  the  ultimate  wake;  hence, 

Thus,  combining (1) and  (2),  the  power,  thrust  and  average  induced  velocity  in 
the  ultimate  wake  are  related  by: 

T 2  
P w  
- = -  

The  above  is  actually  an  ideal  upper  limit  on  the  thrust to power  ratio. 
Because  of  other  power  losses  in  the  system,  T/P  must  always  be  less  than  the 
value  predicted  by  Equation ( 3 ) .  Nevertheless, (3)  provides a relative basis  
for  comparing  static  thrust  systems  and  suggests,  for  the  same  thrust,  that  the 
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f u e l   f l o w  rate w i l l  v a r y   d i r e c t l y   w i t h   t h e   i n d u c e d   v e l o c i t y .   T y p i c a l l y  w 
induced  by a h e l i c o p t e r  is approximately  12 m / s  (40 f p s ) ;  70 m / s  ( 230   fp s )   fo r  
p rope l l e r s ;   180  m / s  (590   fp s )   fo r  l i f t  fans   and 300 m/s (980 f p s )   f o r   l i f t  jets. 
Thus d i r e c t   l i f t  j e t  systems,   on  the  one extreme, w i l l  b u r n   f u e l  a t  a rate 
approximately 30 times t h a t   o f   t h e   h e l i c o p t e r  a t  t h e   o t h e r   e n d   o f   t h e  w 
spectrum. On the   o ther   hand   the   weight  of a d i r e c t   l i f t  j e t  system w i l l  gener- 
a l l y   b e  less than  that of a sys tem  wi th  a low w (such as a h e l i c o p t e r   w i t h  i t s  
la rge   b lades ,   hub ,   t ransmiss ions ,  etc.) so  t h a t   w e i g h t   c a n   b e   t r a d e d   f o r   f u e l .  

One means of r e d u c i n g   t h e   i n d u c e d   v e l o c i t y   i n   t h e   u l t i m a t e  wake is by t h e  
use  of  augmentation. As shown s c h e m a t i c a l l y   i n   F i g u r e  1, the   p r imary  j e t  is  
i n t r o d u c e d   i n t o   t h e   t h r o a t   o f  a s u r r o u n d i n g   n o z z l e ,   e i t h e r   a l o n g   t h e   c e n t e r l i n e  
o r   a l o n g   t h e  walls of   the  nozzle .   Viscous  shear   and  turbulent   mixing  a long  the 
boundary  of  the  primary je t  e n t r a i n s  a secondary  f low  through  the  nozzle .   This  
secondary  f low mixes wi th   the   p r imary  j e t  t o  produce an augmented mass and 
momentum f l u x   i s s u i n g  from the   nozz le   which   can   be   apprec iab ly   g rea te r   than  
t h a t  of the   p r imary   nozz le .  

The performance  of  an  augmentor  can  be  improved  by  diffusing  the  mixed 
flow as shown i n   F i g u r e  1. The t h e o r e t i c a l  maximum performance  of  such  an 
augmentor is shown i n   F i g u r e  2 as taken  from  Reference 1. Here t h e   r a t i o ,  $, 
o f   t h e   t o t a l   t h r u s t   t o   t h e   t h r u s t   o f   t h e   p r i m a r y  j e t  is  presented  as a func t ion  
of 6 fo r   va r ious   va lues   o f  a where; a is t h e   r a t i o   o f   p r i m a r y   n o z z l e  area, A 
t o   t h r o a t  area, A and B is t h e   r a t i o   o f   n o z z l e   e x i t  area, AE, t o   t h r o a t  area. 
These  curves  neglect  any  losses  and  assume  complete  mixing  of  the  primary  and 
secondary   f l ows   r e su l t i ng   i n  a uniform  flow a t  t h e   d i f f u s o r  exit.  

j ’  

The theore t ica l   per formance  shown i n   F i g u r e  2 is  d i f f i c u l t   t o   a c h i e v e   i n  
p r a c t i c e .   F i r s t   t h e   p r i m a r y   f l o w   s u f f e r s   l o s s e s   i n   t o t a l   h e a d  as i t  is 
d i rec ted   to   the   p r imary   nozz le ,   and   secondly ,   comple te   mix ing   of   the  two flows 
wi th  a uni form  d ischarge   f rom  the   d i f fuser  exi t  is never   achieved.  

For  the las t  5 o r  6 yea r s ,   expe r imen ta l   and   ana ly t i ca l   s tud ie s   have   been  
performed by personnel  a t  the  Aerospace  Research  Laborator ies   (Refs .  2-5) on 
means of   achieving more  complete  mixing i n  augmentors .   These   e f for t s   have   l ed  
t o   t h e  development  of  the  so-called  hypermixing  nozzle. In t h i s   n o z z l e   t h e  
e x i t   p l a n e  is segmented so  as to   p roduce   ad jacen t  j e t s  e x i t i n g   i n   s l i g h t l y  
d i f fe ren t   d i rec t ions .   S t reamwise   vor t ices   then   form  be tween  the  j e t s  which 
enhance  the  mixing  between  the  primary  f low  and  the  secondary  f low.  Using 
these   nozz le s ,   augmen ta t ion   r a t io s  as h igh  as approximately 2.0 have  been 
ach ieved   fo r  6 values   of   approximately 2.0 w i t h   e j e c t o r s   h a l f   t h e   l e n g t h   o f  
earlier models. Some o f   t h e s e   r e s u l t s  are a l s o  shown i n   F i g u r e  2 taken  from 
Reference 5 . 

An a i rc raf t   cur ren t ly   under   deve lopment   which   u t i l i zes   th rus t   augmenta t ion  
i s  the  Rockwell XFV-12A. S c h e d u l e d   f o r   f i r s t   f l i g h t   i n  September   1976, . this  
aircraft  appea r s   t o   be  a typical  high-performance je t  a i r c r a f t   b u t   w i t h  a 
canard   conf igura t ion .  However both  the  canard  and  main  wing are f l a p p e d   t o  
open as shown i n  F igure  3 .  Engine  exhaust is  d i v e r t e d  by  means of a p lug  
nozzle-s leeve valve combina t ion   and   duc ted   t o   s lo t s   a long   t he   en t r ance  walls of 
t h e   d i f f u s e r  formed  by t h e   f l a p s .  The exhaus t   a l so  exits i n   t h e   m i d d l e   o f   t h e  
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di f fuser   en t rance   f rom a t h i r d  smaller f l a p  segment as shown. The o u t e r  jets 
are i s s u e d   t a n g e n t i a l   t o   t h e   d i f f u s e r  walls i n   t h e   d i r e c t i o n   o f   t h e   d i f f u s e r  
centerline and are t h e n   t u r n e d   t o   t h e  vertical  d i r e c t i o n  by t h e  Coanda e f f e c t .  

Accord ing   to  Reference 6, t h e   i n s t a l l e d   e n g i n e   t h r u s t - t o - w e i g h t   r a t i o   f o r  
t h e  XFV-12A is e s t i m a t e d   t o   b e  0.72 w i t h  a n e t  augmented  thrust- to-weight   ra t io  
o f   1 . 1 2   r e s u l t i n g   i n   a n   a u g m e n t a t i o n   r a t i o ,  @, of 1.55. On t h e   a v e r a g e ,   t h e  
e x i t   v e l o c i t y   o f   t h e  augmented  flow is es t ima ted  a t  approximately 130 m / s ,  (427 
f p s ) ,   c o n s i d e r a b l y   h i g h e r   t h a n   t h a t   f o r  a h e l i c o p t e r   b u t   a p p r e c i a b l y  less than  
d i r e c t  l i f t  j e t  systems. 

The  above 4 v a l u e  may be  somewhat o p t i m i s t i c .   R e c e n t   r e s u l t s   r e p o r t e d   i n  
Reference 7 show t h a t  a $J of 1.5 has   been   ach ieved   to   da te   ou t   o f   g round  e f fec t  
f o r   t h e  main  wing w i t h  a va lue   o f   1 .3   r epor t ed   fo r   t he   cana rd   su r f ace .   S ince  
most  of  the  weight is borne  by  the  main  wing,  the  combined 4 is  c l o s e   t o  
producing   the   ne t   th rus t - to-weight   ra t io   o f   1 .05   ca l led   for   in   the  Navy spec i -  
f i c a t i o n .  

A d e f i n i t e   p l u s   f o r   t h i s   c o n f i g u r a t i o n  is i ts  probable  STOL performance. 
An apprec iab le   po r t ion   o f   t he  main  wing i s  ahead  of   the augmented' f l a p s  so t h a t  
i n   f o r w a r d   f l i g h t   t h e  wing  behaves as a j e t - f l apped   w ing   w i th   cha rac t e r i s t i c s  
similar t o   t h e   e x t e r n a l l y  blown f l a p  (EBF), the  augmentor  wing,  and  the  upper- 
s u r f a c e  blown (USB) f l ap   d i scussed   i n   t he   nex t   s ec t ion .   Accord ing   t o   Re fe rence  
6 ,   a l lowing   the  XFV-12A t o   o p e r a t e  as a STOL wi th   on ly  a 100 m t a k e o f f   r o l l  
increases  the  payload  by  22241 N (5000 l b s ) .  

Equipped  with a be t t e r   unde r s t and ing   o f   ro to r -b l ade   a i r f r ame  dynamics  and 
advanced material technology,   the U.S. Army and NASA h a v e   r e v i v e d   t h e   t i l t i n g  
ro to r   concep t   w i th   t he  Bell XV-15 p i c t u r e d   i n   F i g u r e   4 .   I n   h o v e r   t h i s   a i r p l a n e  
e n j o y s   t h e   b e n e f i t s   o f  a d i s c   l o a d i n g   n o t  much h i g h e r   t h a n   t h e . h e l i c o p t e r .   I n  
f o r w a r d   f l i g h t  i t  a v o i d s   t h e   r e t r e a t i n g   b l a d e  s ta l l  or   advancing   b lade  compress- 
i b i l i t y   l i m i t a t i o n s   o f   t h e   h e l i c o p t e r   a n d  is des igned   t o   c ru i se  a t  a speed  of 
approximately 185 m / s  (360 k t s ) .  

ThisVTOL is powered  by two upra ted  Lycoming T-53 engines ,   each  with a 
cont ingency  ra t ing  of   1342 kW (1800 SHP). The des ign  maximum VTOL takeoff  
weight is 57826 N (13000 l b s ) .  With two ro to r s   each   hav ing  a diameter  of 7.62 

. m (25.0 f t ) ,   t h e   d i s c   l o a d i n g  i s  634 N/m2 (13 .2   ps f ) .  Thus a t  s tandard  sea 
level  t h e  downwash v e l o c i t y  w w i l l  be  approximately  16.06 m / s  (52.7  fps) .  

The X-wing a t  t h i s   p o i n t   i n  time is only  a proposed  configurat ion.  A s  
shown i n   F i g u r e  5 i t  is a s topped   ro tor   conf igura t ion ;   however ,   the   ro tor  i s  
u n i q u e   i n  i t s  a p p l i c a t i o n   o f   a n   e l l i p t i c a l   a i r f o i l   s e c t i o n  employing  circula- 
t i o n   c o n t r o l .  A s  shown i n   F i g u r e  6 ,  by  blowing  tangent ia l ly   f rom  the  upper  
s u r f a c e  of a n   e l l i p s e   n e a r  i ts t r a i l i ng   edge   (Ref .  8 ) ,  much \higher  l i f t  coef- 
f i c i e n t s  are obta ined   than   wi th  a j e t - f l a p p e d   a i r f o i l  a t  t h e  same momentum 
c o e f f i c i e n t ,  Cp. I n   a d d i t i o n   t o   t h e   h i g h   l i f t   c o e f f i c i e n t s ,   c i r c u l a t i o n   c o n t r o l  
a c h i e v e s   l i f t   t o   d r a g   r a t i o s   ( i n c l u d i n g   b l o w i n g  power) f o r  20% o r   t h i c k e r  
sec t ions   comparable   to   those   ob ta ined   by  a 1 2 %   c o n v e n t i o n a l   a i r f o i l .  Thus, 
w i thou t   s ac r i f i c ing   ae rodynamic   e f f i c i ency ,   one  may b e   a b l e   t o  meet t h e  
s t r u c t u r a l   r e q u i r e m e n t s   o f   t h e  X-wing by u s i n g   t h i c k e r   s e c t i o n s .  
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A t  t h e   p r e s e n t  t i m e  a c i r c u l a t i o n   c o n t r o l l e d   r o t o r  (CCR) i s  b e i n g   b u i l t  
f o r   t h e  U.S. N a v y  by t h e  Kaman Corpora t ion .   This   ro tor  w i l l  b e   f l i g h t   t e s t e d  
on a modified H-2. C y c l i c   c o n t r o l  w i l l  be  achieved  by means of  a c y c l i c   t h r o t -  
t l i ng   o f   t he   b lowing  a i r  to   each   b l ade .  It shou ld   a l so   be   no ted   t ha t  a similar 
type  of   sect ion  has   a l ready  been  f lown  on a fixed-wing a i r c r a f t   d e s i g n e d ,   b u i l t  
and t e s t e d  by t h e  Department  of  Aerospace  Engineering a t  t h e  West V i r g i n i a  
Universi ty   (Ref .   9) .  

The WVU Technology  Demonstrator STOL a i r c r a f t  is a modified BD-4 incorpor- 
a t ing   d rooped   a i l e rons  and a c i r c u l a t i o n - c o n t r o l l e d ,   c i r c u l a r   t r a i l i n g   e d g e  
f lap   over   approximate ly  60% o f   t h e   w i n g   s p a n .   I n   c r u i s e   t h e   c i r c u l a r   t r a i l i n g  
edge is  designed s o  t h a t  it swings  forward  and retracts i n t o   t h e  wing t o  form a 
conven t iona l   sha rp   t r a i l i ng   edge  as p i c t u r e d   i n   F i g u r e  7. Another  unique 
f e a t u r e  of t h i s   s y s t e m  is a l s o  shown i n   t h e   f i g u r e .   I n s t e a d   o f   b l o w i n g  
d i r e c t l y   o v e r   t h e   c y l i n d r i c a l   t r a i l i n g   e d g e ,   t h e   b l o w i n g  is augmented as shown. 
This  scheme not   on ly   p rovides   increased   b lowing  momentum f o r   t h e   c i r c u l a t i o n  
cont ro l   bu t   accompl ishes   suc t ion   boundary   l ayer   cont ro l  as w e l l  a t  t h e   f l a p  
hinge. 

F i n a l l y ,   i n   t h e  area o f  VTOL, i t  should   be   no ted   tha t  several promising 
prototyp.es are be ing   deve loped   i n   t he   he l i cop te r   f i e ld .   These   i nc lude   t he  
Boe ing-Ver to l   and   S iko r sky   en t r i e s   i n   t he   U t i l i t y  Tactical Transpor t  (UTTAS) 
compet i t ion ;   the  Bell and  Hughes e n t r i e s   i n   t h e  Advanced At tack   Hel icopter  
(AAH) competi t ion;  several commercial  developments;  and  the  Sikorsky  Advancing 
Blade  Concept (ABC). Innova t ions   i n   t he   ro t a ry   w ing   f i e ld   i nc lude   f l y -by -wi re ,  
ex tens ive   use   o f  bonded honeycomb and   advanced   composi te   s t ruc tures ,   e las to-  
meric bear ings ,   h inge less   ro tor   and   advanced   a i r fo i l   t echnology.  By c a r e f u l  
a t ten t ion   to   weight ,   ae rodynamic   c leanl iness ,   and   mechanica l   s impl ic i ty ,   the  
h e l i c o p t e r  is  rapidly  improving i t s  o p e r a t i n g   e f f i c i e n c y   w i t h   o p e r a t i o n a l  
c r u i s i n g   s p e e d s   i n  excess of   150   k t s .  

S TOL 

The concept   of   the  j e t  f l a p   h a s   b e e n  known s ince   t he   1930 ' s   (Re f .   10 ) .  A 
t h e o r e t i c a l   s o l u t i o n   t o   t h i s   d e v i c e  w a s  f i r s t   p r e s e n t e d  by  Spence i n  1956  (Ref. 
11). The essence   o f   Spence ' s   so lu t ion   toge ther   wi th  some o t h e r   a s p e c t s   o f   t h e  
j e t  f l ap   can   be   found   i n   Re fe rence  1. E s s e n t i a l l y  a th in   shee t   o f   h igh -  
momentum a i r  i s s u e s   f r o m   t h e   t r a i l i n g   e d g e   o f   a n   a i r f o i l  a t  some a n g l e   t o   t h e  
f r e e  stream and is t u r n e d   i n   t h e   d i r e c t i o n  of t h e   f r e e  stream. I n   t u r n i n g ,  i ts  
momentum is r e d i r e c t e d  so  t h a t  a p r e s s u r e   d i f f e r e n c e  is s u s t a i n e d   a c r o s s   t h e  
j e t  shee t .  The e f f ec t   app rox ima tes   t he   add i t ion   o f  a p h y s i c a l   f l a p   t o   t h e  air- 
f o i l   w i t h   b o t h  Cl and C b e i n g   s i g n i f i c a n t l y   i n c r e a s e d .  A l l  t h r e e  STOL pro to-  

types  mentioned earlier employ high-l i f t   systems  which  approximate  the j e t  f l a p .  
These   sys tems,   p ic tured   in   F igure  8, are r e f e r r e d   t o  as the  augmentor  wing, 
upper-surface  blowing (USB) a n d   t h e   e x t e r n a l l y  blown f l a p  (EBF). 

'a 

The  augmentor  wing is a combination of f low  augmenta t ion   wi th   the  j e t  f l a p .  
This  scheme is c u r r e n t l y   b e i n g  test flown  on a modified  DeHaviland  Buffalo 
under a j o i n t  Army-NASA program a t  t h e  Ames Research  Center. Here h igh   pres -  
s u r e  a i r  e x i t s  from a choked  nozzle   into a t h r o a t  formed  between two f l a p  
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su r faces .  The  augmented flow is t h e n   d i f f u s e d   s l i g h t l y   a n d   e x i t s  a t  some ang le  
t o   t h e  main stream t o   p r o d u c e   t h e   e f f e c t   o f  a j e t  f l a p ,  

I n   t h e  USB conf igura t ion   exhaus t   f rom  the  j e t  engine  is s p r e a d   l a t e r a l l y  
o v e r   t h e   u p p e r   s u r f a c e   n e a r   t h e   t r a i l i n g   e d g e   o f   t h e   a i r f o i l   a n d  is turned  by 
the   . f lap   sys tem  leav ing   the   wing   aga in   in  a manner similar t o  the je t  f l a p .  The 
USB h i g h   l i f t   s y s t e m  is be ing   i nco rpora t ed   i n to  the Boeing YC-14 Advanced 
medium STOL t r a n s p o r t  (AMST) which is expec ted   t o   be   f l own   sho r t ly ,  

EBF is employed  on t h e  McDonnell-Douglas e n t r y   f o r   t h e  AMST competi t ion,  
t h e  YC-15. Here the   engines  are mounted c l o s e   t o   t h e   u n d e r n e a t h   s u r f a c e   o f   t h e  
wing s o  t h a t   t h e  j e t  exhaus t   passes   th rough  the   f lap   sys tem  aga in ' spreading  
somewhat   and  producing  an  effect   comparable   to   that   of   the  j e t  f l a p .  

Aerodynamically, i t  is  d i f f i c u l t   t o  make a choice  between  the  augmentor  wing, 
USB and EBF systems.  Figure 9 (from  Ref. 12) p r e s e n t s  C b a ,  as a f u n c t i o n  of C,, 

f o r   t h e  augmentor  wing.  Figure  10  (from  Ref. 13) p r e s e n t s  trim d r a g   p o l a r s   f o r  
b o t h   t h e  USB and EBF configurat ions.   Obviously a l l  three   sys tems are capable  of 
producing CL va lues  much h i g h e r   t h a n   t h o s e   a t t a i n a b l e   w i t h o u t  power. A l s o ,   f o r  
a given C,, v a l u e  i t  appears  as i f   t he   pe r fo rmance  of t h e   t h r e e  are about   equal .  
The choice  of one   sys tem  over   the   o ther  w i l l  probably  depend  upon  such  factors  
as mechanical  complexity,   weight,   engine-out  performance,  noise,   and  cost .  

The YC-14, which is y e t   t o   f l y ,  is descr ibed  in   References  14  and  15.  
Figure 11 d e p i c t s   t h i s  AMST which  has a wing area of  163.7 m2 (1762   sq .   f t . ) ,  
a gross  weight  of  approximately  751,745 N (169,000  lbs.)   and powered  by two GE 
CF 6-50D eng ines   w i th   an   i n s t a l l ed   t h rus t   o f   214 ,848  N (48 ,300   lbs . ) .   This  air- 
p lane  i s  d e s i g n e d   t o   o p e r a t e   r o u t i n e l y   i n  and out   of  600 m (2000 f t . )   f i e l d s  
wi th  a 120,100 N (27,000  lbs.)   payload. Its approach  speed is approximately 
43.8 m / s  (85   k t s )   whi le   the   t akeoff   speed  is 50.0 m / s  ( 9 7   k t s ) .  On l and ing   t he  
trim l i f t   c o e f f i c i e n t  is approximately  3 .60  for  a C,, of  0.78. The a i r p l a n e   h a s  
several unique   fea tures   wor thy   of   no te .  The USB f l aps   ope ra t e   i ndependen t ly   t o  
p rov ide   t h rus t   vec to r   con t ro l .  The l i f t  system is  f u r t h e r  enhanced  by l ead ing  
edge  blowing  of  the  Krueger  f laps  through a series of   c losely-spaced  holes .  
Being   landing   l imi ted ,   the   l ead ing   edge  BLC allowed a r e d u c t i o n   i n  wing area f o r  
t h e  STOL miss ion .   Accord ing   to   the   spec i f ica t ions   bo th  AMST's, wi th   one   engine  
inope ra t ive  must  have a 0 . 3  g maneuver  margin a t  constant   speed  and a 20% speed 
margin  from s t a l l  i n   o n e  g f l i g h t .   I n   o r d e r   t o   o b t a i n  good performance  from  the 
engine  nozzles   which  blow  the  f laps ,  a door is inc luded   on   the   ou tboard   s ide   o f  
each   nozz le .   For - takeoff   the   door  is opened f o r  maximum t h r u s t   b u t   c l o s e d   i n  
t h e   c r u i s e  mode. It is  a l s o   i n t e r e s t i n g   t o   n o t e   t h a t   t u r n i n g  i s  enhanced i n   t h e  
engine  exhaust  by the   use   o f   vor tex   genera tors   which   ex tend   in to   the   f low when 
t h e   f l a p s  are lowered  but retract i n   t h e   c r u i s e   c o n f i g u r a t i o n .  

Both t h e  YC-14 and YC-15 employ  advanced  technology a i r f o i l s  and are thus  
a b l e   t o   c r u i s e  a t  M = 0 .7   o r   h ighe r   w i th   r e l a t ive ly   t h i ck ,   unswep t   w ings .  They 
are thus  approximately 40% f a s t e r   t h a n   c u r r e n t  t ac t i ca l  t r a n s p o r t s .  

The YC-15, p i c t u r e d   i n   F i g u r e   1 2 ,  is c u r r e n t l y   b e i n g   f l i g h t   t e s t e d  and 
accord ing   to   Reference   16  i s  performing up t o   e x p e c t a t i o n s .   I n   a d d i t i o n   t o  
t h i s   r e f e r e n c e ,  a d e s c r i p t i o n   o f   t h e   a i r c r a f t   c a n   b e   f o u n d   i n   R e f e r e n c e  1 7 .  

1554 



For   the  STOL m i s s i o n   t h i s   a i r c r a f t   h a s  a weight  of  676,100 N (152,000 lbs . )  
comprised  of an empty  weight  of 458,160 N (103,000 lbs . ) ,  a payload  of 120,100 
N (27,000 l b s . )   w i t h   t h e   r e m a i n d e r   b e i n g   t h e   f u e l   r e q u i r e d   f o r   t h e   m i s s i o n .  
The a i r c r a f t  is powered  by  four   Prat t   and Whitney JT8D-17 eng ines   r a t ed  a t  
71,170 N (16,000 lbs. ) per   engine.  Its wing area is 162 m2 (1740 sq.  f t .) with  
an a s p e c t   r a t i o   o f  7.0. Direct l i f t   c o n t r o l  i s  provided  through the use  of  
s p o i l e r s .   C o n t r o l  i s  accomplished  through a fly-by-wire  system  which  has 
s t a b i l i t y  and  control  augmentation. 

CONCLUDING REMARKS 

As t h e   r e s u l t   o f  wind tunnel   and   labora tory   inves t iga t ions   per formed i n  
r e c e n t   y e a r s ,  improved thrust   augmentors  and  blown  flap  systems  have  been 
developed .   Because   o f   these   e f for t s ,  several new V/STOL p r o t o t y p e   a i r p l a n e s  
have  been  designed  which  hold  promise  of  becoming  operational. 
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Figure 1.- Thrust-augmenting nozzle-diffuser  combination. 
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Figure 2.- Theoretical performance of a thrust augmentor 
including some experimental results. 
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Figure 3 . -  XFV-12A augmentor wing-flap system. 

c 

Figure 4.- Bell XV-15 t i l t -rotor VTOL airplane. 
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Figure 6 . -  Lift  

Figure 5.- Proposed X-wing VTOL configuration. 
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Figure 7.- Flap system for West Virginia University's 
technology demonstrator aircraft. 

Figure 8.- High-lift systems for current STOL developments. 
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Figure 9.- Lift  characteristics of an  augmentor  wing. 
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Figure 11.- Boeing AMST YC-14.  

Figure 12.- McDonnell Douglas YC-15 advanced medium STOL transport. 
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DEVELOPMENT OF THE YC-14 

Theodore C.  Nark  Jr. 
Boeing  Aerospace  Company 

ABSTRACT 

The  objective  of  the AMST program  was  to  develop  a  prototype of a  low  cost 
replacement  for  the  C-130.  The  basic  goals  were  straight  forward. 

o 400 n.  mi. radius 
o 27,000  lb  payload 
o 2000 ft  field  length 
o 2600  n.  mi.  ferry  range 
o Low unit  production  cost 

The  combination  of  low  unit  cost  and  STOL  capability  constituted  a  real 
design  challenge.  The  resulting  YC-14  configuration  embodies  design  elements 
that  reflect  both  constraints.  The  interplay  between  design  to  cost  and  design 
for STOL will  be  examined  and  the  compromises  will  be  explained.  The  technical 
issues  which  drive  the  definition  of  a STOL configuration  will  be  identified  and 
a  description  of  the  YC-14  solution  will  be  shown.  The  manner  in  which  the 
YC-14  configuration  was  impacted  by  the  trade-offs  between  an  upper  surface  blown 
STOL  design  and  a  high  speed  cruise  design  will  be  demonstrated.  The  predicted 
flight  characteristics  will  be  shown  and  when  possible,compared  with  flight 
test  data. 
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THE CRYOGENIC WIND TUNNEL 

Robert A .  Kilgore  
NASA Langley  Research  Center 

SUMMARY 

Based o n   t h e o r e t i c a l   s t u d i e s  and exper ience   wi th  a low-speed  cryogenic 
tunne l  and wi th   the   Langley  1/3-meter t r anson ic   c ryogen ic   t unne l , .   t he   c ryogen ic  
wind-tunnel  concept  has  been shown t o   o f f e r  many advan tages .   w i th   r e spec t   t o   t he  
a t ta inment   o f   fu l l - sca le   Reynolds  number a t  reasonable  levels of  dynamic  pres- 
s u r e   i n  a ground-based f a c i l i t y .  The  unique modes of o p e r a t i o n   a v a i l a b l e   i n  a 
pressur ized   c ryogenic   tunnel  make p o s s i b l e   f o r   t h e   f i r s t  time t h e   s e p a r a t i o n  of 
Mach number,  Reynolds  number,  and a e r o e l a s t i c   e f f e c t s .  By r educ ing   t he   d r ive -  
power r equ i r emen t s   t o  a level where a convent ional   fan-dr ive  system may be  used,  
the  cryogenic   concept  makes p o s s i b l e  a tunne l   w i th   h igh   p roduc t iv i ty  and r u n  
times s u f f i c i e n t l y   l o n g   t o   a l l o w   f o r  a l l  types  of tests a t  r e d u c e d   c a p i t a l   c o s t s  
and ,   fo r   equa l  amounts  of t e s t ing ,   r educed   t o t a l   ene rgy   consumpt ion   i n  compari- 
son   wi th   o ther   tunnel   concepts .  

1. INTRODUCTION 

P r e s e n t   i n t e r e s t   i n   t h e   d e v e l o p m e n t  of t r a n s p o r t s  and  maneuvering a i r c r a f t  
t o   o p e r a t e   e f f i c i e n t l y   i n   t h e   t r a n s o n i c   r a n g e   h a s   r e s u l t e d   i n  a review of t h e  
problem of f l o w   s i m u l a t i o n   i n   t r a n s o n i c  wind tunnels .  Among t h e  more   se r ious  
problems is t h a t   r e l a t e d   t o   i n a d e q u a t e  test Reynolds  number. It is  t h i s  prob- 
lem and a n   a t t r a c t i v e   s o l u t i o n   t o   t h e  problem t h a t  is  t h e   s u b j e c t   o f   t h i s   p a p e r .  

The  need f o r   i n c r e a s e d   t e s t i n g   c a p a b i l i t y   i n  terms of Reynolds number has  
been w e l l  documented.  (See, f o r  example, r e f s .  1 and 2.)  

A t  a g iven  Mach number, t h e  Reynolds number may be   increased  by us ing  a 
heavy  gas   ra ther   than a i r  as t h e  test gas ,  by i n c r e a s i n g   t h e   s i z e  of t h e   t u n n e l  
and  model ,   by  increasing  the  operat ing  pressure  of   the  tunnel ,   and  by  reducing 
t h e  test temperature.  The  method chosen   to   increase   Reynolds  number w i l l ,  i n  
gene ra l ,   a l so   a f f ec t   dynamic   p re s su re ,  mass f low rate, and the   ene rgy  consump- 
t i o n  of t h e   t u n n e l   f o r  a g iven  amount o f   t e s t ing .  

The u s e  of a heavy  gas is a well-known  method  of  achieving  high  Reynolds 
number.  Freon-12 is one   of   the   mos t   su i tab le  of t h e  h e a v y   g a s e s   f o r   u s e   i n  a 
wind t u n n e l   ( r e f .  3 ) .  However, t h e   d i f f e r e n c e s   i n   t h e   r a t i o  of s p e c i f i c   h e a t s  
become important  when c o m p r e s s i b i l i t y   e f f e c t s  'become s i g n i f i c a n t ,   t h u s  making 
Freon-12 a ques t ionab le   t r anson ic  test g a s   ( r e f .  4 ) .  

An obvious way to   i nc rease   Reyno lds  number is t o   i n c r e a s e   t h e  model s i z e .  
I n   o r d e r   t o   a v o i d   i n c r e a s i n g   t h e  w a l l  in te r fe rence   e f fec ts ,   however ,   there   mus t  
be  a commensurate i n c r e a s e   i n   t u n n e l   s i z e .   D e s i g n   s t u d i e s   f o r   t u n n e l s   l a r g e  
enough t o   g i v e   f u l l - s c a l e   R e y n o l d s  number a t  normal  temperatures  and  moderate 
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pres su res  show t h a t   t h e y  would be   ve ry   l a rge ,   and   t he re fo re   ve ry   cos t ly ,   and  
would  make heavy  demands  on power ( r e f .  5). An a l t e r n a t e   s o l u t i o n  is t o  
restrict t h e   t u n n e l  and  model s i z e s  and i n c r e a s e   t h e   o p e r a t i n g   p r e s s u r e .   T h i s  
method is feas ib le ,   o f   course ,   bu t   the   aerodynamic   forces   on   the   model ,   ba lance ,  
and  support   system are g r e a t l y   i n c r e a s e d  a t  t h e   o p e r a t i n g   p r e s s u r e s   t h a t  are 
requi red   to   ach ieve   the   des i red   Reynolds  number i n  a tunnel   o f   modera te   s ize .  
From a power s t andpo in t ,  a h igh-pressure   tunnel  is p r e f e r a b l e   t o  a l a r g e ,  
moderate-pressure  tunnel .  However, fo r   t he   r equ i r ed   i nc rease   i n   Reyno lds  num- 
b e r ,   t h e  power requirements  are still  undes i r ab ly   l a rge .  

Operating a t u n n e l  a t  c ryogen ic   t empera tu res ,   f i r s t   p roposed  by Smelt 
( r e f .   6 )   i n   1 9 4 5 ,   o f f e r s   a n  a t t ract ive means  of increasing  Reynolds  number 
whi le   avoid ing  many of   the practical  problems  associated  with  tes t ing a t  high 
Reynolds  numbers in   conven t iona l   p re s su re   t unne l s .   Pe r sonne l  of t h e  NASA 
Langley  Research  Center   have  been  s tudying  the  appl icat ion  of   the  cryogenic  
concept   to   high  Reynolds  number t r a n s o n i c   t u n n e l s   s i n c e   t h e  autumn  of  1971. 
The r e s u l t s   o f  a t h e o r e t i c a l   i n v e s t i g a t i o n  aimed a t  ex tend ing   t he   ana lys i s  of 
S m e l t  and t h e   r e s u l t s  of an  experimental   program  using a low-speed wind tunnel  
have   been   r epor t ed   i n   r e f e rences  7 and 8. I n   o r d e r   t o   p r o v i d e   i n f o r m a t i o n  
r e q u i r e d   f o r   t h e   p l a n n i n g  of a large  high  Reynolds  number t ransonic   c ryogenic  
tunnel ,  as d e s c r i b e d   i n   r e f e r e n c e   9 ,  a r e l a t i v e l y  small pressur ized   t ransonic  
c ryogenic   tunnel  was b u i l t  and  placed  into  operat ion  in   1973.  A s  a r e s u l t   o f  
t he   success fu l   ope ra t ion  of t h e   p i l o t   t r a n s o n i c   t u n n e l ,  i t  w a s  c l a s s i f i e d  by 
NASA i n  l a te  1974 as a r e s e a r c h   f a c i l i t y ,  re-named the  Langley  1/3-meter 
t ransonic   cryogenic   tunnel ,   and is  now being  used  for   aerodynamic  research as 
w e l l  as cryogenic   wind-tunnel   technology  s tudies .  

In   add i t ion   t o   r ev iewing   t he   c ryogen ic   w ind- tunne l   concep t ,   t h i s   pape r  
p re sen t s  some d e t a i l s  of the  design  and  operat ion of the  Langley  1/3-meter 
t ransonic   cryogenic   tunnel   and  descr ibes  some of the   r e sea rch  done i n   t h e  
tunne l   r e l a t ed   t o   va l ida t ion   o f   t he   c ryogen ic   w ind- tunne l   concep t .   A l so   p re -  
sen ted  are the   fu tu re   p l ans   fo r   t he   1 /3 -me te r   t unne l .  

A new fan-driven  high  Reynolds number t ransonic   c ryogenic   tunnel  is being 
p lanned   for   the   Uni ted   S ta tes .   This   tunnel ,   to   be  known as the   Na t iona l  
T ranson ic   Fac i l i t y ,  w i l l  t a k e   f u l l   a d v a n t a g e  of the   c ryogenic   concept   to   p ro-  
v i d e   a n   o r d e r  of magni tude   increase   in   Reynolds  number c a p a b i l i t y   o v e r   e x i s t i n g  
tunne l s .  Details of t h i s  new f a c i l i t y  w i l l  b e   g i v e n   i n  a subsequent  paper by 
D. Baals. 

2.  SYMBOLS 

cD 
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Speed  of  sound 

Chord of  two-dimensional a i r f o i l  

Mean geometr ic  chord 

Drag c o e f f i c i e n t  , Drag 
qs 



cL 

‘m 

L i f t   c o e f f i c i e n t ,  - L i f t  
qs 

Pitching-moment c o e f f i c i e n t ,  P i t c h i n g  moment 

qsc 

C 
P - P, 

P r e s s u r e   c o e f f i c i e n t ,  
P s, 

R Linear  dimension of model 

M Mach number 

P P res su re  

9 Dynamic p res su re ,   1 /2  pV 

R Reynolds  number, pVR/p 

2 

S Reference  wing area 

T Temperature 

V Veloc i ty  

X Linear  d imens ion  

a Angle  of  incidence 

1-( V i s c o s i t y  

P Densi ty  

Subscr ip ts :  

max Maximum 

min Minimum 

t Stagnat ion   condi t ions  

co Free  s tr eam 

3 .  THE CRYOGENIC CONCEPT 

The u s e  of  low t e m p e r a t u r e s   i n  wind tunne l s  w a s  f i r s t  proposed as a 
means of reducing  tunnel  drive-power  requirements a t  cons tan t   va lues   o f  test 
Mach number,  Reynolds  number,  and s tagnat ion   pressure .   Reynolds  number,  which, 
of  course, i s  t h e   r a t i o   o f   t h e   i n e r t i a   f o r c e   t o   t h e   v i s c o u s   f o r c e ,  is  given  by 
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Inertia f o r c e  - pV R 
Viscous   force  pVR 

2 2  
R =  - 

which  reduces  to  the well-known equat ion  

R =  pVR pMaR 
P 1-1 

- 

A s  the   t empera ture  is dec reased ,   t he   dens i ty  p i n c r e a s e s  and t h e   v i s c o s i t y  p 
decreases .  A s  can  be  seen  f rom  the  above  equat ions,   both  of   these  changes 
r e s u l t   i n   i n c r e a s e d  Reynolds  number.  With decreasing  temperature ,   the   speed  of  
sound a decreases .   For  a given Mach number, t h i s   r e d u c t i o n   i n   t h e   s p e e d  of 
sound r e s u l t s   i n  a r educed   ve loc i ty  V w h i c h ,   w h i l e   o f f s e t t i n g   t o  some e x t e n t  
the  Reynolds number i n c r e a s e   d u e   t o   t h e   c h a n g e s   i n  p and 1-1, provides  advan- 
t a g e s   w i t h   r e s p e c t   t o  dynamic p r e s s u r e ,   d r i v e  power,  and  energy  consumption. 

It is informative  to   examine  the  underlying  mechanism  through  which  changes 
i n   p r e s s u r e  and  temperature  influence  Reynolds number. To t h e   f i r s t   o r d e r  1-1 
and a are n o t   f u n c t i o n s  of p re s su re   wh i l e  p is d i r e c t l y   p r o p o r t i o n a l   t o  
pressure.   Thus,   increasing  pressure  produces  an  increase  in   Reynolds  number  by 
i n c r e a s i n g   t h e   i n e r t i a   f o r c e   w i t h  a commensurate i n c r e a s e   i n  model,  balance 
and s t i n g   l o a d s .   A l s o ,   t o   t h e   f i r s t   o r d e r ,  p T-1, V a TOo5,  and 1-1 a To.$. 
Thus,   decreasing  temperature leaves t h e   i n e r t i a   f o r c e  unchanged a t  a g iven  Mach 
number due   t o   t he   compensa t ing   e f f ec t s  of p and V2. The i n c r e a s e   i n  Reynolds 
number wi th   decreas ing   tempera ture  is t h u s   d u e   s t r i c t l y   t o   t h e   l a r g e   r e d u c t i o n  
i n   t h e   v i s c o u s   f o r c e  term as a r e s u l t  of t h e   c h a n g e s   i n  p and V wi th  
temperature.  

The e f f e c t  of a r e d u c t i o n   i n   t e m p e r a t u r e  on t h e   g a s   p r o p e r t i e s ,  test con- 
d i t i o n s ,  and d r i v e  power are i l l u s t r a t e d   i n   f i g u r e  1. For  comparison  purposes, 
a s tagnat ion   tempera ture  of  322 K (+120° F) for   normal   ambient   temperature   tun-  
n e l s  i s  assumed as a datum. It can   be   s een   t ha t   an   i nc rease   i n   Reyno lds  number 
by  more than  a f a c t o r  of 6 is obtained  with no i n c r e a s e   i n  dynamic p res su re  and 
wi th  a l a r g e   r e d u c t i o n   i n   t h e   r e q u i r e d   d r i v e  power. To ob ta in   such   an   i nc rease  
i n  Reynolds number w i t h o u t   i n c r e a s i n g   e i t h e r   t h e   t u n n e l   s i z e   o r   t h e   o p e r a t i n g  
p r e s s u r e   w h i l e   a c t u a l l y   r e d u c i n g   t h e   d r i v e  power is  e x t r e m e l y   a t t r a c t i v e  and 
makes the   c ryogenic   approach   to  a high  Reynolds number t r anson ic   t unne l  much 
more des i rab le   than   prev ious   approaches .  

3 .1  The  Advantages  of a Cryogenic  Tunnel 

3 .1 .1  Reduced Dynamic P res su re  and Drive Power 

For a s e l e c t e d   t u n n e l   s i z e  and  Reynolds number the   p rev ious ly   desc r ibed  
e f f e c t s  of   cryogenic   operat ion are m a n i f e s t e d   i n   l a r g e   r e d u c t i o n s   i n   t h e  
r e q u i r e d   t u n n e l   s t a g n a t i o n   p r e s s u r e   a n d ,   t h e r e f o r e ,   i n   l a r g e   r e d u c t i o n s   i n   b o t h  
t h e  dynamic p r e s s u r e   a n d   t h e   d r i v e  power.  These  reductions are i l l u s t r a t e d   i n  
f i g u r e  2, where  both  dynamic  pressure  and  drive power are shown as func t ions  of 
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s t agna t ion   t empera tu re   fo r  a constant  chord  Reynolds number* of 50 x l o 6  a t  
M, = 1 . 0   f o r  a tunnel   having a 2.5- by 2.5-m test s e c t i o n .  A s  t he   t unne l  
operat ing  t 'emperature  is r e d u c e d ,   t h e   l a r g e   r e d u c t i o n s   i n   b o t h  dynamic p res su re  
and d r i v e  power are c l e a r l y   e v i d e n t  and   provide   the   des i red   re l ie f   f rom  the  
ex t remely   h igh   va lues   tha t  would b e   r e q u i r e d   f o r  a p res su re   t unne l   ope ra t ing  a t  
normal  temperatures. Some o f   t he   spec i f i c   advan tages   r e su l t i ng   f rom  the   r educ -  
t i o n   i n  dynamic pressure  include  reduced  model  and ba lance  stresses, w i t h   t h e  
r e s u l t i n g   i n c r e a s e d  tes t  l i f t   c o e f f i c i e n t   c a p a b i l i t y ,   r e d u c e d   s t i n g   s i z e   f o r  a 
g i v e n   l i f t  which  reduces  st ing  interference  and  permits  more real is t ic  a f t   f u s e -  
lage  model ing,   and  an  increased stress marg in   fo r   ae roe la s t i c   ma tch ing .  

The l a r g e   r e d u c t i o n   i n   d r i v e  power  makes a f an -d r iven   t unne l   p rac t i ca l   even  
a t  th i s   h igh   Reynolds  number.  The r e s u l t i n g   e f f i c i e n c y  and  increased  run time 
provide  important   advantages re la t ive t o   i n t e r m i t t e n t   t u n n e l s ,   s u c h  as increased  
p roduc t iv i ty ,  improved  dynamic t e s t i n g   c a p a b i l i t y ,  and  reduced  operat ing  costs  
and to ta l   energy   consumpt ion   for   equa l   amounts   o f   t es t ing .  

An add i t iona l   advan tage  of a fan-driven  tunnel  is r e a l i z e d  by having  run 
times su f f i c i en t   t o   i n su re   t he   avo idance   o f   p rob lems   caused  by h e a t   t r a n s f e r  
between t h e  model  and t h e  stream. In   tunnels   where   the   f low is generated by 
expansion waves, spu r ious  scale e f f e c t s   d u e   t o   h e a t   t r a n s f e r   c a n   o n l y   b e   a v o i d e d  
by c o o l i n g   t h e  model to   the   expec ted   recovery   t empera ture   ( re f .  3 ) .  Such  prob- 
lems are avo ided   i n  a continuous-flow  tunnel  where  the  model is n e v e r   f a r  from 
the rma l   equ i l ib r ium  wi th   t he  stream. I n   g e n e r a l ,  no a d d i t i o n a l   t e s t i n g  time is 
r e q u i r e d   t o   a l l o w   t h e  model t o   ach ieve   t he rma l   equ i l ib r ium  s ince   t he   f l ow  in i -  
t i a t i o n   p r o c e s s  is  g radua l  and test cond i t ions  are no t  changed a b r u p t l y   i n  a 
f an-dr iven   tunnel .  

The advantages  of   the   cryogenic   concept   with  respect   to   reduced  dynamic 
p res su re  and  reduced  drive power are shown i n   f i g u r e  2 for   cons tan t   Reynolds  
number and cons t an t   t e s t - sec t ion   s i ze .   Fo r  a cons t an t   t unne l   s i ze ,   bo th   t he  
s h e l l   c o s t s ,  which may a c c o u n t   f o r  as much as two-thirds of t h e   t o t a l   c o s t  of a 
wind tunnel ,  and t h e   c o s t s  of t h e   d r i v e   s y s t e m   f o r   t h e   t u n n e l   v a r y   n e a r l y  
l i n e a r l y   w i t h   t h e  maximum s t agna t ion   p re s su re   o f   t he   t unne l .   The re fo re ,   fo r  
cond i t ions  of constant  Reynolds number and t u n n e l   s i z e ,   t h e   r e d u c t i o n   i n   t h e  
s t agna t ion   p re s su re   wh ich  is needed to   ach ieve   the   des i red   Reynolds  number a t  
c r y o g e n i c   t e m p e r a t u r e s   r e s u l t s   i n  a r e d u c t i o n   i n   c a p i t a l   c o s t s   e v e n  when t h e  
h i g h e r   c o s t s   o f   t h e   s t r u c t u r a l  materials which are s u i t a b l e   f o r   u s e  a t  cryogenic  
temperatures  is t aken   i n to   accoun t .  

I f   t h e   a t t a i n m e n t  of increased  Reynolds number i s  accomp.lished  by  increas- 
i n g   s t a g n a t i o n   p r e s s u r e ,   f o r  many conf igu ra t ions  a p res su re  limit is reached ' 

beyond  which t h e   l o a d s   o n   t h e  model w i l l  p r e c l u d e   t e s t i n g  a t  t h e   d e s i r e d   l i f t  
c o e f f i c i e n t .  With t h i s   i n  mind,   an  a l ternate   approach to t h e   d e s i g n  of a h igh  
Reynolds  tunnel i s  t o   e s t a b l i s h   t h e  maximum usable   p ressure   and   a l low  tunnel  
s i z e   t o   d e c r e a s e   w i t h   d e s i g n   t e m p e r a t u r e   i n   o r d e r   t o   a t t a i n   t h e   d e s i r e d   R e y n o l d s  

* 
For  consis tency  throughout   this   paper ,   Reynolds  number is based  on a wing 

chord   equal   to  0.1 t imes   t he   squa re   roo t   o f   t he   t e s t - sec t ion  area; for  wings  of 
small a s p e c t   r a t i o   t h e   a c t u a l   v a l u e s  may be  two o r   t h r e e  times the   va lue   g iven .  

1569 



number.  Under t h e s e   c o n d i t i o n s ,   t h e r e  is a very   s t rong   impact   o f   the   c ryogenic  
c o n c e p t   o n   c a p i t a l   c o s t   d u e   t o   t h e   l a r g e   r e d u c t i o n   i n   t u n n e l   s i z e   r e q u i r e d   f o r  
t he   a t t a inmen t  of a given  Reynolds number. 

A t  a cons tan t   p ressure ,   the   cos t  of t h e   t u n n e l   s h e l l  varies approximately 
wi th   the   cube   of   the   tunnel   s ize ,   whereas   the   cos t   o f   the   d r ive   sys tem varies 
approximate ly   wi th   the   square  of the   t unne l   s i ze .   Thus ,  a r e d u c t i o n   i n   t u n n e l  
s i z e  by a f a c t o r  of 5 o r  6 ,  which, as can   be   i n fe r r ed   f rom  f igu re  1, may b e  
r e a l i z e d  by ope ra t ing  a t  c ryogenic   t empera tures ,   represents  a s u b s t a n t i a l  
s a v i n g s   i n   c a p i t a l   c o s t s   o v e r   t h e  much larger   ambient- temperature   tunnel   which 
would be   r equ i r ed   t o   ach ieve   t he   des i r ed   Reyno lds  number a t  t h e  same s t a g n a t i o n  
pressure .  

3.1.2 Reduced Peak Power Demand and Total  Energy  Consumption 

Because  of  the  high  peak power  demands  of large  ambient- temperature   t ran-  
s o n i c   t u n n e l s ,   t h e   t u n n e l   d e s i g n e r   h a s ,   u p   u n t i l  now, been  forced  to  abandon 
the  convent ional   cont inuous-f low  tunnel  and adopt  some form  of   intermit tent   tun-  
ne l   u s ing   ene rgy   s to rage   t echn iques .  However, s i n c e  a f a n  is t h e  most e f f i c i e n t  
method  of d r i v i n g  a t u n n e l ,   t h e   r e d u c t i o n   i n   p e a k  power demand obtained by 
go ing   t o   conven t iona l   ene rgy   s to rage   t echn iques  i s  r e a l i z e d   o n l y  by accept ing  
an   i nc rease   i n   t o t a l   ene rgy   consumpt ion .  By r e d u c i n g   t h e   d r i v e  power requi re -  
ments t o  a leve l   where  a f a n   d r i v e   a g a i n  becomes p r a c t i c a l   e v e n   f o r   l a r g e   t u n -  
ne ls ,   the   c ryogenic   concept  makes a v a i l a b l e   n o t   o n l y   t h e  many t e c h n i c a l  advan- 
t ages  of the  convent ional   cont inuous-f low  tunnel   but ,  a t  t h e  same t i m e ,  r e s u l t s  
i n   s i g n i f i c a n t   r e d u c t i o n s   i n   t h e   t o t a l   e n e r g y  consumed dur ing  a test f o r  a g iven  
Reynolds number and s t a g n a t i o n   p r e s s u r e   ( r e f .  9) .  T h i s   r e d u c t i o n   i n   t o t a l -  
energy   requi rement   which   resu l t s   f rom  c ryogenic   opera t ion  is e s p e c i a l l y   s i g n i f i -  
c a n t   i n   t h i s   a g e  when the   conse rva t ion  of  energy is assuming  increasing 
importance. 

3.1.3  Unique  Operating  Envelopes 

I n   a d d i t i o n   t o   t h e   a d v a n t a g e s  of  reduced  dynamic  pressures  and  reduced 
drive-power  and  energy  requirements,   the  cryogenic  wind-tunnel  concept  offers 
the  aerodynamic  researcher  some unique  and  extremely  useful   operat ing  envelopes.  
For a given  model  orientation,  any  aerodynamic  coefficient is a f u n c t i o n   o f ,  
among o the r   t h ings ,  Mach number M y  Reynolds number R ,  and t h e   a e r o e l a s t i c   d i s -  
t o r t i o n  of t h e  model,  which is ,  i n   t u r n ,  a f u n c t i o n  of t h e  dynamic pressure  q .  
A cryogenic   tunnel   wi th   the   independent   cont ro l   o f  Mach number, temperature ,  and 
p res su re   has   t he   un ique   capab i l i t y   t o   de t e rmine   i ndependen t ly   t he   e f f ec t  of Mach 
number,  Reynolds  number,  and a e r o e l a s t i c   d i s t o r t i o n  on the  aerodynamic  charac- 
terist ics of t h e  model. 

To i l l u s t r a t e   t h e  manner i n  which t h i s  i s  accomplished, a cons t an t  Mach 
number opera t ing   envelope  is p r e s e n t e d   f o r  a cryogenic   t ransonic   p ressure   tun-  
ne l   having  a 2.5- by 2.5-m test s e c t i o n .  The  main  purpose of p re sen t ing   t he  
envelope is t o   i l l u s t r a t e   t h e   u n i q u e   t e s t i n g   c a p a b i l i t y   a v a i l a b l e   i n  a cryogenic  
tunnel .  However, t h e   s i z e  of t h e   t u n n e l  and the   r anges  of  temperature,   pres- 
su re ,  and Mach number have   been   s e l ec t ed   t o   r ep resen t   t he   an t i c ipa t ed   cha rac t e r -  
istics of the   p roposed   Nat iona l   Transonic   Fac i l i ty .  
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The  constant Mach number operating  envelope  showing  the  range  of  dynamic 
p res su re  and  Reynolds number a v a i l a b l e   f o r   s o n i c   t e s t i n g  is p r e s e n t e d   i n   f i g -  
u r e  3.  The envelope is bounded  by t h e  maximum tempera ture   boundary   ( taken   in  
t h i s  example t o   b e  340 K ) ,  t h e  minimum temperature   boundary  (chosen  to   avoid 
s a t u r a t i o n  a t  f r ee - s t r eam  cond i t ions ) ,   t he  m a x i m u m  pressure  boundary (8.8 a t m ) ,  
and t h e  minimum pressure  boundary (0.5 atm).  With  such an o p e r a t i n g   c a p a b i l i t y ,  
i t  is poss ib le ,   for   example ,   to   de te rmine  a t  a cons tan t  Mach number t h e   t r u e  
e f f e c t  of  Reynolds number on the   ae rodynamic   cha rac t e r i s t i c s  of t h e  model  with- 
out  having  the  results  influenced  by  changing  model  shape  due  to  changing 
dynamic  pres,sure, as is  t h e  case i n  a convent iona l   p ressure   tunnel .   (There  w i l l  
be  a s l i g h t   v a r i a t i o n  of t h e  modulus  of e l a s t i c i t y  E of  most  model materials 
with  temperature .  To c o r r e c t   f o r   t h i s   v a r i a t i o n   i n  E,  t h e  dynamic  pressure q 
may b e   v a r i e d  by v a r y i n g   t o t a l   p r e s s u r e  s o  t h a t   t h e   r a t i o  q/E remains   cons tan t  
over  the  Reynolds number r a n g e . )   T h i s   a b i l i t y   t o  make pure  Reynolds number 
s t u d i e s  is  of p a r t i c u l a r   i m p o r t a n c e ,   f o r  example, i n   r e s e a r c h   o n   t h e   e f f e c t s  of 
t h e   i n t e r a c t i o n  between the  shock  and  the  boundary  layer.  A s  i nd ica t ed   on   t he  
e n v e l o p e ,   p u r e   a e r o e l a s t i c   s t u d i e s  may be made under   condi t ions  of cons tan t  
Reynolds  number. In   addi t ion ,   combina t ions  of R and q can   be   es tab l i shed  
t o   r e p r e s e n t   a c c u r a t e l y   t h e   v a r i a t i o n s   i n   f l i g h t  of a e r o e l a s t i c   d e f o r m a t i o n  and 
changes i n  Reynolds number w i t h   a l t i t u d e .  S i m i l a r  envelopes are, of  course,  
a v a i l a b l e   f o r   o t h e r  Mach numbers. I n   a d d i t i o n   t o   t h e   c o n s t a n t  Mach number 
operat ing  envelope,  two other   types  of   envelopes are a v a i l a b l e   i n  a p res su re  
tunnel   capable   o f   c ryogenic   opera t ion .   These  are the  constant   Reynolds  number 
envelope and t h e   c o n s t a n t  dynamic pressure  envelope.   These  envelopes  have  been 
descr ibed   e l sewhere   ( re f .  8) and w i l l  n o t   b e   d i s c u s s e d   f u r t h e r   i n   t h i s   p a p e r .  
From the   aerodynamic   research   po in t  of view, t h e  most a t t rac t ive  f e a t u r e  of t h e  
cryogenic   tunnel  is t h e   a b i l i t y   t o   i s o l a t e  and s tudy   i ndependen t ly   t he   e f f ec t s  
of  Reynolds  number, Mach number,  and a e r o e l a s t i c i t y .  The a b i l i t y   t o   i s o l a t e  
t h e s e   e f f e c t s  is e x t r e m e l y   d e s i r a b l e ,   s i n c e   b o t h   a e r o e l a s t i c i t y  and  Reynolds 
number can  produce  profound  effects   on c r i t i c a l  aerodynamic  phenomena,  such as 
shock  boundary-layer   interact ions.  

3.2 Real-Gas S tud ie s  

In   the  cryogenic   tunnel   concepts   developed a t  Langley,   the  test gas  is 
n i t r o g e n   r a t h e r   t h a n  a i r .  Since  1972,   an  extensive  s tudy  has   been made by 
r e s e a r c h e r s  a t  Lang ley   t o   eva lua te   any   poss ib l e   adve r se   r ea l -gas   e f f ec t s  on 
aerodynamic  data   taken a t  cryogenic   temperatures .  The s tud ie s   have   been   d iv ided  
i n t o  two p a r t s .  The f i r s t   p a r t   h a s   l o o k e d  a t  t h e   e f f e c t  of thermal   and   ca lor ic  
imperfect ions  on  the  isentropic   expansion  and  normal-shock  f low  propert ies   for  
t h e  real gas ,   n i t rogen ,  as compared to   an   i dea l   d i a tomic   gas .   These   s tud ie s  
have shown t h a t   f o r   p r e s s u r e s  up to 5 atmospheres  or so  the   behav io r  of n i t r o g e n  
a t  c ryogenic   t empera tures   can   be   cons idered   to   be   the  same f o r  a l l  p r a c t i c a l  
purposes as the   behav io r  of a n   i d e a l   g a s .   P o r t i o n s  of t h i s   p a r t  of t he   r ea l -gas  
s tud ie s   have   been   r epor t ed   i n   r e f e rence   10  and w i l l  n o t   b e   d i s c u s s e d   f u r t h e r   i n  
t h i s   p a p e r .  

The second  par t   o f   the   rea l -gas   s tud ies   has   been   concerned   wi th   de te rmining  
t h e  minimum usab le   s t agna t ion   t empera tu re .  When t e s t i n g  a t  cryogenic  tempera- 
t u r e s ,  i t  i s  h i g h l y   d e s i r a b l e   t o   t a k e  maximum possible  advantage  of  reduced tem-  
p e r a t u r e   i n   o r d e r   t o  increase test  Reynolds  number. A s  can  be  seen  f rom 
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f i g u r e  4, the   changes   in   Reynolds  number pe r   deg ree   Ke lv in   change   i n   s t agna t ion  
temperature   approaches 2% a t  the  lower  temperatures .  An a d d i t i o n a l   i n c e n t i v e  
t o   o p e r a t e  a t  lower  temperatures is t h e   r e d u c t i o n   i n   f a n - d r i v e  power and a n  
a t t e n d a n t   r e d u c t i o n   i n   t h e  amount o f   l i q u i d   n i t r o g e n   r e q u i r e d   f o r   c o o l i n g .  

E a r l y   t h e o r e t i c a l   s t u d i e s   o f   t h e  minimum opera t ing   tempera ture  were based 
on   the   assumpt ion   tha t   condensa t ion  of t h e  stream must  be  avoided  under  the  most 
a d v e r s e   f l o w   c o n d i t i o n s   e x i s t i n g   i n   t h e  test sect ion.   Condensat ion is most 
l i k e l y   t o   b e g i n   i n   t h e   h i g h   l o c a l  Mach number r e g i o n   o v e r   t h e  model  being  tested 
where t h e   p r e s s u r e  of t h e   g a s  i s  a t  a minimum. Under the   a s sumpt ion   t ha t   t he  
gas  is i n  s ta t ic  equ i l ib r ium at  t h i s  low p res su re ,  i t  can   be  shown t h a t   l i q u e -  
f a c t i o n  of t h e  stream w i l l  beg in  when the   t empera tu re   a s soc ia t ed   w i th   t he  low- 
pressure   reg ion   jus t   matches   the   sa tura ted   vapor   t empera ture .   Thus ,   under   the  
assumpt ion   tha t   condensa t ion   mus t   be   avoided ,   there  exists f o r  a given  stagna- 
t i o n   p r e s s u r e  and temperature  a m a x i m u m  l o c a l  Mach number which  must  not  be 
exceeded . 

A s  noted   in   re fe rence   7 ,   the   assumpt ions  made f o r   t h e   e a r l y   l o o k  a t  mini- 
mum opera t ing   tempera ture  were recognized as overly  conservative.   Based  on 
t h e o r e t i c a l   c o n s i d e r a t i o n s  as w e l l  as on   expe r imen ta l   r e su l t s   ( s ee   r e f s .  11 and 
12)  i t  is  apparent   tha t   t empera tures   cons iderably   lower   than   those   based   on  
maximum l o c a l  Mach number cons idera t ions   can ,   under   cer ta in   c i rcumstances ,   be  
used  and s t i l l  avo id   any   e f f ec t s  of   condensat ion  on  the  data .  

4. THE LANGLEY 1/3"ETER TRANSONIC CRYOGENIC TUNNEL 

Fol lowing  the  successful   complet ion  of   the low-speed tunne l  work descr ibed  
i n   r e f e r e n c e s  7 and 8, i t  w a s  dec ided   t o   cons t ruc t  a r e l a t i v e l y  small continuous- 
f low  fan-dr iven   t ransonic   p ressure   tunnel   in   o rder   to   ex tend   the   des ign   and  
o p e r a t i o n a l   e x p e r i e n c e   t o   t h e   p r e s s u r e  and speed  range  contemplated  for  a l a r g e  
high  Reynolds number f a c i l i t y .  The p u r p o s e s   e n v i s i o n e d   f o r   t h e   p i l o t   t r a n s o n i c  
c ryogenic   tunnel  were t o   d e m o n s t r a t e   i n   c o m p r e s s i b l e   f l o w   t h a t   t h e   r e s u l t s  
obtained when Reynolds number is increased  by reducing  temperature  are equiva- 
l e n t   t o   t h o s e   o b t a i n e d  when Reynolds number is increased  by inc reas ing   p re s su re ,  
to   de te rmine   exper imenta l ly   any   l imi ta t ions  imposed by l i q u e f a c t i o n ,   t o   v e r i f y  
engineer ing  concepts   with a real is t ic  tunne l   con f igu ra t ion ,   and   t o   p rov ide   add i -  
t i ona l   ope ra t iona l   expe r i ence .   Des ign  of t he   t r anson ic   t unne l   began   i n  December 
1972  and i n i t i a l   o p e r a t i o n   b e g a n   i n  September  1973. 

4 .1   Descr ipt ion  of   the  Tunnel  

The tunne l  is a s ingle- re turn   fan-dr iven   tunnel   wi th  a s l o t t e d ,   o c t a g o n a l  
test sect ion  measuring  34 cm from f l a t   t o   f l a t .  A s k e t c h   o f   t h e   t u n n e l   c i r c u i t  
i s  shown i n   f i g u r e  5. The f a n  is d r iven  by a 2.2"W  variable-frequency  motor 
which is capable  of o p e r a t i n g   t h e   t u n n e l  a t  Mach numbers  from  about  0.05 t o  
about 1.3 a t  s t a g n a t i o n   p r e s s u r e s   f r o m   s l i g h t l y   g r e a t e r   t h a n  1 a t m  t o  5 a t m  
over a s tagnat ion  temperature   range  f rom  about  77 K t o  350 K. A s  w a s  t h e  case 
wi th   t he  low-speed t u n n e l   d e s c r i b e d   i n   r e f e r e n c e s  7 and 8, the  wide  range  of  
opera t ing   tempera tures  i s  obtained by sp ray ing   l i qu id   n i t rogen  (LN2) d i r e c t l y  

1572 



i n t o   t h e   t u n n e l   c i r c u i t   t o   c o o l   t h e   s t r u c t u r e  and t h e   g a s  stream and t o  remove 
t h e   h e a t  of compression  added t o   t h e  stream by t h e   d r i v e   f a n .  

A l though   t he   t e s t - sec t ion   w id th  i s  only 34 cm, the   combinat ion of a pres- 
s u r e  of 5 a t m  and c ryogen ic   capab i l i t y   p rov ides  a chord  Reynolds number of  over 
10 x l o 6  a t  M, = 1, which is equ iva len t   t o   an   ambien t   t unne l   hav ing  a test 
s e c t i o n   g r e a t e r   t h a n  7 m by 7 m. The range of operat ing  temperature   and  pres-  
su re   a l so   p rov ides   t he   oppor tun i ty   o f   i nves t iga t ing   i ndependen t ly   t he   e f f ec t s  
of  temperature  and  pressure  over  almost a five-to-one  range of Reynolds number. 
A more d e t a i l e d   d e s c r i p t i o n  of the  Langley 1/3-meter t ransonic   c ryogenic   tunnel  
and its anc i l la ry   equipment   can   be   found  in   re fe rence   13 .  

4 .2   Experimental   Resul ts  From the  Langley 1/3-Meter Transonic  Cryogenic  Tunnel 

Two types   o f   exper imenta l   da ta  are being  obtained  f rom  the  t ransonic   cryo-  
genic   tunnel .  The f i r s t   t y p e  relates t o   t h e   o p e r a t i o n  and  performance  of  the 
t u n n e l   i t s e l f .  The d a t a   f o r   t h e  most p a r t   c o n s i s t  of t h e   u s u a l   t u n n e l   c a l i b r a -  
t i on   i n fo rma t ion   bu t   w i th   pa r t i cu la r   emphas i s   be ing   p l aced   on   i den t i fy ing  any 
p r o b l e m s   r e l a t e d   e i t h e r   t o   t h e  method  of c o o l i n g   o r   t o   t h e   w i d e   r a n g e  of operat-  
ing  temperature .  

The   major   conc lus ions   wi th   respec t   to   opera t ion  and  performance t o   b e  made 
a f t e r   a l m o s t  600 hours  of running a t  cryogenic   temperatures  are  as fo l lows:  

1. Purging,  cooldown,  and warmup times are accep tab le  and  can  be  pre- 
d i c t e d   w i t h  good accuracy. 

2. L iqu id   n i t rogen   r equ i r emen t s   fo r  cooldown  and running   can   be   p red ic ted  
wi th  good accuracy. 

3 .  Cool ing   w i th   l i qu id   n i t rogen  is p r a c t i c a l  a t  t h e  power levels r equ i r ed  
f o r   t r a n s o n i c   t e s t i n g .  T e s t  temperature  is e a s i l y   c o n t r o l l e d  and  good  tempera- 
t u r e   d i s t r i b u t i o n   o b t a i n e d  by us ing  a s imple   n i t rogen   i n j ec t ion   sys t em.  

condi t ions .  
4. Tes t - sec t ion   f low  qua l i ty  i s  good o v e r   t h e   e n t i r e   r a n g e  of ope ra t ing  

The exper imenta l   da ta  on which  these  conclusions are based as w e l l  as o t h e r  
i n f o r m a t i o n   r e l a t e d   t o   t h e   o p e r a t i o n a l  and  performance  character is t ics   of   the  
Langley 1/3-meter t r anson ic   c ryogen ic   t unne l   have   been   r epor t ed   i n   r e f e rences  
13, 14,  and 15 and w i l l  n o t   b e   d i s c u s s e d   f u r t h e r   i n   t h i s   p a p e r .  

I n   a d d i t i o n   t o   t h e   e x p e r i m e n t a l   r e s u l t s   r e l a t e d   t o   t h e   o p e r a t i o n a l  and 
per formance   aspec ts   o f   the   c ryogenic   tunnel ,   there   have   been  a series of aero- 
dynamic  experiments  primarily aimed a t  d e t e r m i n i n g   t h e   v a l i d i t y  and p r a c t i c a l i t y  
of the   c ryogenic   concept   in   compress ib le   f low.   In   the   fo l lowing   sec t ions  w i l l  
be   p re sen ted  some o f   t h e   r e s u l t s   o f   t h e s e   v a l i d a t i o n   e x p e r i m e n t s .  

4.2.1  Two-Dimensional A i r f o i l  Tests 

Based  on t h e   r e a l - g a s   s t u d i e s  of r e f e r e n c e   1 0 ,   t h e r e  is l i t t l e  doub t   t ha t  
a i r f o i l   p r e s s u r e   d i s t r i b u t i o n s  measured f o r   g i v e n   v a l u e s  of  Reynolds number and 
Mach number should   be   the  same at  cryogenic  and  ambient  temperature  conditions.  
However, i n   o r d e r   t o   p r o v i d e   e x p e r i m e n t a l   v e r i f i c a t i o n  of t h i s   e q u i v a l e n c e ,   t h e  
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p r e s s u r e   d i s t r i b u t i o n   o n  a two-dimensional a i r f o i l   h a s   b e e n  measured i n   t h e  
Langley   1 /3-meter , t ransonic   c ryogenic   tunnel  a t  ambient  and  cryogenic  tempera- 
tu res   under   condi t ions  of constant   Reynolds  number and Mach number. 

A modified NACA 0012-64 a i r f o i l   h a v i n g  a 13.72-cm chord w a s  used f o r   t h e  
two-dimensional a i r f o i l   p r e s s u r e  tests. The a i r f o i l  spanned  the  octagonal  test  
s e c t i o n  and was f a s t e n e d   t o   t h e  walls i n  such a way tha t   i nc idence   cou ld   be  
va r i ed .  An a i r f o i l  somewhat l a r g e r   t h a n  would n o r m a l l y   b e   t e s t e d   i n   t h i s   s i z e  
tunne l  w a s  s e l e c t e d   i n   o r d e r   t o   a l l o w   f o r  more a c c u r a t e  model cons t ruc t ion ,  a 
reasonable  number o f   p r e s s u r e   o r i f i c e s ,  and  higher  chord  Reynolds number.  The 
f a c t   t h a t   t h e   r e l a t i v e l y   h i g h   r a t i o  o f   cho rd   t o   t unne l   he igh t   migh t   r e su l t   i n  
wa l l - induced   i n t e r f e rence  w a s  o f   no   par t icu lar   concern   s ince   the  tests were 
being made o n l y   t o   d e t e r m i n e   w h e t h e r   t h e   a i r f o i l   p r e s s u r e   d i s t r i b u t i o n  was 
modified i n  any way b y . r e a 1 - g a s   e f f e c t s   a s s o c i a t e d   w i t h   t e s t i n g  a t  cryogenic  
temperatures .  The p res su re   d i s t r ibu t ion   da t a   shou ld   t he re fo re   be   l ooked  a t  
from  the  point  of  view  of  agreement  or  lack  of  agreement  between  data  obtained 
a t  ambient   and  cryogenic   condi t ions  and  the  resul ts   used  only as an   i nd ica t ion  
of t he   va l id i ty   o f   t he   c ryogen ic   concep t .  The c o n d i t i o n s   s e l e c t e d   t o   i n s u r e  a , 

v a l i d  and c r i t i c a l  c ryogenic   eva lua t ion  were: 

1. Ambient  and cryogenic   temperature  tests were made i n   t h e  same tunne l  

2.  The a i r f o i l  w a s  t e s t e d   w i t h   f r e e   t r a n s i t i o n   t o   a l l o w  any   poss ib le  

3.  The symmetrical a i r f o i l  w a s  t e s t e d  a t  ze ro   i nc idence   t o   e l imina te   any  

on   t he  same model a t  t h e  same Mach number and  Reynolds  number. 

t empera tu re   e f f ec t  on  boundary-layer  development. 

shape or incidence  change  due  to   the  dynamic-pressure  differences  between  the 
ambient  and  cryogenic  temperature  conditions.  

edge   of   typ ica l   near -sonic   t ranspor t   des igns .  
4 .  Free-stream Mach number exceeded t h e  Mach number normal t o   t h e   l e a d i n g  

A compar ison   of   the   p ressure   d i s t r ibu t ion   for   ambient   and   c ryogenic  tem- 
p e r a t u r e  tests a t  free-s t ream Mach numbers  of 0.75 and 0.85 are shown i n   f i g -  
u r e  6 .  For   th i s   compar ison ,   the  same chord  Reynolds number w a s  obtained a t  
each  temperature  and  constant Mach number by   an   appropr ia te   ad jus tment  of pres- 
sure   wi th   t empera ture .  A s  can  be  seen,   there  is  excel lent   agreement  a t  both 
Mach numbers  between t h e   p r e s s u r e   d i s t r i b u t i o n s   o b t a i n e d  a t  ambient  and  cryo- 
genic   condi t ions .   This  i s  cons ide red   t o   be  a v a l i d   c h e c k   i n  view of t h e   l a r g e  
v a r i a t i o n   i n   t h e   g a s   p r o p e r t i e s   o v e r   t h i s   l a r g e   t e m p e r a t u r e  and pressure   range .  
I n   a d d i t i o n ,   t h i s   a g r e e m e n t  i s  p a r t i c u l a r l y   s i g n i f i c a n t   w i t h   r e g a r d   t o   s e t t i n g  
tunnel   condi t ions  when o n e   c o n s i d e r s ,   f o r   e x a m p l e ,   t h e   l a r g e   v a r i a t i o n  of t h e  
speed of  sound w i t h   t e m p e r a t u r e   a n d   t h e   s e n s i t i v i t y   o f   t h e   a i r f o i l   p r e s s u r e  
d i s t r i b u t i o n   t o   c h a n g e s   i n  Mach number. 

The d i s t r i b u t i o n  a t  M, = 0.85 is of   perhaps   g rea te r   s ign i f icance   s ince  
t h e   p r e s s u r e   d i s t r i b u t i o n  shows the   f l ow  to   be   supe r son ic   ove r  a l a r g e   p o r t i o n  
o f   t h e   a i r f o i l ,   r e a c h i n g  a l o c a l  Mach number of   about   1 .22   jus t   ahead  of t h e  
s t rong   recompress ion   shock .   This   type   o f   f low,   typ ica l   o f   supercr i t ica l   f lows ,  
should  be  extremely  sensi t ive  to   any  anomalous  behavior   of   the  test  g a s   d u e   t o  
ope ra t ion  a t  cryogenic   temperatures .  The a lmost   per fec t   agreement   in   the   p res -  
s u r e   d i s t r i b u t i o n s   p r o v i d e s   e x p e r i m e n t a l   c o n f i r m a t i o n   t h a t   n i t r o g e n  a t  cryogenic  
tempera tures   behaves   l ike  a p e r f e c t   g a s  and is t h e r e f o r e  a v a l i d   t r a n s o n i c  test 
gas  as p red ic t ed  by t h e   r e a l - g a s   s t u d i e s .  
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4.2.2  Three-Dimensional  Model Tests 

Three-dimensional  model tests have  been made i n   t h e   t r a n s o n i c   c r y o g e n i c  
tunnel   on  a delta-wing  model  with a sha rp   l ead ing   edge ,   an   a spec t   r a t io  of  1.07, 
and a sweep of 75'. The o v e r a l l   l e n g t h  of t h e  model w a s  20 cm and t h e  m a x i m u m  
span w a s  10.4 cm. 

The purpose  of  the  three-dimensional  model tests were ( 1 )   t o   i n v e s t i g a t e  
any p o s s i b l e   e f f e c t s  of t e s t i n g  a t  cryogenic  temperatures  on  the  aerodynamic 
c h a r a c t e r i s t i c s   o f  a conf igura t ion   having   f low  charac te r ized  by a separa t ion-  
induced  leading-edge  vortex,  and  (2) t o   o b t a i n   e x p e r i e n c e  a t  cryogenic  tem- 
p e r a t u r e s   w i t h   a n   e l e c t r i c a l l y   h e a t e d   i n t e r n a l   s t r a i n - g a g e   b a l a n c e  and t h e  
accompanying s t i n g ,   s u p p o r t i n g   s t r u t ,  and  angle-of-attack  measuring  device.  
(S imi la r  tests w i t h   s a t i s f a c t o r y   r e s u l t s  had  been made p rev ious ly  i n  t h e  low- 
speed  cryogenic   tunnel  a t  Langley  with a water -hea ted   ba lance   and   the   resu l t s  
r e p o r t e d   i n   r e f e r e n c e  8.) 

The r e s u l t s  show tha t   f lows   wi th   l ead ing-edge   vor tex   e f fec ts  are dupl i -  
ca ted   p roper ly  a t  cryogenic   temperatures .  

An example  of t h e   r e s u l t s  which  have  been  obtained  on  the  delta-wing  model 
and r e p o r t e d   i n   r e f e r e n c e   1 6  are p r e s e n t e d   i n   f i g u r e  7 which  shows t h e   v a r i a -  
t ion   o f   p i tch ing-moment ,   d rag ,   and   l i f t - force   coef f ic ien ts   wi th   angle   o f   a t tack  
a t  both  ambient   and  cryogenic   temperatures   for  a Mach. number of 0.8. The cir-  
cu lar   symbols   ind ica te   exper imenta l   resu l t s   ob ta ined  a t  a s t a g n a t i o n   p r e s s u r e  
of 4.6 atrn and a t  a s tagnat ion   tempera ture  of about  301 K. The square  symbols 
are da ta   t aken  at a s t a g n a t i o n   p r e s s u r e  of 1 . 2  a t m  and a t  a s t a g n a t i o n  tempera- 
t u r e  of  114 K. The  Reynolds  number,  based  on mean geometric  chord,  w a s  
8.5 x l o 6  f o r   b o t h  sets of   da ta .  A s  can   be   seen ,   there  is  good  agreement 
between  the  experimental   resul ts   obtained a t  ambient  and  cryogenic  temperatures. 

The  three-dimensional   model   resul ts   provide  addi t ional   evidence  that   cryo-  
gen ic   n i t rogen  is a v a l i d  test gas  even  under  conditions of separated  and 
r ea t t ached   (vo r t ex )   f l ow.   In   add i t ion ,   t he re   has   been  no i n d i c a t i o n  of  any 
major  problem areas assoc ia ted   wi th   ob ta in ing   angle-of -a t tack   or   s t ra in-gage  
balance  measurements a t  cryogenic  temperatures.  

5. FUTURE PLANS 

I n   a d d i t i o n   t o   b e i n g   u s e d   t o   v e r i f y   t h e   v a l i d i t y  of the   c ryogenic  wind- 
tunnel  concept  and  providing more than  600 hours  of e x p e r i e n c e   i n   t h e   o p e r a t i o n  
of a fan-driven  cryogenic   tunnel ,   the   1/3-meter   tunnel  is be ing   used   for   aero-  
dynamic r e sea rch  i n  several areas where   e i the r   t he   ve ry   h igh   un i t   Reyno lds  num- 
ber  (R/m 2 3 x lo8 a t  M, = 1) o r   t h e  25 t o  1 range  of  Reynolds number i s  
requi red .  Some o f   t h e   f u t u r e   p l a n s   f o r   t h i s   u n i q u e   f a c i l i t y  are shown i n   t h e  
s k e t c h   p r e s e n t e d   i n   f i g u r e  8 and   desc r ibed   i n   t he   fo l lowing   s ec t ions .  
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5.1 Two-Dimensional T e s t  Sec t ion  

B e c a u s e   o f   t h e   r e n e w e d   i n t e r e s t   i n   a i r f o i l   r e s e a r c h   a n d   t h e   s e n s i t i v i t y  of 
many o f   t he   advanced   a i r fo i l s   t o   Reyno lds  number, a two-dimensional   tes t -sect ion 
leg   has   been   cons t ruc ted   and  is b e i n g   i n s t a l l e d   i n   t h e   L a n g l e y   t r a n s o n i c   c r y o -  
genic   tunnel .  The f l o o r  and c e i l i n g   o f   t h e  20- by 60-cm test s e c t i o n  are 
s l o t t e d  and  there  is p r o v i s i o n   f o r   s i d e w a l l   s u c t i o n  near t h e  model as w e l l  as 
removal   of   the   s idewall   boundary  layer   just   ahead  of   the  model .  

P r e s s u r e   o r i f i c e s  on  the  model  and a wake survey   device  w i l l  be   u sed   t o  
p rov ide   t he  test  d a t a .   I n   a d d i t i o n ,  a sch l i e ren   sys t em is provided   to   a l low 
f o r   v i s u a l   o b s e r v a t i o n   o f   t h e   f l o w   f i e l d .   T h i s  new t e s t - s e c t i o n   l e g  w i l l  pro- 
v i d e  a unique   fac i l i ty   for   fundamenta l   f lu id-dynamics   research  and a i r . f o i 1  
development a t  test Reynolds  numbers  of  up t o   5 0   m i l l i o n   o n  a two-dimensional 
a i r f o i l   h a v i n g  a 15-cm chord. 

5 .2   Se l f - s t reaml in ing  Two-Dimensional Test Sec t ion  

A two-dimens iona l   se l f - s t reaml in ing   f lex ib le -wal l   t es t - sec t ion   leg  is  
be ing   des igned   fo r   t he  1/3-meter tunnel   based  on  the work  by  Goodyer  and 
coworkers a t  t h e   U n i v e r s i t y  of  ,Southampton.  (See r e f s .  17  and 1 8 . )   I n i t i a l l y ,  
t h e  test s e c t i o n  w i l l  be   u sed   fo r   t e s t ing  ‘tn flows  where  the Mach number a t  t h e  
walls never   exceeds  uni ty .  By permi t t ing   increased   chord   l ength ,   the   f lex ib le -  
wall test s e c t i o n  w i l l  a l l ow  t e s t ing   unde r   i n t e r f e rence - f r ee   cond i t ions  a t  
chord  Reynolds  numbers  approaching  100  million. 

5.3  Magnetic  Suspension  and  Balance  System 

The r e d u c t i o n   i n  model  loads made p o s s i b l e  by the  cryogenic   wind-tunnel  
concept   and   the   reduct ion   in   the   s ize  of t h e   c o i l s   u s e d   i n  a magnetic  suspen- 
s i o n  and  balance  system made p o s s i b l e  by superconductor  technology makes t h e  
combination  of  these two concepts   an a t t rac t ive  means  of providing  high  Reynolds 
number test c a p a b i l i t y   f r e e  f rom  suppor t   in te r fe rence .   In   such  a f a c i l i t y ,  i t  
w i l l  b e   p o s s i b l e   t o  test f r e e  of s u p p o r t   i n t e r f e r e n c e   e f f e c t s  as w e l l  as t o  
determine  the  magnitude of such   e f f ec t s  by d i r ec t   compar i son   w i th   da t a   ob ta ined  
by using  conventional  model  support   systems. The demonstrated ease and r a p i d i t y  
with  which  the  or ientat ion  of   the model may be  changed  with  the  magnetic  sus- 
pens ion   sys tem  whi le   keeping   the   model   in   the   cen ter   o f   the  test s e c t i o n  w i l l .  
f a c i l i t a t e   t h e   r a p i d   a c q u i s i t i o n  of the  aerodynamic  data  which is a d e s i r a b l e  
f e a t u r e  of  any  high  Reynolds number tunne l .   I n   add i t ion ,   t he  re t r ieval  of t h e  
model  from t h e  test  sec t ion   o f  a cryogenic   tunnel   for   model   conf igura t ion  
changes would be a s imple   ope ra t ion   w i th  a magnetic-suspension and ba lance  
system. 

Because  of  the many advantages  offered by a magnetic-suspension.and  balance 
system, NASA has   suppor t ed   fo r  several years  both  in-house  and  sponsored 
r e s e a r c h   i n   t h i s  area. Signif icant   accomplishments   resul t ing  f rom NASA spon- 
sored   research   inc lude   the   deve lopment  of an   e l ec t romagne t i c   pos i t i on   s enso r  
a t  the  Aerophysics   Laboratory  of   the  Massachuset ts   Inst i tute   of   Technology 
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(ref.   19)  and  the  development  of an all-superconductor  magnetic-suspension and 
ba lance   sys tem  for   aerodynamic   t es t ing  at the   Resea rch   Labora to r i e s   fo r   t he  
Engineering  Sciences a t  t h e   U n i v e r s i t y   o f   V i r g i n i a   ( r e f .  20). 

A d d i t i o n a l   s t u d i e s  are be ing  made a t  both  Langley  and  the  University of 
V i r g i n i a   w i t h   t h e  aim of b u i l d i n g  a six-component  superconducting  magnetic  sus- 
pens ion   and   ba lance   sys tem  to   be   used   in   conjunct ion   wi th   an   in te rchangeable  
t e s t - s e c t i o n   l e g   f o r   t h e   L a n g l e y  1/3-meter t r anson ic   c ryogen ic   t unne l   ( r e f .  2 1 ) .  
Curren t   p lans  are f o r   t h e  test s e c t i o n , o f   t h i s   l e g   t o   b e   o c t a g o n a l   i n   c r o s s  
sect ion  and  to   measure  approximately 0.45 m from f l a t   t o   f l a t .  The combination 
of 5 a tmospheres   opera t ing   pressure   and   c ryogenic   t empera tures  w i l l  r e s u l t   i n  
test  Reynolds  numbers  of  about  15  million. 

6 .  CONCLUDING REMARKS 

Based  on t h e o r e t i c a l   s t u d i e s  and  experience  with a low-speed cryogenic  
tunnel   and  with  the  Langiey  1/3-meter   t ransonic   cryogenic   tunnel ,   the   cryogenic  
concept  has  been shown t o   o f f e r  many advan tages   w i th   r e spec t   t o   t he   a t t a inmen t  
of ful l -scale   Reynolds  number a t  reasonable  levels of  dynamic p r e s s u r e   i n  a 
ground-based f a c i l i t y .  The unique modes  of operation  which are a v a i l a b l e   o n l y  
i n  a pressur ized   c ryogenic   tunnel  make p o s s i b l e   f o r   t h e   f i r s t  time the  separa-  
t i o n  of Mach number, Reynolds  number,  and a e r o e l a s t i c   e f f e c t s .  By r educ ing   t he  
dr ive-power  requirements   to  a leve l   where  a convent ional   fan-dr ive  system may 
be  used,   the   cryogenic   concept  makes p o s s i b l e  a tunne l   w i th   h igh   p roduc t iv i ty  
and  run times s u f f i c i e n t l y   l o n g   t o   a l l o w   f o r  a l l  types  of  tests a t  reduced 
c a p i t a l   c o s t s ,  and for   equa l   amounts   o f   t es t ing ,   reduced   to ta l   energy  consump- 
t ion   in   compar ison   wi th   o ther   tunnel   concepts .  
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Figure  1. E f f e c t  of   temperature   Figure 3 .  Constant Mach number oper- 
r educ t ion   on   t he   gas   p rope r t i e s ,   a t i ng   enve lope   fo r   c ryogen ic   n i t ro -  
test cond i t ions ,  and d r i v e  power.  gen  tunnel. 
M, = 1.0; c o n s t a n t   s t a g n a t i o n  
p res su re  and t u n n e l   s i z e .  
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Figure  2. E f f e c t  of temperature  F igure  4 .  Change i n  Reynolds num- 
reduction  on  dynamic  pressure b e r   p e r  1" change i n   s t a g n a t i o n  
and d r i v e  power. temperature .  
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t ransonic   c ryogenic  tunnel. 

I 

1581 





DESIGN  CONSIDERATIONS  OF THE NATIONAL 

TRANSONIC  FACILITY 

Donald D. Baals 
J o i n t   I n s t i t u t e   f o r  Advancement of   F l igh t   Sc iences  

The  George  Washington  University 

SUMMARY 

The c u r r e n t   i n a b i l i t y  of e x i s t i n g  wind tunnels   to   p rovide   aerodynamic  test 
d a t a  a t  t ransonic   speeds  and  f l ight   Reynolds  numbers i s  an  area of g rea t   t ech -  
n i ca l   conce rn .  The proposed  Nat ional   Transonic   Faci l i ty  (NTF) i s  a h igh  
Reynolds number t ransonic   wind   tunnel   des igned   to  meet the  research  and deve- 
lopment  needs of NASA, DOD, i n d u s t r y ,   a n d   t h e   s c i e n t i f i c  community.  The  pro- 
p o s e d   f a c i l i t y  w i l l  employ the   c ryogenic   approach   to   ach ieve   h igh   t ransonic  
Reynolds  numbers a t  accep tab le  model loads  and  tunnel  power. By using  tempera- 
t u r e  as a tes t  v a r i a b l e ,   t h e r e  is provided a u n i q u e   c a p a b i l i t y   t o   s e p a r a t e  
scale e f f e c t s   f r o m  model a e r o e l a s t i c   e f f e c t s .  The performance  envelope of NTF 
is  shown to. provide a ten- fo ld   increase   in   t rans-onic   Reynolds  number capa- 
b i l i t y  (R=500x1O6/meter a t  M=l i n  a 2.5 meter test s e c t i o n )  compared t o  
c u r r e n t l y   a v a i l a b l e   f a c i l i t i e s .  

SYMBOLS 

Values are g i v e n   i n   b o t h  S I  and U. S. Customary U n i t s   ( l a t t e r   i n   p a r e n t h e s e s ) ,  

A Cross-sec t iona l  area 
- 
C Wing  mean chord 

OF Degrees   Farenhei t  

hP Horsepower 

K Kelvin 

kW Kilowatt  

II Length 

M Mach number 

P P r e s   s u r e  
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4 D y n a m i c  p re s su re ,   1 /2  pV2 

R Reynolds number = e 
lJ 

T Temperature 

V Ve loc i ty  

P Densi ty  

lJ v i s c o s i t y  

Nota t ions   and   Subscr ip ts :  

b a r  lo5  Newtons/m2 (0.987 atmospheres) 

L Local  

PSf Pounds pe r   squa re   foo t  

p s i a  Pounds pe r   squa re   i nch   abso lu t e  

t T o t a l  

TS Test s e c t i o n  

m .  Free stream 

INTRODUCTION 

The h i s to r i ca l   ae ronau t i ca l   l eade r sh ip   o f   t he   Un i t ed  States i n   t h e   d e v e l -  
opment of  high-speed a i r c r a f t  - commercial as w e l l  as m i l i t a r y  - has  been  large- 
l y  due t o   t h e   e x c e l l e n t   f a c i l i t i e s  used in   t he   conduc t   o f   ae ronau t i ca l   r e sea rch  
and  development. I n   s p i t e   o f   t h i s   h a l l m a r k ,   d u r i n g   t h e  las t  t en   yea r s  i t  has 
become c l e a r l y   a p p a r e n t   t h a t   b e t t e r   f a c i l i t i e s  are needed   to   s imula te   the  com- 
plex  aerodynamic phenomena occurr ing  a t  speeds  near  the  speed  of  sound.  This 
urgent   need   for  a new r e s e a r c h  and  development f a c i l i t y   h a s  been  recognized a t  
a l l  l e v e l s  of NASA and DOD, by the  U. S. aerospace  industry,   and by the   sc ien-  
t i f i c  community. The sense  of  urgency  has  been  increased by the   cu r ren t   na t ion -  
a l  t h r u s t  toward  energy  conservat ive  a i rcraf t   and  the  importance  of   maintaining 
m i l i t a r y   p r e p a r e d n e s s   i n  a world  of  turmoil .  

HIGH REYNOLDS NUMBER FACILITY NEED 

Transonic  f lows are found t o  embrace   a lmost   every .   aspec t   o f   f l igh t  - f o r  
a i r c r a f t   ( f i g .  1) as w e l l  as space   veh ic l e s .  The performance  of  the  slowest  of 
a i r c r a f t  - t h e   h e l i c o p t e r  - is  cons t ra ined  by r o t o r   " c o m p r e s s i b i l i t y   e f f e c t s "  
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on  e f f ic iency   and   no ise ,  while commercial   t ransports   cruise  a t  the  "drag-rise" 
Mach number where  shock waves f i r s t  form  on  the  wing. Modern m i l i t a r y   a i r c r a f t  
f i g h t  a t  a l c i t u d e  and p e n e t r a t e  on-the-deck a t  t ransonic   speeds .  The super- 
son ic   t r anspor t   expe r i ences  i ts  minimum th rus t   marg in   fo r   acce l e ra t ion   nea r  
Mach 1. For   space   vehic les ,   the  maximum dynamic pressure   and   buf fe t ing   occur  
dur ing   acce lera t ion   th rough  the   t ransonic   speed   reg ime,   whi le  c r i t i c a l  t ran-  
s o n i c   s t a b i l i t y  and  control  problems are encountered  during  reentry.  

The area o f   g rea t   t echn ica l   conce rn  is t h e   i n a b i l i t y  of e x i s t i n g  wind  tun- 
ne l s   t o   p rov ide   accu ra t e   des ign   i n fo rma t ion   fo r  c i v i l  a n d   m i l i t a r y   a i r c r a f t  
which  must  operate i n   t h e   t r a n s o n i c   f l i g h t   r e g i m e   n e a r   t h e   s p e e d  of  sound. The 
major   t ransonic  test deficiency  has  been  Reynolds number s imulat ion  of   ful l -  
scale f l igh t .   This   def ic iency   has   been   dramat ized   dur ing   the   pas t   decade  by 
'miexpected  problems i n   f l i g h t  which  have  of ten  required  expensive  redesign.  

The wing i s  t h e  most c r i t i c a l  element. An apprec ia t ion   o f   t he  complex 
na ture   o f   t ransonic   f lows   can   be   ga ined   f rom  f igure  2 where  low  Reynolds number 
f l o w   o v e r   a n   a i r f o i l  is made v i s i b l e  by s p e c i a l  methods  (Schlieren  system). 
Flow is from l e f t   t o   r i g h t .  The subsonic   f low  ahead   of   the   a i r fo i l  accelerates 
to   supersonic   speeds   over   the   upper   sur face .  A t  the   base   o f   the   shock ,   the  
thin'lboundary  layer" of a i r  ad jacent   to   the   sur face   th ickens   and   separa tes   f rom 
t h e   a i r f o i l   c r e a t i n g  a broad wake  of f luc tua t ing   f low.   These   f low  charac te r i s -  
t i c s   r e s u l t ,   i n   c h a n g e s   i n   l i f t  and p i t c h i n g  moment, and  increased  drag  and 
b u f f e t i n g  compared to   the  high  Reynolds  number f l o w s   c h a r a c t e r i s t i c   o f   f l i g h t .  

The shock wave p a t t e r n   i n   t h e  main f i e l d  of  flow is governed  by  the test 
Mach number - def ined  as t h e   r a t i o   o f   f r e e - s t r e a m   v e l o c i t y   t o   t h e   s p e e d  of 
sound. The boundary-layer  f low  adjacent  to  the  surface,   however,  is governed 
by a d i f f e ren t   pa rame te r  - "Reynolds  number." I f   o n e  tests a model a t  " f u l l -  
scale" Reynolds  number, t h e  boundary   l aye r   cha rac t e r i s t i c s  w i l l  be similar, 
and   t he   sk in - f r i c t ion   d rag  w i l l  b e   t h e  same as i n   f l i g h t .   T h e r e  are many wind 
t u n n e l s   i n   u s e   t h a t   c a n  test  models a t  f l i g h t  Mach numbers,  however, t h e r e  are 
none  which  can  provide  the  transonic  Reynolds number s imula t ion   of   fu l l - sca le  
f l i g h t .   I n   f a c t ,   t h e   c a p a b i l i t y   o f   p r e s e n t   a i r c r a f t   t o   f l y   n e a r   t h e   s p e e d   o f  
sound a t  low a l t i t u d e s  a n d   t h e   i n c r e a s e d   s i z e   o f   t r a n s p o r t   a i r c r a f t  are such 
t h a t   t h e   b e s t   t r a n s o n i c  test f a c i l i t i e s   o n l y   p r o v i d e   a b o u t   o n e - t e n t h  of t h e  re- 
quired  Reynolds number. The complex n a t u r e  of t h e   f l o w   i n   t h e   t r a n s o n i c   r e g i o n  
makes i t  imposs ib l e   t o   ana lyze   t he   pe r fo rmance   o r   t o   ex t r apo la t e   accu ra t e ly  
from scale model tests obtained  with  current  Reynolds number c a p a b i l i t y .  

The transonic  Reynolds number  phenomenon of  concern w a s  f i r s t  evidenced i n  
f l i g h t  tests of t h e  USAF C-141 c a r g o   a i r c r a f t   a b o u t  a decade  ago  ( f ig .  3 ) .  
Correlat ion  of   the  wing  pressure  coeff ic ient   measurements   between wind tunne l  
and f l i g h t  a t  high  subsonic   speeds  demonstrated a s i g n i f i c a n t   d i f f e r e n c e  i n  t h e  
chordwise  locat ion  of   the  wing  shock.   Subsequent   research a t  Langley  ( ref .  1) 
showed t h e s e   r e s u l t s   t o   b e  a Reynolds number  phenomenon a s s o c i a t e d   w i t h   t h e  
small scale of the  wind-tunnel tests. A t  low test Reynolds  numbers, the  shock 
p o s i t i o n  is forward on t h e   a i r f o i l   w i t h  a r e s u l t a n t   i n c r e a s e   i n   t h e   s e p a r a t e d  
reg ion   behind   the   shock   and   a t tendant  increase i n  drag. As t h e  test Reynolds 
number is increased,  however,   the  shock wave moves rearward   and   the   reg ion   of  
separa ted   f low  and   a t tendant   d rag  is reduced .   Mod i f i ca t ions   t o   t he  C-141 were 
r e q u i r e d   t o  accommodate t h e  a i r  l o a d s   a s s o c i a t e d   w i t h   f l i g h t   c o n d i t i o n s ,   a n d   t o  
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t h i s  day a l l  C-141 aircraft  carry  approximately a one-percent  payload  penalty 
i n  added s t r u c t u r a l   w e i g h t   f o r   t h e   f i x .  

As t r a n s o n i c   a i r c r a f t   c o n t i n u e   t o  grow i n   s i z e ,   t h e y   p l a c e   e v e n   g r e a t e r  
demands on   t he  wind tunnel .  The  problems tha t   have   been   ev idenced   in   today ' s  
transport   development  programs w i l l  become even more c r i t i ca l  as t h e  gap be- 
tween  wind tunnel   and   f l igh t   Reynolds  number continues  . to  widen as shown i n  
f i g u r e  4. Current   wind  tunnels   provide  ful l -scale  test c a p a b i l i t y   f o r  "DC-3" 
t y p e   a i r c r a f t   o n l y .  A s  the   speed   and   s ize   o f  aircraft  have  increased,   current-  
l y   a v a i l a b l e   f a c i l i t i e s   p r o v i d e   o n l y   a b o u t   o n e - t e n t h   f u l l - s c a l e   c r u i s e   c o n d i -  
t i o n s   f o r   p r o j e c t e d   a i r c r a f t .  

The l a c k  of  high  Reynolds number e x p e r i m e n t a l   f a c i l i t i e s   h a s   g r e a t l y  slow- 
ed   the   p rogress   o f   bas ic   t ransonic   research .   S ince   bas ic   research  is t h e  
corners tone  upon which  future   advances are founded, a c r i t i c a l  f a c i l i t y   l a c k  
can   s e r ious ly   j eopa rd ize   ae ronau t i ca l   p rog res s .  The f u t u r e  of ae ronau t i c s  w i l l  
be  based  on  the  knowledge of t h e   r e s e a r c h e r   a n d   t h e   q u a l i t y  of h i s   f a c i l i t i e s .  
Progress  may come one small s t e p  a t  a t i m e .  But a one-percent  improvement i n  
t e n   d i f f e r e n t  areas r e s u l t s   i n  a 10-percent  gain - which is s i g n i f i c a n t  by  any 
s tandard .  And o c c a s i o n a l l y   t h e s e   s t e p   a d v a n c e s   i n   t h e   h a n d s  of an   en l igh tened  
s c i e n t i s t  w i l l  c o a l e s c e   i n t o  a technica l   b reakthrough  which   can   revolu t ion ize  
t h e   w h o l e   f i e l d   o f   a e r o n a u t i c s .  The "area-rule"   concept   for   the  design  of  
t r a n s o n i c / s u p e r s o n i c   a i r c r a f t   a n d   t h e   " s u p e r c r i t i c a l   a i r f o i l "   d e v e l o p e d   w i t h i n  
t h e  U. S. merit such a c l a s s i f i c a t i o n .  It is  toward future   advances  such as 
t h e s e   t h a t  a new high  Reynolds number t r a n s o n i c   f a c i l i t y  is aimed. 

EVOLUTION OF THE NATIONAL TRANSONIC  FACILITY 

During  the  past   several   years ,   there   has   emerged a clear na t iona l   and  
in te rna t iona l   consensus   o f   the   p r ior i ty   need   for  a la rge ,   h igh   Reynolds  number 
t r anson ic  wind tunne l   ( r e f .  2-4 ) .  It was r ecogn ized   ea r ly   t ha t   because  of t he  
p r o j e c t e d   v e r y   l a r g e   c o n s t r u c t i o n   c o s t s ,   t h i s  must n e c e s s a r i l y  become a govern- 
ment s p o n s o r e d   f a c i l i t y .  Many approaches t o  high  Reynolds number have  been ex- 
p lo red   and   deve loped   bo th   i n   t he   Un i t ed   S t a t e s   and   i n   Europe   ( r e f .  5 ) .  A chro-. 
nology  of act ivi t ies  i n   t h e   f i e l d   o f  development  of  high  Reynolds number 
g r o u n d - t e s t   f a c i l i t i e s   i n   t h e   U n i t e d  States is p r e s e n t e d   i n   f i g u r e  5. 

An important   inf luence on t h e   f a c i l i t y  development  program was t h e   s i g n i f i -  
cant  technology  advance i n  a wind-tunnel  concept  employing  cryogenic  nitrogen 
to  provide  increased  Reynolds  numbers  with  modest  drive  horsepower  and  reduced 
model l o a d s   ( r e f .  6 and  7). The poten t ia l   o f   low  tempera ture   opera t ion   to  
achieve  high  Reynolds  numbers  had  been  considered  previously  by  Smelt  of  the 
Royal   Ai rcraf t   Es tab l i shment   in   1945  ( re f .  8 ) ,  bu t   the   concept  w a s  not  pur- 
s u e d   u n t i l   a n   e f f o r t  w a s  i n i t i a t e d  a t  the  Langley  Research  Center   in   1971.  

From the   Lang ley   expe r imen ta l   e f fo r t s ,   de t a i l s  were worked o u t   f o r  a high 
Reynolds number t r anson ic   t unne l   u s ing   ex t r eme ly   co ld   n i t rogen   t o   coo l   t he   f l ow 
and  provide  increased  Reynolds  numbers  with  reasonable  drive power requirements  
and model loads.   Figure 6 i l l u s t r a t e s   t h e   e f f e c t s  of  decreasing  tunnel  tempera- 
t u r e  on   the   tunnel  test condi t ions .  It w i l l  be   no ted   t ha t  as the   t empera ture  
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is decreased  from a nominal  value  of 322 K (120OF) c h a r a c t e r i s t i c   o f  conven- 
t ional   water-cooled  tunnels ,   the   Reynolds  number of   the  f low  increases   approxi-  
mately  f ive-fold as the  temperature   approaches 89 K (-300°F). F u r t h e r ,   t h i s  is  
accomplished  with  approximately a 50 -pe rcen t   r educ t ion   i n   d r ive  power. Th i s  
r e p r e s e n t s  a t e n - f o l d   d e c r e a s e   i n   i n s t a l l e d   d r i v e  power  compared t o  a conven- 
t i o n a l  wind tunnel  (322'K;  120°F)  of  the same s i z e   o p e r a t i n g  a t  t h e  same Mach 
number and   pressur ized   to   p rovide   the  same test Reynolds number. This major 
r e d u c t i o n   i n   i n s t a l l e d   d r i v e  power requirements  makes poss ib l e   t he   l oca t ion   o f  
a continuous  flow,  high  Reynolds number t r anson ic   t unne l  a t  an   ex i s t ing  re- 
search  center   having  modest  power resources .  

A l s o   n o t e d   i n   f i g u r e  6 is t h e   f a c t   t h a t   t h e   i n c r e a s e   i n  Reynolds number 
through a r e d u c t i o n   i n  test  temperature  is accompl i shed   w i thou t   an   i nc rease   i n  
dynamic pressure  which  inf luences  model   loads.   This  is a s i g n i f i c a n c b e n e f i t  
of   cryogenic   operat ion,   for   the  range  of   high  Reynolds  number t e s t i n g   c a n   b e  
g rea t ly   expanded   be fo re   encoun te r ing   l imi t ing   s t ruc tu ra l   l oads  on t h e  model o r  
excessive model d i s t o r t i o n .  The c ryogenic   tunnel   concept   p rovides   the   un ique  
experimental   capabi l i ty   of   changing test Reynolds number wi thou t   an   a t t endan t  
change i n  model  loads  (and  therefore  model  shape).  This i s  considered by many 
experimenters  as a t echn ica l   b reak th rough   i n  i t s  own r i g h t .  

Langley   acce lera ted  its cryogenic   tunnel   e f for t   and   ex tended   the   theore t i -  
cal  s t u d i e s   o f  "real gas"   effects ,   developed a p r a c t i c a l  means f o r   o b t a i n i n g  
low temperatures,   and  constructed  and  operated two p i lp t   c ryogen ic   t unne l s .  
The p i l o t   f a c i l i t i e s   i n  a series of c r i t i ca l  exper iments   va l ida ted   the   c ryo-  
genic   concept   for   aerodynamic   t es t ing ,   demonst ra ted   the   a t ta inment  of uniform 
t e m p e r a t u r e s   i n   t h e   s e t t l i n g  chamber,   and  provided  useful  experience relative 
to   t he   ope ra t ing   p rob lems  of l i qu id   n i t rogen   i n j ec t ion ,   r e sea rch   i n s t rumen ta -  . 

t i on ,   and   c ryogen ic   she l l   des ign   ( r e f .  9 t o   1 1 ) .  

NASA and USAF b o t h   d e v e l o p e d   f i r m   p l a n s   f o r   t r a n s o n i c   f a c i l i t i e s   d u r i n g  
1973  and  1974. The A i r  Force  had  obtained  Congressional   approval   in   the FY 75 
budge t   fo r   an   i n t e rmi t t en t   ope ra t ion  High  Reynolds Number Tunnel  (HIRT),  and 
NASA had  planned  for a fan-driven  cryogenic   t ransonic   research  tunnel  (TRT) t o  
be   inc luded   in   the  N 76 budget.  Both  the NASA and USAF t u n n e l   p r o j e c t s  en- 
coun te red   t he   ab rup t   e sca l a t ion  of cons t ruc t ion   cos t s   i n   1974 ,   caus ing   t he  USAF 
t o   de fe r   cons t ruc ' t i on  of HIRT and NASA t o   w i t h h o l d  TRT from i ts  N 76 budget 
reques t .  DOD and NASA o f f i c i a l s   t h e n   a g r e e d   t o   u n d e r t a k e   a n   a d d i t i o n a l   j o i n t  
s tudy  under   cognizance  of   the  Aeronaut ics   and  Astronaut ics   Coordinat ing Board 
(AACB) t o   s e e k  a common so lu t ion   to   t ransonic   wind- tunnel   needs .   Accord ingly ,  
a s p e c i a l  AACB Aeronau t i ca l   Fac i l i t i e s   Subpane l  of NASAIDOD r e p r e s e n t a t i v e s  w a s  
o r g a n i z e d   i n  November of  1974 t o   i n i t i a t e   t h i s   s t u d y .  

The Subpanel i n  May of  1975 recommended t h a t  a s ingle ,   cont inuous-f low 
f a c i l i t y  employing the   c ryogenic   concept   should   be   bu i l t  a t  t h e  earliest  possi-  
b l e   d a t e   t o  serve t h e  combined needs  of   both NASA and DOD ( r e f .   1 2 ) .  Recommen- 
d a t i o n s   f o r  NTF pe r fo rmance   cha rac t e r i s t i c s  were agreed upon ( f ig .   7 ) .  .The 
Subpanel   fur ther  recommended t h a t   t h e   f a c i l i t y   b e   l o c a t e d  a t  t h e  NASA Langley 
Research  Center   and  be known as the   Na t iona l   T ranson ic   Fac i l i t y  (NTF). A 
memorandum of agreement  accepting  the AACB Subpanel  recommendations w a s  s igned  
by NASA and DOD (June  2,  1975). It w a s  emphasized i n   t h e   S u b p a n e l   r e p o r t   t h a t  
t h e  NTF w a s  t o   b e  a n a t i o n a l   f a c i l i t y   w i t h   a p p r o x i m a t e l y  40 percent   o f   the  
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occupancy  projected  for  DOD work, 40 p e r c e n t   f o r  NASA, 15 pe rcen t   fo r   p ro -  
p r i e t a ry   ae rospace   i ndus t ry  work,  and 5 p e r c e n t   f o r   o t h e r  government  agencies 
a n d   t h e   s c i e n t i f i c  community.  The Aeronaut ics   Pane l   o f   the  AACB would be 
cha rged   w i th   ove r s igh t   r e spons ib i l i t y .  

The basic   performance characteristics of t h e  NTF f o l l o w   t h e   s p e c i f i c  re- 
commendations  of  the AACB Aeronau t i ca l   Fac i l i t i e s   Subpane l  as summarized 
p r e v i o u s l y   i n   f i g u r e  7. 

DESCRIPTION  OF THE NATIONAL TRANSONIC  FACILITY 

General  Arrangement 

The Na t iona l   T ranson ic   Fac i l i t y  w i l l  be a convent iona l  wind t u n n e l   i n  
appearance   ( f ig .  8 )  and is d e s c r i b e d   i n   d e t a i l   i n   r e f e r e n c e   1 3 .  The NTF w i l l  
be  a c losed-c i rcu i t ,   fan-dr iven   pressure   tunnel   capable   o f   opera t ing  a t  pres-  
s u r e s  up t o  9 b a r s  (130 p s i a ) .  It w i l l  have a s l o t t e d  test  sect ion  of   2 .5   by 
2.5 meters i n   c r o s s   s e c t i o n .  The exis t ing  &Foot   Supersonic   Pressure  Tunnel  
(4' SPT) d r ive   mo to r s   and   t he i r   d r ive   con t ro l   sys t em w i l l  b e   u t i l i z e d .  The 4 '  
SPT w i l l  be   deac t iva t ed   and   t he  NTF cons t ruc ted  on i ts  si te.  I n   a d d i t i o n   t o  
the   ex i s t ing   d r ive   mo to r s   wh ich  are r a t e d  a t  52,220 kW (70,000  hp)   for   10 
minutes ,   an  addi t ional   44,760 kW (60,000  hp)  motor w i l l  be  added i n   l i n e   t o  
provide   the  power r e q u i r e d   t o   d r i v e   t h e   t u n n e l  a t  maximum pressure  and a test  
Mach number of  1.0. 

The  most unconvent iona l   fea ture   o f   the  NTF w i l l  be  a t  i t s  cryogenic  opera- 
t i o n .  The tunne l  w i l l  o p e r a t e  a t  temperatures  from 353 K (175'F) down t o  89 K 
(-300'F). L iquid   n i t rogen  w i l l  b e   e x p a n d e d   i n t o   t h e   c i r c u i t   f o r   t h e   i n i t i a l  
coo l  down and t o   a b s o r b   t h e   h e a t  rise associated  with  the  gas   compression by 
the   f an .   P re s su re   con t ro l  w i l l  be   p rovided   th rough  the   cont ro l led   vent ing   of  
the  gaseous  ni t rogen  through a l a r g e   v e n t   s t a c k   t o   a s s u r e   m i x i n g   w i t h  a i r  and 
e l imina te   any   hazards   which   might   resu l t   i f   co ld   gaseous   n i t rogen  were allowed 
to   accumula te  a t  ground  level .  The cu r ren t   base l ine   des ign  of the   tunnel   in -  
corpora tes   an   in te rna l   insu la t ion   sys tem  which  w i l l  be   d i scussed  i n  more d e t a i l  
subsequent ly  . 

Aerodynamic C i r c u i t  

A s  ment ioned   prev ious ly ,   the  NTF w i l l  have a s l o t t e d  test s e c t i o n  2.5 
meters (8.2 f t . )   s q u a r e   ( f i g .   9 ) .  To assure   h igh-qual i ty   f low,  a c o n t r a c t i o n  
f r o m   t h e   s t i l l i n g  chamber t o   t h e  test s e c t i o n  of 1 5   t o  1 i n  area is  employed. 
Three   an t i - turbulence   sc reens  are loca ted  a t  the   beginning   of   the   cont rac t ion .  
A "quick"  diffuser  accommodates the   l a rge   channe l  area i n c r e a s e   t o   t h e   s t i l l i n g  
chamber  and sc reens .   Th i s   d i f fuse r   r equ i r e s  a f l o w   r e s i s t a n c e   w i t h  accompany- 
i n g   p r e s s u r e   l o s s   t o   a s s u r e   t h e   a b s e n c e   o f   f l o w   s e p a r a t i o n .   T h i s   l o s s  w a s  
accepted as a t rade-of f   aga ins t  a l a r g e   i n c r e a s e   i n   c o s t   o f   t h e   p r e s s u r e   s h e l l  
f o r  a more e f f i c i e n t   d i f f u s e r .  
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T e s t  Sec t ion  

The test  s e c t i o n   f o r   t h e  NTF ( f i g .  10)  is designed similar t o   t h a t   o f   t h e  
ex is t ing   Langley  8-F0o.t Transonic  Pressure  Tunnel  which i s  known t o   b e   e f f i -  
c i e n t  and  have good qua l i ty   f l ow.  The l e n g t h  of t h e   s l o t t e d   r e g i o n  is t h r e e  
t e s t - s e c t i o n   h e i g h t s .  The t o p  and  bottom walls, which are a d j u s t a b l e   i n   d i v e r -  
gence  angle  to  compensate  for  boundary-layer  growth,  have s ix  l o n g i t u d i n a l  
s l o t s   i n   e a c h  w a l l .  The s i d e  walls are f i x e d   w i t h  two l o n g i t u d i n a l   s l o t s   i n  
each w a l l .  The design w i l l  a l l o w   t h e   s l o t  open  width  and  edge  shape t o   b e  
eas i ly   modi f ied .   Adjus tab le   and   remote ly   cont ro l led   reent ry   f laps  are provided 
a t  t h e  downstream  end  of  each s l o t .  The p o s i t i o n   o f   t h e s e   f l a p s   d u r i n g   t u n n e l  
ope ra t ion  w i l l  b e   a d j u s t e d   t o   c o n t r o l  Mach number g rad ien t s   t h rough   t he  test  
sect ion  and  to   minimize power consumption. 

Complete  models w i l l  be   s t i ng   suppor t ed   f rom a c i r c u l a r  arc s t r u t   a f f o r d -  
i n g  a t o t a l  model p i t c h   a n g l e   r a n g e  of 24".  The s t i n g  w i l l  have a r o l l  mech- 
anism  capable of r o l l i n g   t h e  model through 270". Model p i t c h  rate is  cont ro l -  
l a b l e   i n   e i t h e r  a cont inuous   o r   p i tch /pause  mode a t  rates from 0" t o  4' per  
second.  Provisions  for  accommodating  wall-mounted  half-span  models w i l l  be 
made f o r  cases where l a r g e r  model s i z e s  are requi red .  

T e s t  Sec t ion   I so la t ion   Sys tem 

Although  the  cryogenic  approach  using LN2 has  been shown t o   r e q u i r e   t h e  
least capi ta l   inves tment   and   to   be   the  most   energy  conservat ive  approach  to  
high  Reynolds number t e s t i n g ,   t h e  cost p e r  da ta   po in t   for   h igh   Reynolds  number 
tests w i l l  be   cons iderably   h igher   than   for   cur ren t  low  Reynolds number da t a .  
Consequent ly ,   every   s tep   poss ib le  is be ing   taken   to   conserve   n i t rogen ,   which  is 
t h e   l a r g e s t   s i n g l e   c o n t r i b u t o r   t o   o p e r a t i n g   c o s t s .  One of t h e   p r o v i s i o n s  made 
to   conse rve   n i t rogen  i s  t e s t - s e c t i o n   i s o l a t i o n   d o o r s   ( f i g .  11) which w i l l  b e  
capable  of i s o l a t i n g   t h e  test sec t ion   such   t ha t   t he   p re s su re   can   be   r educed   t o  
a tmosphe r i c   w i thou t   ven t ing   t he   en t i r e   c i r cu i t .  The t e s t - s e c t i o n   s i d e  walls 
can  be  lowered t o  irlsert work access   t unne l s  from  both  sides  which  capture  the 
test model  and seal around  the model s t i n g   t o   p r o v i d e  a "shir t -s leeve"  environ-  
ment f o r  model  change. 

Drive System 

The c ryogen ic   concep t   r equ i r e s   t ha t   t he   d r ive   sys t em  be   capab le  of  produc- 
i n g  a cons tan t   compress ion   ra t io   over  a la rge   t empera ture   range .   This   requi re -  
ment has  a major   impact   on   the   des ign   of   the   d r ive   sys tem  in  view o f   t h e   d i r e c t  
re la t ionship  between  fan  performance  and  the  s tagnat ion  temperature   of   the   gas  
e n t e r i n g   t h e   f a n .  The des i r ed   pe r fo rmance   i n   t he  NTF is  obtained  by  using a 
s i n g l e - s t a g e   f a n   w % t h   v a r i a b l e   i n l e t   g u i d e   v a n e s   a n d   f i x e d   o u t l e t   s t a t o r s   i n  
combination  with a main d r ive   sys t em  inco rpora t ing  a two-speed gear  box. 

The electric m o t o r s   i n   t h e   d r i v e  are coupled  through  the  gear   box  in  a 
unique  arrangement.  The  two  existing  motors are wound ro to r   i nduc t ion   mo to r s  
and  have a Kramer d r i v e   c o n t r o l   s y s t e m   w h i c h   a c c u r a t e l y   c o n t r o l s   t h e i r  rpm t o  
within  1/4%.  These  motors are capable   of  52,220 kW (70,000 hp)   for   10   minutes  
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a t  840 rpm ( f i g .   1 2 ) .  A reduct ion   gear   reduces   the  maximum f a n   s p e e d   t o  600 
rpm. To maximize the   ho r sepower   ava i l ab le ,   l i qu id   rheos t a t s  are added t o  pro- 
v ide   cons tan t   to rque  a t  rpm va lues  down t o  60% o f   t h e  maximum speed. A low- 
speed  gear is ava i l ab le   wh ich  w i l l  permit a s h i f t   i n  rpm a n d   a l l o w   f u l l  Kramer 
hor sepower   a l so   t o   be   ava i l ab le  a t  360 rpm. Th i s  rpm w i l l  be   u sed   l a rge ly   fo r  
the   c ryogenic   opera t ion   and   the  maximum pressure  which are combined to   p roduce  
t h e  maximum Reynolds  number. The horsepower   requi red   to   d r ive   the   tunnel  a t  
M = l . O  f o r   t h e  maximum Reynolds number cond i t ion  is more than  is ava i lab le   f rom 
the   ex i s t ing   mo to r s ,   t he re fo re   an   i n - l i ne   44 ,760  kW (60,000  hp)  synchronous 
motor  has  been  added t o  meet t h i s   n e e d .  The ex i s t ing   mo to r s  w i l l  be  used t o  
bring  the  synchronous  motor up to   speed .  A maximum f a n   s h a f t  power of  93,250 
kW (125,000  hp) is a v a i l a b l e  a t  a fan  speed of 360 rpm. Under t h i s   c o n d i t i o n ,  
Mach number c o n t r o l  i s  achieved by  moving t h e   p o s i t i o n   o f   t h e   i n l e t   g u i d e  vanes. 
The guide  vanes are capable   o f   cont ro l l ing  Mach numbers  over a range  between 
M=0.4 and M=1.2 wi th   an   accep tab le  level o f   e f f i c i ency .  

I n t e r n a l   I n s u l a t i o n  

The NTF w i l l  employ i n  i t s  d e s i g n   a n   i n t e r n a l   i n s u l a t i o n   t o   m i n i m i z e   t h e  
tempera ture   excurs ions   o f   the   l a rge   p ressure   she l l .   In   do ing  so,  i t  (1)   great-  
l y   r educes   t he   l i qu id   n i t rogen   r equ i r ed   t o   app roach   s t eady- s t a t e   ope ra t ing  con- 
d i t i ons ,   (2 )  i t  minimizes   the  thermal  stress i n   t h e   p r e s s u r e   s h e l l ,   t h e r e b y  
a l l ev ia t ing   t he rma l   f a t igue   and   enhanc ing   t he  service l i f e  of t he   p re s su re  
she l l ,   and   (3 )  i t  a f f o r d s   t h e   o p p o r t u n i t y   t o  combine  thermal  insulation  and 
a c o u s t i c   a t t e n u a t i o n   f u n c t i o n s   i n t o  a system  which  could  reduce  the  noise   in  
t h e   t u n n e l   c i r c u i t .  The base l ine   des ign  of t he   i n su la t ion   sys t em  ( f ig .   13 )  em- 
ploys  about  6 i nches   o f   f i be rous   i n su la t ion   con ta ined   w i th  close-woven g l a s s  
c l o t h  and  covered  with a cor ruga ted   f low  l iner   which  is supported by "tee" 
r ings   we lded   t o   t he   , p re s su re   she l l   and   i n su la t ed   f rom  the   l i ne r .  The "tee" 
r i n g s  are about 1.22m ( 4   f t . )   a p a r t .  The l i n e r  is co r ruga ted   t o   abso rb   t he  
c i r c u m f e r e n t i a l   t h e r m a l   s t r a i n .   S l i p   j o i n t s  are p rov ided   fo r   t he   l ong i tud ina l  
movement. F i l l e r   b l o c k s  are used  under   the  corrugat ion  to   block  f low  f rom  one 
i n s u l a t i o n  segment to   t he   nex t .   Cons ide ra t ions  of i n s u l a t i o n   f l a m a b i l i t y ,  
se rv ice   l i fe ,   and   thermal   per formance   under  a high  pressure  and  f lowing  cryo- 
genic  environment are t h e   s u b j e c t  of a n   e x t e n s i v e   v e r i f i c a t i o n  test  program. 

NTF  PERFORMANCE 

Reynolds Number Test Capab i l i t y  

With the   d r ive   sys t em  desc r ibed   p rev ious ly ,   t he  NTF performance a t  a sel- 
ec t ed  Mach number can  be  presented as shown i n   f i g u r e  14. The ope ra t ing  map 
f o r  Mach 1 shows the  var ia t ion  of   chord  Reynolds  number as a funct ion  of   s tagna-  
t i on   p re s su re   fo r   va r ious   va lues   o f   cons t an t   t empera tu re .   S imi l a r   p lo t s   can   be  
made f o r   o t h e r  Mach numbers. The boundaries   of   the   operat ing  envelope are de- 
f i n e d   o n   t h e   l e f t  by t h e  maximum tunnel   opera t ing   tempera ture  (353°K; 175°F) 
and  the  compression  ra t io  limit of the   fan-dr ive   sys tem;   on   the   upper   l e f t   cor -  
n e r  by t h e   a v a i l a b l e   d r i v e  power limit (93,250 kW; 125,000  hp);   across  the  top 
by the  maximum opera t ing   pressure   (9   bar ;  130 ps i a ) ;   and  on t h e   r i g h t  by the  
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nitrogen  condensation  boundary  (heavy  dashed  l ine).  The la t ter  boundary  repre- 
s e n t s  a l i m i t i n g   v a l u e  of pressure  and  temperature  where  condensation  of  gas- 
eous   n i t rogen  w i l l  occur  a t  a l o c a l  Mach number of 1.4.   Within  the  lower  dark 
shaded   reg ion ,   the  NTF can   be   opera ted   wi th   the   var iab le-speed   induct ion   motors  
on ly   in   the   h igh   gear   ra t io .   For   p ressures   above   the   shaded   reg ion ,   the   low 
g e a r   r a t i o  is requ i r ed   and   t he   d r ive  is operated a t  synchronous  speed (360  rpm). 

I n s p e c t i o n   o f   f i g u r e   1 4   i l l u s t r a t e s   t h e   u n i q u e  test c a p a b i l i t y  of a cryo- 
genic   tunnel .  The dynamic p res su re  (1/2pV2) is independent  of  temperature  and 
is a func t ion   on ly   o f   s tagnat ion   pressure   and  Mach number.  Thus f o r  a given 
test Mach number, t h e  dynamic pressure  can  be  held  constant  while  the  tempera- 
t u r e  is v a r i e d   t o   p r o v i d e  a con t ro l l ed   va r i a t ion   i n   Reyno lds  number.  Such a 
test capab i l i t y   pe rmi t s   i so l a t ion   o f   pu re   Reyno lds  number e f f ec t s   f rom  ae ro -  
dynamic loading  changes  which arise from  unwanted  model d i s t o r t i o n   u n d e r  chang- 
i n g  dynamic pressure .   Convent iona l   wind   tunnels ,   which   tend   to   opera te  a t  
essent ia l ly   Cons tan t   t empera ture ,   fo l low  a long  a s i n g l e   t e m p e r a t u r e   l i n e  
r equ i r ing  a change i n   p r e s s u r e   t o   p r o d u c e  a change i n  Reynolds number.. This  
un ique   capabi l i ty   o f   c ryogenic   tunnels   opens  a new dimension i n  wind-tunnel 
t e s t i n g  and may w e l l  become t h e   s i n g l e  most   impor tan t   capabi l i ty   o f   th i s   fac i l -  
i t y   concep t .  It shou ld   a l so   be   no ted   t ha t   pu re  model a e r o e l a s t i c   e f f e c t s   c a n  
be  evaluated by holding  Reynolds number cons tan t   whi le   the   p ressure  is v a r i e d  
(moving v e r t i c a l l y  o n   t h e   p l o t ) .  

Maximum Performance  Envelope 

The maximum test  Reynolds number usua l ly   occurs   where   the   n i t rogen  conden- 
s a t i o n  boundary i n t e r s e c t s   t h e - s h e l l   p r e s s u r e  l i m i t .  The maximum Reynolds num- 
be r  is p l o t t e d  as a func t ion   of  Mach number i n   f i g u r e   1 5 .   T h i s   o v e r a l l  maximum 
tunnel  Reynolds number c a p a b i l i t y  is bounded  by t h e   s h e l l   o p e r a t i n g   p r e s s u r e  
limit f o r  Mach numbers  up t o   1 . 0 .  Between M=1.0 and  1.2,   the  performance is 
l i m i t e d  by the  maximum horsepower  available.  Above  M=1.2 t h e   f a n  maximum  com- 
p r e s s i o n   r a t i o  limits the  performance.  Note  that   the  goal of a Reynolds number 
of 1 2 0 ~ 1 0 ~   f o r  M = l . O  i s  achieved. A t  the   bo t tom  of   f igure  15 is a n   o v e r a l l  en- 
velope of the  Reynolds number c a p a b i l i t y  of wind t u n n e l s   i n   t h e   U n i t e d  States. 
The NTF w i l l  be   capable  of increasing  grcund-test   Reynolds number  by about  one 
o r d e r   o f   m a g n i t u d e   o v e r   c u r r e n t l y   e x i s t i n g   f a c i l i t i e s .  

Model  Loads 

A c r i t i ca l  design  problem  of NTF is as soc ia t ed   w i th   t he   l a rge  model loads  
e n c o u n t e r e d   i n   t h e   o p e r a t i o n   o f   t h e   f a c i l i t y  a t  maximum performance  conditions.  
The model stress is related t o   t h e  level of test dynamic p res su re  (1/2pV2) , 
which i s  a func t ion  of s t a g n a t i o n   p r e s s u r e  and. Mach number but  independent  of 
tempera ture .   In   f igure  15, l i n e s   o f   c o n s t a n t  dynamic p res su re  are superimposed 
on   the   overa l l   per formance  map of   the  tunnel .  Most c u r r e n t   l a r g e   t r a n s o n i c  
wind tunne l s   ope ra t e  a t  dynamic p res su re  levels up to   about   0 .5   bar   (approx.  
1000  psf) .   There are a few  tunnels  which  have  dynamic  pressure  capabili ty up 
t o   a b o u t  1 bar   (approx.  2000 p s f ) .  The NTF w i l l  have a maximum dynamic  pres- 
s u r e   c a p a b i l i t y   o f  3 .3  bar  (approx. 7000 psf) .   Al though  the N T F ,  by v i r t u e   o f  
employing  the  cryogenic  approach, w i l l  have a much l o w e r   r a t i o   o f  dynamic 
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pressure  to   Reynolds  number as compared t o   t h e   o t h e r   a p p r o a c h e s   t o   h i g h  
Reynolds number t e s t i n g ,  i t  can still pr.oduce  model l o a d s  up t o   t h r e e  times 
those   exper ienced- in   ex is t ing   wind   tunnels .   Technology  appears   to   be   in   hand  
t o  accommodate these   loads .  However, force   measur ing   ba lances ,   s t ing   def lec-  
t i o n s ,  and  model deformation w i l l  t e n d   t o   t a k e  on  more importance as t h e  NTF is  
u t i l i z e d   t o  i ts maximum Reynolds number c a p a b i l i t y .  

P r o d u c t i v i t y  

The NTF is b e i n g   d e s i g n e d   t o   s a t i s f y  a na t iona l   need   for   h igh   Reynolds  
number test  c a p a b i l i t y  a t  t ransonic   speeds.   Moreover ,  as a n a t i o n a l   f a c i l i t y  
i t  must  accommodate the   p ro jec ted   workload   of  NASA, t h e  DOD, t h e   a e r o   i n d u s t r y  
a n d   t h e   s c i e n t i f i c  community. A s  a consequence  of  this,  as w e l l  as  t h e   n e e d   t o  
conserve  energy,   the  NTF is be ing   des igned   to   p roduce   da ta  a t  a r e l a t i v e l y   h i g h  
rate. T y p i c a l   e x i s t i n g  wind tunnels   p roduce   da ta  a t  about   26,000  specif ic  sets 
of test c o n d i t i o n s   i n  a year,   where a set of test cond i t ions  is def ined  by a 
combination of Mach number,  Reynolds  number, a n g l e   o f   a t t a c k ,   a n g l e  of yaw, and 
so  f o r t h .  The NTF is targeted  to  produce  measurements a t  t h e  rate of  104,000 
sets of test  c o n d i t i o n s   p e r   y e a r ,   o r   f o u r  times the   convent iona l  rate. To 
ach ieve   t h i s   goa l ,   t he   t unne l   con t ro l   and   da t a   acqu i s i t i on   sys t em is h igh ly  
automated.  Computer  control is used   ex tens ive ly   t o   i n su re  optimum procedures 
and s a f e t y   i n   t h e   t u n n e l   o p e r a t i o n .  A modern da ta   acqu i s i t i on   sys t em w i l l  be 
p rov ided   w i th   "qu ick   l ook"   da t a   capab i l i t y   t o   min imize   r e t e s t ing   due   t o  im- 
proper  measurements. 

Fu l l - sca l e   F l igh t   S imula t ion  

The test  Reynolds  number c a p a b i l i t y   o f  NTF i n  meet ing  projected  require-  
ments  of  advanced a i r c r a f t  i s  summarized i n   f i g u r e   1 6   f o r  c i v i l  a i r c r a f t .  It 
w i l l  be   no ted   t ha t   fo r   l a rge   subson ic   t r anspor t s   o f   t he  B-747 ca tegory ,   the  
NTF w i l l  a t t a i n   f u l l - s c a l e  test  c o n d i t i o n s   f o r   t h e   c r u i s e   p o i n t   ( s o l i d   c i r c l e )  
as w e l l  as for  the  high-speed,  %ax. q" load   condi t ion .  The high  Reynolds num- 
ber  peak a t  M=0.5 cannot  be met by the   des ign  NTF performance  envelope.  This 
i s  not   cons idered  a s i g n i f i c a n t   d e f i c i e n c y ,  however, f o r   t h e   R e y n o l d s  number 
e f f e c t s   f o r   f u l l y   s u b s o n i c   f l o w s  a t  low  angles   o f   a t tack  are usua l ly  small and 
p r e d i c t a b l e  a t  high  Reynolds number levels. For  the  advanced  "span  loader" 
t r a n s p o r t  @=16.8m; 55 f t . )   i n   t h e  one  mil l ion  kg (2 .2  mi l l i on   l b s . )   ca t egory ,  
t he 'NTF  can   a t t a in   fu l l - s ca l e  test c o n d i t i o n s   f o r   t h e   c r u i s e   p o i n t .  The high- 
speed %ax. q" load   cond i t ion ,  however,  can  only  be m e t  by use  of a s ide-wal l  
mounted,  semispan  model.  This i s  an   accepted  test procedure   for   h igh   aspec t -  
r a t i o   c o n f i g u r a t i o n s .  

For   the   l a rge   supersonic   t ranspor t   (341 ,000   kg ;   750 ,000   lbs . ) ,   fu l l - sca le  
test  condi t ions   can   be   a t ta ined   for   the   subsonic   c ru ise   po in t  (M=0.95) and f o r  
the  major   port ion  of   the  t ransonic   c l imb  and  le t -down  corr idor .  The h igh  
Reynolds number peaks i n   t h e  M=0.5 range   can   la rge ly   be  m e t  i n  NTF by the   u se  
of la rger -s ize   models   permi t ted   for   pure ly   subsonic   t es t ing .   For   the   space  
s h u t t l e   t y p e   c o n f i g u r a t i o n s ,   t h e  NTF w i l l  a t t a i n   f u l l - s c a l e  test c o n d i t i o n s   f o r  
a l l  subson ic / t r anson ic   f l i gh t   cond i t ions .  
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NTF  OPERATING  PLAN AND SCHEDULE 

Although  the NTF is being  designed  and  constructed by NASA and is en- 
v is ioned   to   be   opera ted  by NASA, i t  is ,  i n   f a c t ,  a n a t i o n a l   a e r o n a u t i c a l  re- 
source.  As such,  i t  w i l l  be  managed i n  a manner  which w i l l  e f f e c t i v e l y  serve 
the   aeronaut ica l   research   and   a i rc raf t   deve lopment   needs  of t h e  government, 
i ndus t ry ,  and s c i e n t i f i c   o r g a n i z a t i o n s .  The f a c i l i t y  w i l l  b e   s t a f f e d   t o   t h e  
level r equ i r ed   t o   suppor t   t he   needs   o f   t he   va r i ed   u se r s .   Cur ren t   o rgan iza t ion -  
a l  p l ans   p rov ide   fo r  NTF o v e r s i g h t   r e s p o n s i b i l i t y   t o   b e   a s s i g n e d   t o   t h e  NASA- 
'DOD Aeronautics  and  Astronautics  Coordinating  Board (AACB). 

The f i na l  des ign   of   the  NTF is underway.  Funding is  programmed f o r  
i n i t i a l   a p p r o p r i a t i o n   i n   t h e  FY 1977  budget.  Construction i s  schedu led   t o  
begin  in   October   1976  and  to   be  complete  a t  t h e  end  of  1980.  Checkout  and 
c a l i b r a t i o n  i s  to   be   comple ted   in   Ju ly   1981,  a t  w h i c h   p o i n t   t h e   f a c i l i t y   s h o u l d  
be   r eady   fo r   u se  as a r e sea rch  and  development  tool. The t o t a l   p r o j e c t   b u d g e t  
is 65 mi l l i on   do l l a r s   i nc lud ing   con t ingency   and   e sca l a t ion .  

CONCLUDING REMARKS 

Plans  are underway t o   p r o v i d e   t h i s   n a t i o n   w i t h  a new high  Reynolds number 
t r anson ic   w ind   t unne l   des igna ted   t he   Na t iona l   T ranson ic   Fac i l i t y .   Th i s   f ac i l i -  
t y  is d e s i g n e d   t o   s a t i s f y   t h e  combined t e s t ing   r equ i r emen t s   o f  NASA, DOD, t h e  
a e r o n a u t i c a l   i n d u s t r y ,  and t h e   s c i e n t i f i c  community.  Gaseous n i t r o g e n  a t  cryo- 
genic   temperatures  w i l l  be  used as t h e  test medium to  provide  high  Reynolds  
numbers a t  t ransonic   speeds .  The NTF w i l l  provide a t e n - f o l d   i n c r e a s e   i n  
transonic  Reynolds number test  c a p a b i l i t y  as compared t o   e x i s t i n g  U. S. f a c i l i -  
t ies and w i l l  p e r m i t   t e s t i n g   c u r r e n t  and p ro jec t ed  a i rcraf t  a t  o r   ve ry   nea r  
f u l l - s c a l e   f l i g h t   c o n d i t i o n s .  A u n i q u e   r e s e a r c h   c a p a b i l i t y   i n h e r e n t   i n   t h e  
c ryogen ic   app roach   p rov ides   fo r   va l id   s epa ra t ion   o f   t he   e f f ec t s   o f  model  aero- 
e l a s t i c i ty ,   Reyno lds  number,  and Mach number  on a i r c r a f t   c o n f i g u r a t i o n   p e r f o r -  
mance.  The NTF w i l l  be   l oca t ed  a t  t h e  NASA Langley  Research  Center  and i s  pro- 
j e c t e d  t o  be   opera t iona l   in   1981.  
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Figure 1.- Transonic  f lows  affect  a l l  a i r c r a f t .  
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Figure 3.-  Effects of shock induced flow  separation  over wing of 
transport  aircraft. M = 0.85 .  
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Figure 4.- Illustration of the growing f a c i l i t y  gap i n   t e s t  
Reynolds number capability. 
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Figure 5.- Chronology of high Reynolds number f a c i l i t y  concepts and pi lot  
tunnel development within  the United States. 
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Figure 6.-  Effect  of temperature reduction on test conditions and drive power. 
M, = 1; constant  stagnation  pressure. 
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0 A SINGLE TRANSONIC TEST FACILITY  IDENTIFIED AS 
THE NATIONAL TRANSONIC FACILITY (NTF) 

0 CRYOGENIC  CONCEPT 

0 NTF HAVE THE FOLLOWING LEADING  CHARACTERISTICS: 

TEST SECTION SIZE 2,5 METERS  SQUARE 
DESIGN PRESSURE 130 PSIA  OR z 9 BAR 
DESIGN MACH  NUMBER  RANGE 0 - 2  - 1 , 2  
STREAM FLUID NITROGEN 
PRODUCTIVITY/EFFICIENCY 8,000 POLP.RS/YR 
REYNOLDS  NUMBER(^) 12OX1O6 (M = 1) 

0 NTF BE LOCATED  AT  LANGLEY  RESEARCH  CENTER 

(IIBASED ON = 0,25 METER (0.82 FEET) 

Figure 7 . -  Summary of AACB Subpanel  recommendations relative  to NTF. 

TEST SECTION 2.5 x 2.5 meter 
RUN  DURATION CONTINUOUS 
COST 865 Mil 

Figure 8.-  The planned National Transonic Facility.  
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Figure 9. - Plan  view o f  
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t h e   f a c i l i t y .  
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Figure 10.- Baseline s l o t t e d  w a l l  and model support system. 
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Figure 11.- Test section  isolation system. 
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Figure 12.-  Available  fan  drive power (10-minute rating). 
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CORRUGATED ALUMINUM LINER 7 
\ 

r T H E R M A L  I SOLATOR 

(END VIEW) 97oNICKEL STEEL SHELL 

Figure  13.-  Internal  insulation and liner  concept. 
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Figure 14.- NTF operating envelope at M, = 1. ( E  = 0.25 m). 
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Figure 15.-  Maximum Reynolds number operating  envelope. 
(-d = 0.25 m). 
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Figure 16.-  Comparison of typical  f l ight Reynolds number requirements 
with NTF capability  for  various  civil  aircraft. 
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AERODYNAMIC  MEASUREMENT  TECHNIQUES 

USING  LASERS 

William W. Hunter,  Jr. 
NASA Langley  Research  Center 

SUMMARY 

Laser  characteristics  of  intensity,  monochromatic,  spatial  coherence, 
and  temporal  coherence  have  served  to  advance  the  development  of  laser-based 
diagnostic  techniques  for  aerodynamic  related  research.  Considering  two 
broad  categories  of  visualization  and  optical  measurements,  three  techniques 
have  received  significant  attention.  These  are  holography,  laser  velocimetry, 
and  Raman  scattering.  Examples of the  quantitative  laser  velocimeter  and  Raman 
scattering  measurements  of  velocity,  temperature,  and  density  indicates  the 
potential  of  these  nonintrusive  techniques. A continued  vigorous  effort in 
the  development  of  laser-based  diagnostic  techniques  is  expected. 

INTRODUCTION 

It would  be  presumptuous  to  present  this  paper  as  a  definitive  survey  of 
techniques  which  utilize  lasers  for  aerodynamic  research  diagnostics.  A 
fairly  complete  literature  search  of  this  subject  field  and  related  areas, 
such  as  fluid  dynamics,  reveals  over 600 published  references  covering an 
approximate  period  of 6 years.  The  limited  length  of  this  paper  restricts  the 
scope  and  could  not  possibly  cover  all  aspects  presented in such  a  volume  of 
references. 

Therefore,the  purpose  of  this  paper  is  to  briefly  note  various  diagnostic 
techniques  using  lasers  which  have  been  used  for  or  are  suitable  for  applica- 
tion  to  aerodynamic  related  research.  Examples  of  important  diagnostic 
techniques,  laser  velocimetry  and  Raman  scattering,will  be  given.  Also  near 
term  future  developments  related  to  these  examples  will  be  noted. 

IMPORTANT  LASER  CHARACTERISTICS 

Light  Amplification  by  Stimulated  Emission  of  Radiation  or  LASER  devices 
have  properties  that  provide  a  significant  opportunity  to  improve  or  develop 
new diagnostic  techniques for  aerodynamic  testing.  One  of  the  most  noted 
properties  is  the  ability to achieve  high-intensity  radiation  levels. It is 
common  to  think  of  achieving  laser  radiation  power  levels in terms  of  watts 
with  continuous  wave  systems  and  peak  powers in megawatts  with  very  short 
(nanosecond$  pulsed  systems. 
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The  high  power  property  alone is not  sufficient  to  describe  the  unique- 
ness  of  the  laser.  Lasers  are  monochromatic  sources of radiation.  That is, 
the  laser  is  capable  of  containing  its  energy in several  or  even  one  narrow 
band of radiation.  The  monochromatic  property  coupled  with  the  power  levels 
routinely  achieved  is  essential  to  diagnostic  techniques  that  depend  on  radia- 
tion  scattering  and  absorption  processes. 

Spatial  and  temporal  coherence  are  important  laser  properties.  For 
example,  application  of  lasers  to  interferometry  relieves  the  problem  of  hav- 
ing  to  closely  match  relative  path  differences  to  obtain  good  fringe  contrast 
because  of  its  temporal  or  long  coherence  length.  The  laser  is  also  a  large 
aperture  point  source  because  of  its  spatial  coherence,  or  uniform  phase 
front,  property  thereby  achieving  greater  radiation  levels  than  could  be 
achieved  with  conventional  interferometer  point  sources. 

Properties  of  intensity,  monochromatic,  spatial  coherence,  and  temporal 
coherence  plus  reliable  and  ready  availability  of  practical  laser  systems 
with  a  wide  range  of  operating  frequencies  have  made  the  laser  an  important 
research  tool  as  well  as  an  object  of  research  interest.  The  laser  has 
provided  a  needed  stimulus  to  the  research  and  development of flow-field 
diagnostic  techniques  in  the  areas  of  fluid  dynamics  and  aerodynamics. 

DIAGNOSTIC  TECXNIQUES  USING  LASERS 

For  convenience  of  this  discussion,the  diagnostic  techniques  that  utilize 
lasers  are  divided  into  two  broad  groups.  The  first  group  consists of those 
techniques  of  visualization  which  provide  qualitative  and,in  some  cases,quan- 
titative  information.  Second  grouping  is  optical  measurement  techniques  which 
are  nonintrusive  or  probeless  methods  which  provide  quantitative  information. 

Included  in  the  visualization  grouping  are  a  variety  of  photography, 
shadowgraph,  holographr,  and  Schlieren  techniques.  Holography  has  been  the 
major  benefactor  of  the  development of laser  sources. 

The  advantage  of  a  laser  source  for  direct  photography  is  gained  from  the 
combination  of  intense  short  pulse  and  monochromatic  radiation  burst. 
Combined,  these  properties  permit  stop  action  photography  of  tests  in  which 
narrow  band  optical  filters  can  be  used  to  filter  out  unwanted  background 
or  object  radiation.  Such  test  conditions  are  often  found  in  ballistic  range 
and  shock  tube  tests  of  hypersonic  aerodynamic  models  (refs. 1 and 2). 

The  techniques  which  depend  on  refractive  index  gradients,  shadowgraph 
and  Schlieren,  benefit  chiefly  from  the  same  laser  properties  as  photography. 
Some  differences  in  the  normal  physical  set-up  are  required  because of the 
use  of a source  that  produces  parallel,  monochromatic  and  coherent  light. 
These  differences  are  discussed  in  reference 3. 

- 

As  noted  previously,  the  holography  technique  has  been  a  major  benefactor 
of  laser  devices.  This  occurred  because of the  basic  need  for  the  laser 
coherence  properties.  Fundamentally,the  holographic  process  is  a  recording 
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of  wavefront  information  including  amplitude  and  phase.  Phase  information  is 
obtained  through  interferometric  techniques.  Holography  is an attractive 
process  since  it  can  record  three-dimensional  spatial  information  on  film  and 
this  information  can  be  retrieved  at  a  later  time  at  the  experimenter's  leisure. 
Holography  has  been  used  in  aerodynamic  testing  for  visualization,  toascertain 
particle  content in a  flow  field, to study  particle  interaction  with  model- 
generated  shock  waves,  and  for  obtaining  quantitative  density  information  on 
flow  fields  about  aerodynamic  models  (refs. 4 and 5). 

Laser  optical  measurement  techniques  for  aerodynamic  testing  havereceived 
considerable  attention  in  laboratories  involved  in  aerodynamic  and  related 
research.  The  reason  for  this  interest  in  optical  measurement  techniques 
is  several  fold.  First,  remote  optical  techniques do not  disturb  the  local 
flow  field  such  as  occurs  with  intrusive  probe  techniques.  Second,  most 
optical  techniques  determine  basic  individual  gas  parameters,  e.g.,  number 
density,  temperature,  velocity  and  specie  concentration,  as  opposed  to 
probe  measurements  which  are  usually  dependent  on  more  than  one  basic  param- 
eter. 

Many  of  the  optical  techniques  depend on absorption,  fluorescence  or 
some  type of scattering  process;  Fbyliegh,  Raman,  Mie,  etc.  Of  all  of  the 
optical  techniques,  most  attention  at  this  time  is  being  directed  toward 
the  laser  anemometer  technique  (refs. 6 and 7) which  can  provide  velocity 
vector  flow  field  measurements  about  aerodynamic  models  or  any  other  general 
flow  field  of  interest.  This  technique  is  dependent  on  Mie  scattering  from 
small  particulates  imbedded  in  the  flow  field.  The  ultimate  limitation  of 
this  measurement  process  is  the  fidelity  of  the  particle  motion  with  respect 
to  the  local  flow  field.  Anal  tical  and  experimental  work  has  been  performed 
(refs. 8 and 9) and  it  is  gene H ally  accepted  that  in  many  flow  fields of 
interest  significant  experimental  information  can  be  obtained  before  particle 
motion  fidelity  becomes  a  significant  limiting  factor. 

Another  optical  technique  receiving  significant  interest  is  the  Raman 
scattering  process  (refs.  10, 11, and  12).  The  process  provides  local  point 
measurements of the  species  concentration  and  temperature.  This  technique 
has  found  considerable  interest  in  the  study  of  engine  combustion  processes 
and  engine  exhaust  characteristics.  Also,  Raman  scattering  has  a  place  in 
aerodynamic  testing,  especially  those  found  in  supersonic  and  high  enthalpy 
facilities. 

As  can  be  seen  from  the  limited  discussion  and  references  cited  above,a 
number  of  laser  visualization  and  optical  techniques  have  been  investigated 
and  used  as  aerodynamic  testing  diagnostic  techniques.  All of this  activity 
has  been  stimulated  by  the  development  of  laser  devices  as  practical  and 
reliable  tools  and  the  need  for  new  and  improved  aerodynamic  research  diag- 
nostic  techniques. 
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EXAMPLES  OF  DIAGNOSTIC  TECHNIQUES 
USING  LASERS 

Numerous  examples  of  the  laser  diagnostics  techniques  previously  discuss- 
ed  can  be  found  in  any  number  of  journals,  conferences,  and  special  symposiums 
reports.  For  purposes  of  illustration,  several  examples  of  the  laser  velocim- 
eter  and  Raman  scattering  techniques  are  included  in  this  discussion..  These 
two  diagnostic  techniques  were  chosen  because  they  are  representative  of  the 
state  of.  the  art  and  indicate  the  quantitative  data  that  can  be  obtained. 

Recently,  the  velocity  flow  field  above  a  stalled  model  wing  was  surveyed 
vith  a las,er  velocimeter.  These  tests  were  conducted  in  the  Langley  7-  by  10-foot 
high-speed  wind  tunnel  by  Mr. J. F. Meyers,  NASA  Langley  Research  Center,  and 
Dr. W. H. Young, U.S.  Army  Air  Mobility  R&D  Lab.,  Langley  Research  Center.  The 
tests  were  conducted  with  a  NACA  0012  airfoil  at  a 0.49 Mach  number.  Before 
describing  the  results of these  tests,  it  is  worthwhile  to  note  the  fundamental 
simplicity of the  technique.  This  is  best  shown  by  the  basic  equation 

wherethe  bracketed  term  describes  the  fringe  spacing  formed  by  crossing  two 
laser  beams of wavelength, X ,  at  an  angle, 8. The  quantities X and 0 
are  determined  by  the  experimental  system. A s  a  particle  crosses  the  fringes, 
scattered  (?fie)  radiation  is  detected  by  a  photodetector  and  with  suitable 
electronic  processing  equipment  the  detected  sfgnal  frequency,  fD,  or  Doppler 
frequency,  is  measured  and  the  resultant  velocity  component,  Vi,  is  deter- 
mined  through  equation (1). 

The  system  used  in  these  tests  measured  two  velocity  components  u  and  v. 
Figure 1 shows  the  wing  installation  and  the  laser  beams  in  the  tunnel  test 
section.  In  these  tests  velocities  were  measured  at  178  points  in  the  plane 
of  the  wing  center  span.  Data  are  collected  in  histogram  form  and  consisted 
typically of 200 to 1000 individual  measurements  or  Mie  scattering  events. 
A  composite of the  measure  flow  field  velocity  vectors  is  shown  in  figure 1 and 
represents  a  quantitative  flow  field  pattern  above  the  wing. A typical  set of 
histograms  for  a  number  of  points  along  a  normal  to  the  wing  is  shown  in  fig- 
ure 2. From  these  histograms  the  mean  values  are  calculated. 

The  laser  velocimeter  velocity  measurement  capability  is  complemented  by 
the  measurements  of  density  and  temperature  by  the  Raman  scattering  process. 
The  inelastic  light-scattering  Raman  process  and  its  potential  as  a  flow 
diagnostic  technique  has  been  noted  by  a  number  of  authors  (refs. 10, 11,  and 
12). 

Basically,  frequency  shift  of  the  scattered  radiation  is  dependent  on  the 
scattering  molecular  rotational  and  vibrational  energy  states  and  the  inten- 
sity  of  the  scattered  radiation  is  dependent  on  the  population  density  of 
these  states.  That  is  the  intensity  and  intensity  variations  in  the  scat- 
tered  radiation  spectrum  can  be  directly  related  to  the  gas  molecular  density 
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and  temperature.  The  static  temperature  can  be  determined  by  ratioing  the 
intensities  of  two  pure  rotational  Raman  transitions.  The  relationship  for 
temperature, T, is  given  by 

T = A/ln(R/B) 

where A and B are  constants  which  are  determined  by  the  specified  transi- 
tions  used  and R is  the  intensity  ratio.  Selection of €he  transitions  used 
in  the  ratio,  R,  is  determined  by  the  constituents  in  the  gas  mixture  and  the 
temperature  range  of  interest. 

The  example  chosen  to  illustrate  the  Raman  diagnostic  techniques  is  a 
series  of  measurements  conducted  in  a  Mach 5 free  jet  test  facility  (ref.  13). 
A schematic  of  the  test  set-up  is  shown  in  figure 3,  and  the  results  of  several 
density  and  temperature  measurements  are  shown  in  figure 4. These  tests  were 
conducted  in  an  air  flow  field  about  a  flat  plate  set  at  various  angles  of 
attack, a. Temperature  measurements  were  made  by  ratioing  (6,4)  anti-Stokes 
to  the  (1,3)  Stokes  rotational  transitions  of  nitrogen.  Density  measurements 
were  also  obtained  by  intensity  measurements of the  (6,4)  transition.  Density 
measurements  require  prior  calibration  to  account  for  instrumentation  factors 
whereas  the  temperature  measurements  based  on  the  ratio  procedure  do  not. 

The  preceding  examples  illustrate  the  types  of  laser  optical  measurement 
techniques  that  are  being  used  in  most  'of  the  major  laboratories  involved  in 
aerodynamic  research  and  development.  The  near  term  future  also  offers 
several  very  interesting  variants  of  the  laser  velocimeter  and  Raman  methods. 

A logical  step  is  to  combine  the  laser  velocimeter  and  Raman  techniques 
to achieve  essentially  simultaneous  point  velocity,  temperature,and  density 
measurements  in  the  flow  field  about  a  model.  Several  experiments  have  been 
conducted,  references 14 and 15,  which  demonstrate  the  feasibility  of  this 
approach.  Such  a  system  will  significantly  add  to  a  research  facility 
capability.  The  near  term  future  also  promises  much  more  compact  laser-optic 
systems.  Development  of  relialil'e  laser  diodes  which  deliver  5  milliwatts  in 
the  continuous  wave  mode  and 10 watts  peak  power in the  pulse  mode ( " 5 0  nano- 
seconds)  have  been  obtained.  Potential  application of the  laser  diode  for 
aerodynamic  testing  is  illustrated  in  figure 5. That  is,  where  there  are 
very  confined  regions  or  regions too close  to  surfaces.which  may  not  be 
accessible  to  external  laser  velocimeter  systems,  then  a  compact  laser  diode 
velocimeter  package  may  be  used. 

CONCLUDING REMARKS 

Development  of  laser  devices  whose  unique  radiation  properties  of  high 
intensity,  .monochromatic,  spatial  coherence,  and  temporal  coherence  has  provided 
significant  impetus  to  the  advancement  of  diagnostic  techniques  for  use  in 
aerodynamic  testing.  Of  all  the  techniques  using  lasers,two  have  received 
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significant  attention  and  effort  in  the  past 6 or 7 years.  These  are  the 
holography  and  the  laser  velocimeter  methods.  Certainly  the  ability  to 
visualize  the  local  flow  field  about  a  model,  such  as  can  be  obtained  with 
holography, a1 ways  provides  the  aerodynamicj  st  significant  insight  into  the 
interaction  of  model  and  the  field.  But  quantitative  information  is  necessary 
for  the  full  understanding  of  the  model-field  interaction.  The  laser  velocim- 
eter  provides  quantitative  velocity  information andlas  was  illustrated,can 
provide  a  quantitative  flow  field  pattern.  This  pattern  provides  a  form  of 
visualization  in  terms  of  velocity  field  characteristics  rather  than  in  terms 
of  density  field  characteristics  as  provided  by  holography. 

Laser  Raman  scattering  would  probably  rank  after  laser  velocimetry  and 
holography  in  term  of  attention  and  effort  in  the  past  6  or  7  years.  The 
physics  of  this  technique  is  well  understood  and  its  potential  as  a  flow  field 
diagnostic  technique  is  being  exploited.  The  ability  to  obtain  simultaneous 
velocity,  density,  and  temperature  at  a  point  when  combined  with  velocimeter 
‘technique  makes  this an extremely  useful  diagnostic  technique. 

A  continued  and  increasing  use  of  remote  nonintrusive  laser-based  mea- 
surement  techniques  for  aerodynamic  research  diagnostics  is  expected.  This, 
expectation  is  based  on  the  apparent  advantages  of  the  techniques  demonstrated 
and  continued  development  and  improvement  of  laser  devices 
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Figure  2.- Laser ve loc imeter   h i s tograms f o r  i n d i c a t e d   l o c a t i o n s  a, 
b, c ,  and  d .   Lef t  hand set f o r  +45O a n d ' r i g h t  hand set f o r  -450 
vector   components   about   the  horizontal .   Chordwise  posi t ion c 
and dis tance  a long  normal  N bo th   i n   pe rcen t   cho rd .  
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Figure 3.- Raman test se t -up   i n  Mach 5 nozz le  tes t  chamber. 
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Figure 4.- Interior  view of Mach 5 nozzle test chamber  and comparison of 

calculated  density p and temperature T values  with  experimental 
values. 
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Figure 5.- Proposed applications for a laser diode velocimeter 
and typical characteristics. 
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HYPERSONIC HEAT-TRANSFER AND TRANSITION  CORRELATIONS 

FOR A ROUGHENED SHUTTLE ORBITER 

John J.  Bertin, Dennis D .  Stalmach, Ed S. Idar and Dennis B. Conley 
The University of Texas a t  Austin 

Winston D. Goodrich 
Johnson Space Center 

SUMMARY 

The effect  of roughness on the  heat-transfer  distributions and the  tran- 
s i t ion   c r i te r ia   for   the  windward pitch  plane of the  Shut t le   Orbi ter   a t  a n  
angle of attack of 30" was studied us ing  d a t a  obtained  in  hypersonic wind 
tunnels. The heat-transfer  distributions and the  transition  locations  for  the 
roughened models were compared with  the  corresponding d a t a  fo r  smooth models. 
The d a t a  were correlated  using  theoretical  solutions  for a nonsimilar,  laminar 
boundary layer  subject t o  two different  flow-field models for  the  Orbiter. 

I NTRODUCT ION 

I n  order t o  predict  the  convective  heat-transfer  distribution  for  the wind- 
ward surface of the Space Shuttle  entry  configuration, one  must develop  engi- 
neering  correlations  for  the  three-dimensional,  compressible boundary layer. 
Since  the aerodynamic heating  rates  generated by a turbulent boundary layer may 
be several times greater t h a n  those  for a laminar boundary layer a t  the same 
fl ight  condition,  the  correlations must include a t rans i t ion   c r i te r ia   su i tab le  
for the complex flow f ie lds .  Because the windward surface of the  Orbiter i s  
composed  of a large number of thermal protect ion  t i les ,   the   t ransi t ion  cr i ter ia  
must include  the  effect of the  distributed roughness arising from the  joints  
and possible t i l e  misalignment. T h u s ,  the   t ransi t ion  correlat ion  is  complicated 
by the  presence of roughness which interacts  with  other  transition-related 
parameters. As discussed i n  reference 1 ,  parameters, such as wall cooling, 
which decreases  the  boundary-layer  thickness and delays  transition on a smooth 
body, might actually promote t ransi t ion for a given surface  roughness. 
Morrisette  (ref. 2 )  found t h a t  a l t h o u g h  the  effective roughness Reynolds number 
increases  significantly  in  the  presence of a favorable  pressure  gradient near 
the  centerline, much smaller roughness was required t o  promote t ransi t ion near 
the  shoulder o f  an Orbiter  configuration, where again  there was a favorable 
pressure  gradient  (this one associated  with  cross  flow). 

During t e s t s  i n  which a ring of spherical roughness  elements were located 
in a supersonic  flow p a s t  a cone, Van Driest and  Blumer ( r e f .  3 )  observed va r i -  
at ions  in  the  relative  roles played by the  disturbances in  the  basic flow f i e ld  
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and those  resulting from the  presence of roughness  elements. For some condi- 
tions,  the  disturbances  associated w i t h  the basic flow f ie ld  were predominant 
i n  establishing  transit ion,  whereas for other  flows,  the roughness elements 
dominated the transition  process. 

McCauley e t  a1 (ref .   4)  found that  the  spherical roughness  elements requir- 
ed to  trip the boundary layer on sphere  noses were several  times  larger  than 
the  boundary-layer  thickness, whereas the trips required  for a cone were w i t h i n  
the boundary layer.  Heat-transfer  data  (ref. 5 )  obtained i n  Tunnel B of  the 
Arnold Engineering Development Center ( A E D C )  fo r  a 0.04-scale  Orbiter  indicated 
that  a r i n g  of spherical trips, which  were 0.079 cm. (0.031 i n . )  i n  diameter 
and were 0.l lL from the  nose, caused the  transition  location t o  move consider- 
ably upstream of the  natural   transit ion  location  ( i .e. ,  t h a t  for a smooth body). 
In the same t e s t  program ( r e f .   5 ) ,  a simulated  interface gap between two 
insulation  materials, which was 0.102 cm. (0.040 i n . )  wide by 0.203 cm. (0.080 
i n . )  deep and was located a t  x = O . O 2 L ,  had no measurable e f fec t  on boundary- 
layer transition a t  a = 40" and RecoyL = 8.6 x 10 . In a ser ies  of  t e s t s  u s i n g  
del ta-wi ng Orbiter models ( r e f .  6 )  , premature boundary-1 ayer  transition was 
observed on a model hav ing  simulated  heat-shield  panels w i t h  raised  joints.  
S l o t  j o in t s ,  however, d i d  n o t  cause  premature t ransi t ion of the boundary layer. 
The former model featured a ser ies  of  transverse  panels 0.635 cm. (0.250 i n . )  
wide separated by a raised  retaining strip 0.025 cm. (0.010 i n . )  wide by 
0.0025 cm. (0.001 i n . )  h i g h .  The panels on the model w i t h  s lot ted  joints  were 
0.635 cm. (0.250 i n . )  square  separated by slots 0.020 cm. (0.008 i n . )  wide by 
0.005 cm. (0.002 i n .  ) deep. The Reynolds number  (Re ) for  these  tests ranged 
from 6.5 x 10 t o  9.0 x 10 u s i n g  a model 0.403 m (1.321 f t . )  long.  

6 

6 6 -,L 

The present paper discusses  the  results of an experimental  investigation 
i n  which heat-transfer  data were obtained on a Shuttle  Orbiter model for which 
the f i r s t  80% of the windward surface was roughened e i ther  by a simulated 
ve r t i ca l   t i l e  misalignment or by a grit-blasting  technique. The misaligned 
t i l e s  were 0.0023 cm. t o  0.0025 cm. h i g h  on the  0.0175-scale  Orbiter. Heat- 
transfer  data were obtained i n  Tunnel B and i n  Tunnel F over a Mach  number 
range from 8.0 t o  12.1 and over a Reynolds number range  (based -on model length) 
from 1.17 x 10 t o  17.63 x 10 . 6 6 

SYMBOLS 

h local  heat-transfer  coefficient, t / ( T t - T w )  

ht  ,ref rate heat-transfer  coefficient for  the  reference  stagnation-point  heating 

k height of  roughness  element 

L axial model length, 0.574 m (1.882 f t )  

msf metric  scale  factor equal t o  the  equivalent  radius  divided by L 
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Me 
M 

m 

rref 

Rens 

Rem , L 

Re, 

X 

6* 

local Mach  number a t  the edge of the boundary layer 

free-stream Mach  number 

radius of reference  sphere reduced to  model scale ,  0.5334 cm. 
(0.0175 f t . )  

Reynolds number behind a normal shock, pnsunsrref /pns 

Reynolds number based on local flow properties  integrated over the 
length from the  stagnation p o i n t  t o  the  point of in te res t  

free-stream Reynolds number based on  model length 

Reynolds number based on local flow properties a t  the edge of .   the  
boundary layer and on the momentum thickness 

axial  coordinate 

displacement  thickness 

The subscript t r  designates  parameters  evaluated a t  the  transit ion  location. 

EXPERIMENTAL PROGRAM 

The experimental program was conducted to  investigate what e f f e c t   t i l e  
misalignment representative of a reasonable  manufacturing  tolerance has on heat- 
t ransfer  and t r a n s i t i o n  cr i ter ia   in   the plane of  symmetry of the  Shuttle Orbit- 
er .  Thus, a 0.0175-scale  Orbiter model, which had been tested  previously  in a 
smooth surface  condition  in Tunnel B and in Tunnel F of the AEDC was modified. 
Selected t i l e s ,   s l i gh t ly   r a i sed  above the model surface, were precisely de- 
posited on the windward surface u s i n g  an electroless  plating  technique  (ref. 7 ) .  
Heat-transfer  rates t o  the  tile-roughened model were obtained f i r s t  in Tunnel B 
and then i n  Tunnel F.  However, 60% of the t i l e s  were l o s t  from the model d u r i n g  
the   in i t ia l  runs of the Tunnel F program. After  the  initial  runs,  the  re- 
maining t i l e s  were removed and the windward surface roughened by a grit-blasting 
technique. 

Model. - The  model used i n  the   tes t  programs (see  the  sketch of Fig. 1 )  was a 
0.0175-scale model  of the 29-0 Shuttle  Orbiter. Twenty-seven coaxial  surface 
thermocouples were  used t o  obtain  the  heat-transfer-rate  distribution  for  the 
windward plane of symmetry. The uncertainty  for most of the  heat-transfer-rate 
measurements was approximately 10% ( refs .  8 and 9 ) .  

Ti le  roughness. - A herringbone  pattern  (symmetric  about  the  plane of symmetry) 
of ra i sed   t i l es  covered the windward surface of the  Orbiter model up to  the 
tangent  line of the  chines from x = 0.02L to  0.80L.  The ra i sed   t i l es ,  which 
were selected randomly, represented 25% of the   t i l e s  i n  the  area of in te res t   as  
shown i n  the photograph of F i g .  2. The se lec ted   t i l es  were 0.267 cm. (0.105 i n . )  
square and were 0.0023 cm. (0.0009 in . )   to  0.0025 cm. (0.0010 i n . )   i n  height. 
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The vertical  misalignment,  thus  simulated, of 0.1306 cm. (0.0514 i n . )  t o  
0.1451 cm. (0.0571 i n . )  fu l l   sca le  was considered  representative of manufactur- 
i n g  tolerance. 

Grit roughness. - The t i l e s  remaining af te r  the i n i t i a l  runs of the Tunnel F 
woqram were removed  and the  surface roughened over the f i r s t  80% of the w i n d -  
ward surface  using a gri t-blasting  technique. The average peak-to-Val ley  dis-  
tance  for  ten  readings i n  a 0.25 cm. (0.10 i n . )  length as read from a photo- 
micrograph was 0.0041 cm. (0.0016 i n . ) .  

Test Program. - Heat-transfer  rates were obtained i n  Tunnel B a t  a free-stream 
Mach  number of 8 over a range of Reynolds number (based on  model 1 ength) from 
1.89 x 10 t o  7.07 x lo6. The surface  temperature  for  the Tunnel B t e s t s  
varied, from 0.40 Tt t o  0.43 Tt .  For the Tunnel F t es t s   the  Mach  number varied 
from 10.73 t o  12.06 while  the Reynolds number varied from 1.17  x 10 to  
17.63 x 10 . The surface  temperature for  the Tunnel F tests  varied from 0.14 T t  
t o  0.28 Tt. The d a t a  presented i n  the  present paper were obtained a t  a n  angle 
of  attack of  30". 

6 

6 
6 

For additional  details  regarding  the model or the t e s t  program, the  reader 
i s  referred  to  references 8 and 9. 

THEORETICAL SOLUTIONS 

Theoretical  solutions for a nonsimilar,  laminar boundary layer were gener- 
ated for the  pitch  plane of the  Orbiter model a t  an angle of  attack of 30" t o  
determine  the f low properties a t  the  transition  location. The theoretical so- 
lutions were  computed using a modified  version of the code described i n  
reference 10. Required as i n p u t  for the code are  the f low conditions a t  the 
edge of the boundary layer,  the  radius of the  "equivalent" body of revolution, 
and the  wall-temperature  distribution. The metric  scale-factor  describing  the 
stream1 ine  divergence was used t o  represent  the  radius of  the  equivalent body 
of  revolution i n  the axisymmetric  analogue for a three-dimensional boundary 
layer. The metric  coefficients were calculated  using  the  relations  described 
by Rakich and Mateer ( r e f .  11 ) . 

Two different  flow-field models were  used to  generate  the  required  invis- 
cid  solution  for  the  plane of  symmetry. The pressure  distribution and the 
s t reamlines   for   the  f i rs t  flow model, designated '"Newt, NSE", represent modi- 
f ied Newtonian flow. For t h i s  flow model, i t  was assumed that  the  f luid a t  the 
edge of the boundary layer was t h a t  which had passed  through the normal portion 
of the bow shock wave  and had accelerated  isentropically from the  stagnation 
point. The inviscid flow properties for the second flow-field model, desig- 
nated "LFF, VarEnt" , were supplied by the Lockheed Electronics Company u s i n g  
the code described i n  reference 12 .  This  flow model accounts for the  entropy 
variation i n  the shock layer which resu l t s  because of the  curvature of the 
shock wave. Thus, the  entropy of the f l u i d  a t   t h e  edge of  the boundary layer 
varied w i t h  distance from the apex. The pressure  distributions and the  metric 
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scale-factor  distributions,  thus calculated  for a free-stream Mach number of 
8 ( the nominal value of the Tunnel B t e s t s )  and for  cc = 30" , are  presented i n  
Figure 3 for  the-two flow models. Whereas the  pressure  distributions  are 
similar,   significant  differences  exist  i n  the local  entropy  distribution and 
i n  the  metric  scale-factor  distributions  for  the two flow models. As a r e su l t ,  
the  values  for  local flow properties, such as the  velocity,  the Mach number, 
and the u n i t  Reynolds number, were much higher  for  the LFF,  VarEnt model than 
for  the Newt, NSE model. 

EXPERIMENTAL DATA FOR AN ANGLE OF ATTACK OF 30" 

The heat-transfer measurements for  the  tile-roughened models are  compared 
i n  Figure 4 w i t h  the  heat-transfer d a t a  obtained i n  a previous Tunnel B program 
( r e f .  13) i n  which a smooth  model  was subjected t o  essentially  identical  flow 
conditions. The experimental  values  for  the  local  heat-transfer  coefficients 
have  been divided by the  theoretical  value  for  the  stagnation  point of a 
0.5334 cm. (0.0175 f t . )   r ad ius  sphere as calculated  using  the  theory of Fay and 
Riddell ( re f .  1 4 ) .  For purposes of data  presentation  the  recovery  factor has 
been s e t  equal to  unity. For x 0.90L, the  local  heat  transfer  coefficients 
for  the  tile-roughened model were typically between 8% to  26% greater t h a n  
those  for  the smooth model. T h i s  was t rue bo th  for  the laminar and  for  the 
transitional  portions of the boundary layer. The d a t a  for  the thermocouple a t  
x = 0.2OL were counter t o  this trend, b u t  the measurements a t   t h i s  thermocouple 
are  believed  to be sl   ightly low for  ttie  tile-roughened model ( re fer  a1 so to  
Fig. 5 ) .  A t  the downstream  end of the model, i . e . ,  0.9OL < x < l.OOL, the 
local  heat-transfer  coefficients were approximately  the same (f .e. ,   within  the 
uncertainty of the measurements) when the boundary layer was transit ional o r  
turbulent. There were not  sufficient d a t a  for   ful ly   turbulent  boundary layers 
a t  comparable  flow conditions t o  warrant general  conclusions. For the  lowest 
Reynolds number tes ts ,   the   heat   t ransfer  a t  the downstream  end  of t he   t i l e -  
roughened model  was from 25% to  55% greater t h a n  tha t  of the smooth  model. 
However, since  these  heating  rates were relat ively low, the  experimental un-  
certainty of the d a t a  was betwpen 10% t o  25% ( r e f .  8 ) .  The increased  heating, 
which  was significantly  greater than  the  experimental  uncertainty, may  be due 
t o  roughness-induced perturbations t o  the  relatively  thick laminar boundary 
layer o r  t o  the  s l ight ly  premature  onset of transition.  Since  the roughness 
presented by the  vertical misalignment of the t i l e s  perturbed the flow su f f i -  
ciently t o  produce weak shock  waves ( re fer  t o  the shadowgraphs presented i n  
ref .  7 ) ,  the  increased  heating  evident  in  the d a t a  of Figure 4 i s  not  unex- 
pected. 

Experimentally  determined  heat-transfer d a t a  obtained i n  Tunnel B for   the 
tile-roughened model are  compared i n  Figure 5 with  the  theoretical  solutions 
for  a laminar boundary layer.  Despite  the roughness-induced perturbations  to 
the  heat  transfer, the experimental  laminar  values are  between the theoretical  
values  for  the two flow-field models. The streamwise variation of the measure- 
ments more closely  follows  the  theoretical  distribution based on the LFF,  
VarEnt flow model. T h u s ,  the d a t a  indicate t h a t  one should  include  the v a r i a -  
t ions i n  entropy when developing  correlations  for  the aerothermodynamic environ- 
ment of the  Shuttle. The departure of  the  experimental  heat-transfer 
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measurements from the laminar correlation, which i s  indicated by the arrows i n  
Figure  5, was defined  as  the  onset of t ransi t ion.  

The experimentally  determined  heat-transfer  distributions  obtained i n  
Tunnel F for  the t i  1 e-roughened model are  presented i n  Figure  6. From 0.20L 5 
x < 0.55L, the  heat-transfer measurements for   the two higher Reynolds-number 
flow conditions were as much as 30% above the  corresponding  values  for  the low- 
e s t  Reynolds number. These local ly  h i g h  heating  rates may  be  an indication of 
"incipient"  transit ion.  As will be discussed  later,  the t ransi t ion correlation 
parameter (using  local  properties based on the LFF, VarEnt flow model) was re l -  
atively low for  these two flow  conditions. Thus, if   these  data  are indeed in- 
dicative of "incipient"  transition,  the  favorable  pressure  gradient  inhibited 
the  transition  process and the boundary layer was laminar for x > 0.60L. Again, 
the  experimentally  determined  laminar  heat-transfer  coefficients were i n  rea- 
sonable agreement w i t h  the  theoretical  values  calculated us ing  LFF ,  VarEnt 
f 1 ow model. 

Experimentally  determined  heat-transfer  distributions  obtained i n  Tunnel F 
for  the  grit-roughened model are  presented  in  Figure 7. For the  highest Rey- 
nolds-number flow condition  ( i .e.  , RewyL = 13.45 x 106) ,  t ransi t ion occurred a t ,  
x = 0.06L. I t  should be noted tha t  a strong  favorable  pressure  gradient  existed 
in  this  region  (see F ig .  3a).  W i t h  transition  occuring so near  the  stagnation 
point,  the  theoretical  value for the  boundary-layer  displacement  thickness was 
less t h a n  the  average  peak-to-valley  distance  for  the g r i t  roughness ( i   . e .  , 

* = 0.351 k for  Newt, NSE and 6tr* = 0.434 k for  LFF ,  VarEnt). Thus , the 
gr i t  may have  been effective  in t r i p p i n g  the boundary layer  for  the  highest 
Reynolds-number flow. As the Reynolds number decreased,  transition moved down- 
stream and the  grit-roughness  elements became  immersed i n  the boundary layer. 
Using the  theoretical  values  for  the LFF, VarEnt flow model, 6tr  * was 0.684 k ,  
4.90 k ,  and 7.67 k when  Re  was 9.45 x lo6 ,  7.51 x lo6,  and 3.99 x 10 , re- 
spectively. The heat-transfer measurements for  Rew = 7.51 x 10 were s l igh t ly  
greater than  the companion laminar measurements from x = 0.2OL to  the assumed 
t ransi t ion  locat ion  ( i   .e .  , xt r  = 0.40L). Again, the  possibi l i ty   exis ts  t h a t  
the d a t a  indicate a roughness-induced incipient  transition  process  countered by 
a stabilizing  pressure  gradient. 

t r  

6 
W Y L  6 

Y L  

Although the  local  heating was measurably increased by the t i l e  misalign- 
ment, the Tunnel B data of Figure 4 indicated t h a t  the  transition  locations 
were n o t  affected by t i l e  misalignment of the magnitude considered  in  the 
present  tests.  Pate  (ref.  15) has found t h a t ,  t o  a significant  degree,  the 
tripped  location a t  supersonic  speeds i s  dependent on the  free-stream  distur- 
bances in a tunnel. He concluded t h a t  i t  appeared appropriate t o  r e l a t e  rough- 
ness effects  by comparing the roughened-model transit ion  locations t o  the smooth- 
wall transition  location when attempting t o  normalize  tunnel  flow effects .  
Therefore,  the  effect of roughness on the  present  transit ion  locations  is   in- 
dicated by comparina smooth-wall d a t a  w i t h  rough-model data from the same 
tunnel as a function of Rens. Data obtained  in Tunnel B for  a smooth model 
( re f .  13) and for  a t i  le-roughened model ( re f .  8) are  .presented i n  Figure  8a. 
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Data obtained i n  Tunnel F for  a smooth model ( r e f .  16) and for  a grit-roughened 
model ( re f .  9 )  are  presented  in  Figure 8b. I t  i s   evident   that   the  roughness 
elements of the  present  tests caused  premature t r a n s i t i o n  only for  the  highest 
Reynolds-number flow  conditions i n  Tunnel F. These were the  only  flow  condi- 
t ions  for  which Gtr* was l e s s  t h a n  k ,  the  roughness  height. I t  should also be 
noted that   the  gri t-blasted  roughness, which  promoted t ransi t ion i n  these  runs, 
was greater i n  height  than  the  misaligned  tiles. 

Values for  the  transition  correlation  parameters, (Re,/Me)tr and Res,tr, 
which  have  been calculated  using  the two flow-field models, are  presented i n  
Figure 9. As noted previously, even though the  pressure  distributions  are 
similar,  the assumed flow  process ( i . e . ,  an isentropic expansion from the  stag- 
nation p o i n t  or an adiabatic  process  subject  to  the  entropy  distribution  defined 
by the shock shape) had a profound ef fec t  on the  local flow properties. Note a 
single  value  for  ei ther  transit ion  parameter,   i .e. ,  (Ree/Me)tr or ReSltr, was 
n o t  found from the  correlations made using e i ther  flow model. For the Newt, 
NSE flow model, (Re,/Me)tr i s  approximately equal t o  0.348 (Res,tr)O-5. The 
correlation  for  the  parameters  evaluated based on the LFF,  VarEnt flow model i s  
n o t  as  simple. The data may  be considered  as  falling  into one  of three  groups: 
( 1 )  the roughness-promoted t ransi t ion which occured in  the  highly  favorable 
pressure  gradient  near  the nose ( i  .e. , the open symbols f o r  Res ,tr < 400,000), 
( 2 )  the  incipient  transition  locations  for  the  data  discussed  in  Figure 6 ( i . e . ,  
the  filled  symbols), and (3)  the remaining d a t a  for  which the  transition  loca- 
tions were unaffected by  model roughness ( i  .e. , the open symbols for  Res ,tr > 

900,000). These d a t a  are being studied  further. 

CONCLUDING REMARKS 

Heat-transfer  data  for  the  Shuttle  Orbiter a t  an angle of attack of  30" 
have  been obtained  in Tunnel B and i n  Tunnel F. The f i r s t  80% of the windward 
surface of the model  was roughened ei ther  by a simulated  vertical t i l e  mis- 
alignment or by a grit-blasting  technique. Based  on the d a t a  obtained  in  these 
tests,  the  following  conclusions  are made. 

(1 ) Surface  roughness of the magnitude considered  did n o t  have a s ignif icant  
e f fec t  on the  transit ion  location  unti l   the Reynolds number  was suf f ic ien t ly  
h i g h  to  cause t ransi t ion near  the  nose. A t  these h i g h  Reynolds numbers, the 
roughness  elements became large  relative  to  the boundary layer and became 
effective  as  tripping  elements. 

( 2 )  The local  heat-transfer  coefficients  for  the  tile-roughened model were 
measurably greater than the corresponding  values  for the smooth  model. T h i s  
was true both  for  the  laminar and for  the  transitional  portions of the boundary 
1 ayer . 
(3)  Both theoretical flow models produced heat-transfer  distributions which 
were i n  reasonable  agreement w i t h  the magnitude of the  laminar  data. The 
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flow model which included the. entropy  gradients i n  t he   f l ow  f i e ld ,   i . e . ,  the 
"more exact' ' LFF, VarEnt flow model , provided a better cor re la t ion  of the 
streamwise  variation i n  heating. The  two theore t ica l  models  produced  markedly 
d i f f e ren t   co r re l a t ions   fo r  the transition  parameters.  Additional  study i s  
needed to  define  the  impact  of  these  variations on the   cor re la t ions   for  f l i g h t  
conditions. 
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HYDROGEN-FUELED  SCRAMJETS: 

POTENTIAL  FOR  DETAILED  COMBUSTOR ANALYSIS 

H. L.  Beach, Jr. 
NASA Langley  Research  Center 

SUMMARY 

Combustion  research  related  to  hypersonic  scramjet  (supersonic  combustion 
ramjet)  propulsion  is  discussed  from  the  analytical  point  of  view.  Because  the 
fuel  is  gaseous  hydrogen,  mixing  is  single-phase  and  the  chemical  kinetics  are 
well-known;  therefore,  the  potential  for,analysis  is  good  relative  to  hydro- 
carbon-fueled  engines.  Recent  progress in applying  two- and three-dimensional 
analytical  techniques  to  mixing  and  reacting  flows  indicates  cause  for  optimism, 
and identifies  several  areas f o r  continuing  effort. 

INTRODUCTION 

Research  in  hy-personics,  while  lying  dormant  for  the  last 8 to 10 years 
throughout  much  of  the  R&D  community,  has  been  proceeding  at a quite  viable 
pace  at  NASA  Langley.  There  have  been  technology  advancements  in a number  of 
areas,  including  propulsion.  The  realities  that  have  driven  the  new  concepts 
for  hypersonic  engines  are  the  need  for  hydrogen  fuel (for performance  and 
cooling),  the  need  for  supersonic  combustion  (to  reduce  internal  pressure,  gas 
dissociation,  and  heat  flux), and the  necessity  to  very  closely  integrate  the 
propulsion  system  with  the  aircraft.  For  example,  at  Mach 10 almost  all  of  the 
airflow  between  the  underside  of  the  vehicle and its  bow  shock  must  be  utilized 
in  the  propulsion  cycle,  and  this  implies an inlet  capture  shaped  much  like  the 
vehicle  undersurface  as  shown in  figure 1. By  dividing  this  area  into  smaller 
units,  the  propulsion  system  becomes a set  of  modules  whose  size  and  shape  are 
appropriate  for  test  in a ground  facility.  With  this  arrangement,  the  entire 
vehicle  undersurface  is  an  integral  part  of  the  engine;  the  forebody  pre- 
compresses  the  flow  coming  into  the  inlet,  and  the  afterbody  serves a major 
function  of  the  nozzle.  Installation  losses,  which  are  extremely  severe for 
pod-type  engines,  can  easily  be  minimized  by  shaping  of  the  lower  surface or 
cowl. 

Complete  descriptions  of  engine  module  design  philosophy,  performance, and 
status  are  discussed in references 1 to 3 .  Summarizing  briefly  with  the  aid 
of  figure 1, the  module  is  highly  three-dimensional,  has a rectangular  capture 
area  and  employs  fixed  geometry.  The  inlet  process  is  completed  by  the  side- 
walls  and  three  struts  which  are  swept  to  the  oncoming  flow  and  span  the 
vertical  dimension of the  module.  The  sweep,  coupled  with a cutback  cowl, 
causes  spillage  which  allows  starting  of  the  inlet  at  low  flight  Mach  numbers. 
In addition  to  being  part  of  the  inlet,  the  struts  are  the  fuel  injectors. 
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Multiple  fuel  injection  planes  provided  by  the  struts  make  the  combustor 
shorter;  this,  combined  with a diverging  combustor  area,  gives  good  performance 
with  lower  internal  pressure  and  cooling  requirements  than a constant-area 
combustor  with  wall  injection. 

The  combustor  flow  field  can  be  regarded,  at  least  for  high  Mach  number 
flight,  as  mixing  controlled.  Advantage  is  taken  of  the  differences  between 
the  mixing  characteristics  of  parallel  and  perpendicular  fuel  injection  to  con- 
trol  the  heat  release  over a wide  speed  range.  Understanding and predicting 
mixing  in  the  presence  of  turbulence and reaction  are  prime  areas  for  research 
because  they  are  real  keys  to  effective  engine  operation.  Other  influences 
which  must  be  addressed  include  streamwise  and  transverse  pressure  gradient, 
shock  and  expansion  waves,  injection  disturbances,  external  (such  as  acoustic) 
disturbances,  and  three-dimensional  interactions.  While  these  make a formidable 
list for a potential  combustor  analyst,  there  are  several  inherent  advantages 
which  lead  to  optimism.  First,  the  combustor  geometry  is  relatively  simple  down- 
stream  of  the  struts  (plane  walls,  no  flame  holders ). Second,  the  hydrogen  fuel 
is injected  as a gas,  and  the  flow  is  single-phase.  Third,  hydrogen-air  combus- 
tion  kinetics  are  very  well-known  compared  to  conventional  hydrocarbon  fuels. 

The  purpose of this  paper  is  to  discuss  areas  of  research  directed  toward 
combustor  analysis  and  design  currently  being  pursued  in  and  out  of  house  in  the 
Langley  hypersonic  propulsion  program.  (See  reference 4 for a discussion  of 
earlier  work). 

SYMBOLS 

D 
j 

injector  diameter 

pitot  pressure pT 

R radial  distance  measured  from  flow  centerline 

T static  temperature 

U streamwise  velocity 

X streamwise  direction 

y, z transverse  directions  defined  in  figure 6 

'i 

'5 
Subscripts : 

C centerline 

0 at x = O  
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species  mass  fraction 

species  mole  fraction 



COMBUSTOR ANALYSIS DEVELOMNT 

Combustion-related  research in hypersonic  propulsion  is  divided  into  the 
general  areas  of  basic  research,  which  covers  fundamental  problems  relevant to 
any  com5ustor  concept,  and  combustor  development.  Both  areas  have  experimental 
and theoretical  aspects.  Due  to  facility  requirements,  most  experimental  work 
has  been  done  in-house,  while  many  analytical  developments  have  been  accomplished 
out of house. 

Basic  Research 

Significant  effort  has  been  devoted  to  the  analysis  of  simple-geometry, 
parabolic,  turbulent,  mixing/reacting  flows.  (Descriptions  of  various  approaches 
by a number  of  researchers  can  be  found in references ,5 and 6 ) . The  approach 
currently  being  employed  in  scramjet  work  at  Langley  (ref. 7) utilizes  .boundary- 
layer-type  equations  with  two  differential  equations  for  turbulent  kinetic  energy 
and  dissipation  of  turbulent  kinetic  energy  leading  to  the  turbulent  viscosity. 
Fuel  and  oxidizer  concentration  fluctuations  which  allow  the  modeling  of  tur- 
bulence  effects on reaction  are  also  computed.  The  turbulent  reaction  model 
being  used  for  very  high-temperature  flows  is a modification  of  that  described 
in  reference 8. and is  based on the  rate  at  which  the  concentration  fluctuations 
dissipate (eddy breakup)  rather  than  molecular.processes-  (chemical  kinetics). 
However,  this  model  will  not  be  adequate  in  lower  temperature  flows or regions 
of  flows  where  kinetics  effects  may  be  corrrpeting  equally  with  turbulence  effects, 
and  studies  are  continuing  to  develop an appropriate  model  including  both.  At 
any  rate,  it  is  clear  that  the  reaction  model  can  be  extremely  important in 
describing  the  details  of a reacting  flow.  For  example,  the  degree  of  reaction 
is  coupled  directly  to  the  local  temperature,  indirectly  to  the  pressure,  and 
through  both  of  these  (and  composition)  to  the  density.  Not  only  will  errors 
arise  in  these  variables  from  an  inadequate  reaction  model,  but  also in more 
qualitative  parameters  such  as  the  "spread'l  of  the  mixing  zone. 

Two alternate  approaches  are  now  being  investigated  which  could  have  sub- 
stantial  impact  on  the  future  character  of  both  turbulence and reaction  models. 
The  first  solves  differential  equations  for  the  second-order  turbulence  correla- 
tions  (second-order  closure,  ref. 9). This  technique  is  powerful  but  quite 
complex  and  requires  the  solution  of  up  to  thirty  partial  differential  equations. 
For this  reason,  its  applicability  may  be  restricted  to  simple  geometry.  The 
second  approach  employs  statistical  theory  to  develop  distribution  functions 
from  which  any  flow  field  quantities  of  interest  can  be  derived  (ref. 10). Here 
again,  practical  considerations  may  limit  the  applicability.  Because  temperature, 
velocity,  specie  concentration and temperature  fluctuations  are  computed in 
both  approaches,  however,  the  potential  exists  for  detailed  study  and  improved 
understanding  of  turbulence-mixing-reaction  interactions. 

Since  shocks,  expansions,  and  transverse  pressure  gradients  are  inevitable 
in a supersonic  combustion  ramjet,  the  ability  to  account  for  them  is  essential. 
A combined  hyperbolic-parabolic  technique  has  been  developed  (viscous  character- 
istics,  ref. 11) and  applied  (ref. 12) with  some  success  to an underexpanded 
hydrogen  diffusion  flame.  This  technique  computes  the  shocks  explicitly  rather 
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than  smearing  them.  Whether  shocks  must  be  explicitly  hanaled  in  the  combustor 
is  not  clear  at  this  time,  but  it  is  apparent  that  any  characteristics  method 
will need  very  sophisticated  coupling  with  other  techniques  when  ther, 0 are 
adjacent  or  imbedded  regions of subsonic  flow. 

Other  pertinent  areas  of  basic  combustion  research,  such  as  the  use of 
acoustical  disturbances  to  alter  mixing  rates  and  investigation  of  large-scale 
turbulence,  are  in  the  planning  stage.  Development  of  models  to  describe  such 
flows  awaits  the  generation of appropriate  experimental  data. 

Component  Analysis 

Combustor  component  flow  fields  generally  exhibit  most  of  the  character- 
istics  studied  in  basic  research;  in  addition,  they  are  three-dimensional.  The 
goal  is  therefore  to  build  three-dimensional  computation  tools  that  incorporate 
all  of  the  salient  features  possible. A beginning  in  this  area  has  been 
accomplished  with  the  development  of  finite-difference  (ref. 13) and  finite- 
element  (ref. 14) computer  codes.  These  are  parabolic  codes  currently  being 
evaluated  by  comparisons  with  pertinent  mixing and reacting  data.  At  this  time, 
both  have  the  capability  for  two-equation  turbulence  modeling  with  equilibrium 
chemistry.  Features  to  be  added  will  depend  on  the  basic research,.identification 
of  the  key  issues. 

TYPICAL  RESULTS 

A serious  problem  in  the  evaluation of turbulent  reacting  flow  analysis  is 
the  lack  of  appropriate  experimental  data  with  which  to  compare.  Nearly  always 
the  real unknowns in  the  analysis  are  the  turbulence  quantities.,  and  these  are 
the  most  difficult  to  measure. For now,  in  turbulent  flames  of  interest  in 
supersonic  combustion  ramjets,  the  only  reliable  in-stream  measurements  are  time- 
averaged  pitot  and  static  pressure  and  gas  composition.  The  potential  for  time 
and spatially  resolved  temperature and species  measurement  exists  through  laser- 
Raman  scattering  techniques,  but  their  practical  application  is'  still  some  time 
off.  Comparisons  are  therefore  possible  only  with  mean  quantities,  and  the  value 
of a particular  turbulence or reaction  model  must  be  inferred  from  the  mean  flow. 

To  add  to  the  data  base  for  analysis  evaluation, a coaxial,  axisymetric, 
experimental  program  was  conducted  in  the  Langley  combustion  test 
stand. A description  of  the  apparatus  is  given  in  reference 12; it  consists 
of a Mach 2 test  gas  nozzle  with  an  exit  diameter  of 6.57 cm,  and a centerline 
mounted, 0.95 em  diameter,  Mach 2 hydrogen  injector.  The  high-temperature  test 
gas  was  obtained  by  burning  hydrogen  in  air  and  replenishing  the  volumetric  oxygen 
content;  it  therefore  contained  significant  water  vapor.  Test  gas  total  temper- 
ature  was  approximately 2400 K, and injector  hydrogen  total  temperature  was 
460 K. Measurements  consisted  of  radial  pitot  pressure  profiles  at  five  axial 
locations and gas  samples  at  four  locations. 

Centerline  data  for  hydrogen  and  water  mass  fractions  and  pitot  pressure 
are  shown in figure 2 along  with  the  theory  of  reference 7 .  Initial  conditions 
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for  the  calculation  were  derived  from  measured  nozzle-exit  profiles;  initial 
turbulence  quantities  were  generated  by  iterative  short-step  calculations  which 
allowed  the  turbulent  kinetic  energy  and  dissipation  profiles  to  develop.  The 
composition  comparisons  are  reasonably  good,  and  appear  to  improve  with  increas- 
ing  downstream  distance.  Pitot  pressures  do  not  compare  as  well;  this  is  very 
likely  due  to  the  assumption  in  the  analysis  of  uniform  static  pressure.  Com- 
putation  of  pitot  pressure  is  accomplished  by  use  of  local  Mach  number,  specific 
heat  ratio,  static  pressure  and  the  Rayleigh  pitot  formula;  sensitivity  to  the 
level  of  static  pressure  is  therefore  large,  and  even a very  weak  shock  can 
cause  considerable  error  (particularly on  the  centerline in axismetric flow). 
Computed  composition  profiles  at  the 26.7 diameter  station  are  compared  with 
experimental  data in figure 3. Note  that  the  theoretical  profile  shapes  look 
reasonable,  and  the  reaction  model  predicts an overlap  of  hydrogen  and  oxygen 
profiles  such  as  that  found  in  the  data.  However,  the  curves  are  displaced 
radially.  It  is  believed  that  the  displacement  is  due  to a combination  of 
pressure  effects  and  reaction  model  effects;  both  of  these  cause  density  inac- 
curacies  that  distort  the  computed  profiles. 

Better  agreement  with  experiment  is  found in the  application  of  the  same 
theory  to  the  data  of  reference 15 (figs. 4 and 5). Here  again  hydrogen  is 
injected  coaxially  into an airflow,  but  in  this  case  the  flow  is  very  low-speed. 
Centerline  comparisons  are  quite  good, and radially,  the  degree  to  which  the 
theory  overpredicts  the  spread  of  the  mixing  zone  is  less  than  in  supersonic 
flow  (fig. ,3 ) .  It  should  be  noted,  however,  that  the  supersonic  case  covers 
only  the  near  field  where  initial  conditions,  injector  geometry,  and  associated 
shock  and  expansion  waves  may  have  significant  effects  on  the  actual  flow  that 
are  not  accounted  for  in  the  theoretical  calculation.  The  collective  supersonic 
and subsonic  results  indicate  that  promising  progress  is  definitely  being  made 
in  analyzing  turbulent  reacting  flows,  but  also  emphasize  the  need  for  the  on- 
going  work  particularly  in  the  treatment  of  reaction  and  pressure  gradient. 

The  lack  of  appropriate  experimental  data  for  fundamental  theoretical 
evaluation  is  even  worse  for  three-dimensional  flows.  While a multitude  of 
combustor  data  for a wide  variety  of  geometries  and  applications  are  available, 
the  detailed  measurements  are  typically  at  the  combustor  exit.  Defining  initial 
conditions  for a computation  is  sketchy  at  best due to  the  scarcity  of  measure- 
ments  in  the  complex  near-injector  flow. To help  alleviate  this  problem  in  the 
evaluation  of  three-dimensional  combustor  analyses, a cold-flow,  strut-injection; 
constant-area,  helium-air  mixing  experiment  was  conducted.  Helium  was  used  in 
place of' hydrogen  as a safety  measure  for  cold-flow  data  acquisition. A 
schematic of the  apparatus  is  shown  in  figure 6 (see  reference 16 for  details). 
The  air  nozzle  is  Mach 2.7, and  the  strut  leading  edge  has a 6' half-angle. 
Helium  injection  took  place  from  five  equally  spaced  fuel  injectors  dividing  the 
flow  region  at  the  strut  into  nearly  square  mixing  regions. Four of  the  injectors 
are 10' conical  nozzles  (Mach 3.6); the  other  injector  is  actually  two  sonic  jets 
directed  toward  each  other. 

Extensive  pressureandcomposition  measurements  to  provide  initial  condi- 
tions  for  analysis  were  taken  at  the 10.2 em  station.  Detailed  information  was 
again  obtained  at  the  duct  exit,  and  computations  compared  with  these  data. 
Figure 7 shows  typical  comparisons  of  velocity,  temperature,  and  helium  concen- 
tration  in  three  vertical  lines  at  the  duct  exit.  The  theoretical  curves  represent 
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the  theory  of  reference 13, with  the  same  type  of  two-equation  turbulence  model 
used in th.e 2-D theory.  Agreement  between  data and theory  is  quite  encouraging 
for all  three  variables.  It  should  be  noted  that  advantage  was  taken  in  the 
computation  of  symmetry  planes  along  the  center  of  the  duct (Y = Z = 0 ) and 
between  jets.  Detailed  handling  of  the  complete  duct in a single  computer  run 
is  not  practical  at  this  time  due  to  comguter  storage  and  to  run-time  constraints. 
However,  the 150 K storage  and  250  second  run  time  for  the  figure 7 computations 
(on a CDC 6600) are  also  very  encouraging. 

Since  the  quantity  of  numerical  information  produced in a typical  three- 
dimensional  calculation  is  enormous,  qualitative  evaluation  of  each  run is 
desirable  with  the  aid  of  contour  plots  similar  to  those  shown  in  figure 8. The 
decay  of  the  central  helium  jet  in  figure 6 is  depicted  in  this  figure as com- 
puted  by  the  finite-element  theory  of  reference 14. Information  such  as  profile 
spreading,  boundary  conditicn  checks,  and  discretization  checks  can  readily  be 
dete'mined  from  such  plots. For example,  the  continuing  sharp  peak  on  the  center- 
line  in  figure 8 indicates a need  for  additional  elements  inside  the  helium  jet. 

Application  of  the  three-dimensional  codes  to  hydrogen-air  reacting  flow  in 
the  same  apparatus  is  currently  underway. Also, modeling  of  the  very  near  field 
is  proceeding  in  order  that  the  upstream  data  station  (currently  the  initial 
computation  station)  can  be  represented  satisfactorily  from known conditons  at 
the  strut  itself.  Both  semi-empirical  global  analysis  and  detailed  elliptic 
analysis  are  being  pursued.  Pending  successful  achievement  of  these  develop- 
ments,  coupled  with  turbulence and reaction  models  formulated  from  basic  research, 
reasonably  detailed  analysis  of  scranjet  combustors  should  be  possible. 

CONCLUDING REMllRKS 

Scramjet  combustor  analysis  is  progressing  both  in  the  turbulent  mixingj 
reaction  areas  and  in  the  handling  of  more  complex  geometries.  Recent  results 
have  sho:lm  very  promising  agreement  between  theory and data, and research  to 
further  develop  the  various  techniques  is  continuing.  It  should  be  emphasized 
that  computations  are  generally  only  as  good  as  their  initial  conditions, and 
models  of  the  very  near  field  must  be  improved  if  the  state  of  the  art  is  to 
progress  beyond  analysis  to  design.  With  persistent  effort,  however,  the  out- 
look  is  good  for  reasonably  detailed  prediction of scramjet  combustor  flow 
fields  within  the  foreseeable  future. 
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Figure  1.- Scramjet  module  concept.  Fixed  geometry  from  speeds of 
Mach 3 t o  10. 
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Figure  2.- Comparison  of  measured  and  computed c e n t e r l i n e   p r o p e r t i e s  
i n   supe r son ic   f l ow.  
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Figure 3 . -  Comparison of measured  and  computed radial  properties i n  
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Figure 4.- Comparison of measured  and  computed centerline  properties  in 
subsonic  reacting  flow. 
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Figure  6.- Schematic of three-dimensional   mixing  apparatus .  
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FINITE-ELEMENT ANALYSIS 
(REF. 14) 

Figure 8.- Decay of central  helium jet  with downstream distance. 
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THREE-DIMENSIONAL FINITE ELEMENT ANALYSIS OF ACOUSTIC  INSTABILITY 

OF SOLID  PROPELLANT ROCKET MOTORS* 

Robert M. Hackett  and Radwan S. Juruf 
Vanderbi l t   Universi ty  

SUMMARY 

A three-dimensional f i n i t e  e lement   so lu t ion   of   the   acous t ic   v ibra t ion  prob- 
l e m  i n  a so l id   p rope l l an t   rocke t  motor i s  presented. The s o l u t i o n   y i e l d s   t h e  
na tura l   c i rcu lar   f requencies   o f   v ibra t ion   and   the   cor responding   acous t ic   p res -  
s u r e  mode shapes,   consider ing  the  coupled  response  of   the  propel lant   grain  to  
t h e   a c o u s t i c   o s c i l l a t i o n s   o c c u r r i n g   i n   t h e  motor  cavity. The near  incompressi- 
b i l i t y  of   the   so l id   p rope l lan t  i s  taken  into  account   in   the  formulat ion.  A 
r e l a t ive ly   s imp le  example  problem is s o l v e d   i n   o r d e r   t o   i l l u s t r a t e   t h e   a p p l i c a -  
bi l i ty   of   the   analysis   and  the  developed  computer   code.  

INTRODUCTION 

P resen t   so l id   p rope l l an t   rocke t  combustion i n s t a b i l i t y   s t a t e - o f - t h e - a r t  
technology employs a l inear   ana lys i s   for   p red ic t ing   uns teady   mot ions   in   the  com- 
bust ion chamber of the  rocket  based on the   hypo thes i s   t ha t   t he   i n f luences  of 
combustion  and  flow  can  be  represented as per turba t ions  of an  acoustic  problem 
i n  a closed chamber. In   order   to   perform  an  accurate   combust ion  instabi l i ty  
ana lys i s ,  one must have  adequate knowledge  of the   na tura l   c i rcu lar   f requency  
and  corresponding  pressure mode shape   fo r   t he   d i f f e ren t  modes of acous t i c   o sc i l -  
l a t i o n   o c c u r r i n g   i n   t h e  motor cavi ty   in   the   absence  of  combustion  and  flow. 

The cavi t ies   in   func t iona l   rocke t   motors   genera l ly   have  complex shapes 
t h a t  may include a number of   symmetr ica l ly   loca ted   s lo t s   (or   f ins )   cu t   in to   the  
propel lant ,   the   purpose of  which is t o   i n c r e a s e   t h e  area of   the   burn ing   sur face  
( f i g .   1 ) .  During  the  past   several   years,   the  need  for  experimental   acoustic 
modeling  of  such  irregular  cavity  geometries  has  been  greatly  reduced  through 
the  use  of   f ini te   e lement   model ing  techniques  ( ref .  1). I n   t h e   f i n i t e   e l e m e n t  
method, a continuum is modeled as an  assemblage  of  elements,  connected a t  dis- 
crete locations  (nodes).   Natural   frequencies  and mode shapes are then  obtained 
from an e igensolu t ion   of   the   resu l t ing   equat ions  of equi l ibr ium  of   the modeled 
dynamic system.  Applicat ions  of   the   f ini te   e lement  method t o  more general ized 
a c o u s t i c   a n a l y s i s  problems are found i n   r e f e r e n c e s  2 and 3.  

The presence   o f   the   so l id   p rope l lan t   g ra in  can s i g n i f i c a n t l y   s h i f t   t h e  
acoustic  system  frequency  from  that  of  the  gas  phase  alone, a port ion  of   the 
acous t ic   energy   be ing   d i ss ipa ted  by the  deformable  sol id  material. T h i s   e f f e c t  
can  be  one  of  the more s i g n i f i c a n t   s i n k s   f o r   a c o u s t i c   e n e r g y   i n   b o t h   l a r g e  and 
small rocket  motors,   the amount of damping depending on t h e   g r a i n  geometry,  pro- 
pel lant   mechanical   propert ies ,   and  the  acoust ic  mode shape  and  frequency. It 

*This work w a s  supported by t h e  U.S.  Army Missile Command, Redstone Arsenal, 
Alabama under Basic Agreement DAHC04-72-A-0001 wi th  Battelle Memorial I n s t i -  
t u t e  - Columbus Laborator ies .  
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is thus  important  to  have  the  capability  of  finite  element  modeling  of  both  the 
acoustic  cavity  and  the  propellant  grain  structure  and,  therefore,  of  a  combi- 
nation  and  coupling  of  fluid  and  solid  elements.  Analyses  of  coupled  plate- 
acoustic  systems  are  found  in  references 4 and 5, and  a  three-dimensional  finite 
element  coupled  acousto-mechanical  analysis  is  formulated  in  reference 6. 

In the  case  at  hand,  the  problem  involves  the  coupling  of  the  irrotational 
motions  of  an  inviscid  compressible  fluid  with  the  deformations  of  an  incom- 
pressible  (viscoelastic)  solid  material  enclosing  the  fluid.  Since  the  propel- 
lant  grain  is  only  accurately  modeled  as  a  nearly  incompressible  material,  the 
well-known  minimum  potential  energy  finite  element  formulation,  based  upon 
Navier's  equations  of  equilibrium  and  the  Ritz  procedure,  is  invalid.  Formula- 
tions  for  cases  of  incompressible  and  nearly  incompressible  materials  are  found 
in  references 7, 8, 9, 10, and 11. The  solid  finite  element  formulation  utilized 
in  this  development  is  a  linear  displacement-linear  mean  pressure  tetrahedron 
(ref.  lo),  similar  to  the  Herrmann  variational  formulation  (ref. 7) which  employs 
a  linear  displacement  function  and  a  constant  mean  pressure  function. 

The  eigensolution  technique  employed  in  the  developed  program  is  that  of 
condensation,  which  is  discussed  in  reference  12.  The  technique  utilizes  the 
master  and  slave  degree-of-freedom (d.0.f.) concept. In this  application,  the 
fluid  pressure  d.0.f.  are  designated  master  and  the  solid  displacement  and  mean 
pressure d.0.f. are  designated  slave. 

SYMBOLS 

Values  are  given  in  both  SI  and U . S .  Customary  Units.  The  calculations 

G 

in U . S .  Customary  Units. 
exponential  factors 
bulk  modulus 
degree-of-freedom  to  strain  transformation  matrix 
constitutive  coefficient  matrix 
fluid  element  potential  energy  coefficient  matrix 
fluid  system  potential  energy  coefficient  matrix 
shear  modulus 
mean  pressure  parameter 
identity  matrix 
solid  element  stiffness  matrix 
solid  system  stiffness  matrix 
natural  or  volume  tetrahedral  coordinate 
solid  element  consistent mass matrix 
solid  system  consistent mass matrix 
pressure 
point  (defined  in  fig. 2 )  
surface  area 
fluid  element  kinetic  energy  coefficient  matrix 
fluid  system  kinetic  energy  coefficient  matrix 
displacement  components 
acoustic-solid  coupling  mqtrix' 
element  volume 
rectangular  Cartesian  coordinates 
direction  cosine 
displacement  vector 
strain 



V 
[ Q1 
P mass dens i ty  

P o i s s o n ' s   r a t i o  
t ransformation m l a t r ix  d .effned  by 

w natura l   c i rcu lar   f requency  

equation  (14) 

Subscr ip ts :   Superscr ip ts  : 

C coupled 

P Yq number'of  degrees-of-freedom T transpose  (of a matrix) 
r Y S  node i d e n t i f i e r s  (eq. (4)) 

i, j ,R,m e lement   node   ident i f ie rs  e element . 

S s o l i d  

EQUATIONS OF EQUILIBRIUM 

Acoustic Cavi ty  

In   apply ing   the   f in i te   e lement  method, the  region  of  concern is divided 
i n t o  a number of subregions,   or  elements.   Applications  of  the method i n  model- 
ing  the  behavior  of a f l u i d  continuum  involve several p e c u l a r i t i e s   n o t  encoun- 
t e r e d   i n   t h e   u s u a l   s t r u c t u r a l   a p p l i c a t i o n s .   I n   t h e   d i s c r e t i z a t i o n  of a f l u i d  
continuum,  the f in i t e   e l emen t s   r ep resen t   spa t i a l   r a the r   t han  material subregions 
of  the  continuum; i .e . ,  i n s t ead  of represent ing   f in i te   e lements   o f   the   f lu id  ma- 
ter ia l ,  the  elements  represent  subregions  in  the  space  through  which  the  f luid 
moves (Eulerian  description  of  motion).  Values  of  pressure a t  the   nodal   po in ts  
of  the  element  represent  the  pressures a t  the  nodes  rather  than  of  the  nodes 
( r e f .   13 ) .  

For a three-dimensional  region, a volume element is assoc ia ted   wi th  a num- 
ber  of  nodal  points  which  define i t s  shape.  Within  each  f luid  tetrahedral ele- 
ment t h e   v a r i a t i o n  of the   p ressure  p i s  prescr ibed  by the   va lues   assoc ia ted  
with  the  four  element  nodes  through  the  expression: rpil 

cal ly  by 

and  physically by f i g u r e  1. 
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.The matrix form  of  the homogeneous acous t i c  wave equat ions   for   the   d i s -  
c r e t i z e d   f l u i d  continuum is given by 

(CFI - ~ * C T D  {PI = €01 (3) 

where F is the   coef f ic ien t   mat r ix   der ived  from a cons ide ra t ion   o f   t he   po ten t i a l  
energy  of a fluid  element,   and T is t h e   c o e f f i c i e n t  matrix derived  from a con- 
s ide ra t ion  of the  kinet ic   energy  of   the  f luid  e lement .  The n a t u r a l   c i r c u l a r  
frequency  of  the  discretely modeled f l u i d  continuum is designated as w. 

The matrix F i s  developed  through a superposit ioning of the   ind iv idua l  sym- 
metric 4x4 element matrices, f ,   w i t h   r e s t r a i n t  of the  appropriate   d .0 . f .  A typ- 
ical  term of the  f matrix i s  (ref .   14)  : 

fe  = -(- 1 aLr - aLs aLr a~~ a~~ a~~ 
rs a +-- a a  + - -)V 

P a x  x a a  
Y Y  z z  

where r and s take   the   va lues  i , j , R , m  cyc l i ca l ly .  The f l u i d  mass dens i ty  and t h e  
volume of the  te t rahedron are designated p and V, respec t ive ly .  

The matrix T is likewise  developed  through  the  superpositioning  of  the  in- 
dividual  symmetric 4x4 element matrices, t ,  w i t h   r e s t r a i n t  of  the same appro- 
pr ia te   d .0 . f .  The t matr ix   has   the form ( re f .   14) :  

[XI = + J 
Li L.L 1 j LiLR LiLm 

dxdyd z 

where B is the  bulk modulus of t he   f l u id .  A useful   integrat ion  formula  for  
evaluat ing  the terms i n   t h e  t matrix is: 

a b c d  .f LiLjL!?,Lm dxdydz = (a+b+c+d+3) ! 
a!b!c!d! 6V 

Sol id   Propel lant  

Within  each  solid  tetrahedral  element,  the  variation  of  displacement i s  
prescribed by the  displacement of each  element  node  through  the  expression: 

L J N 
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where I is t h e  3x3 i d e n t i t y  matrix and  where 

LAi] = tui vi wi], etc. 

The u,v,w terms are the  displacement  components i n   t h e   x , y , z   d i r e c t i o n s ,   r e s p e c -  
t i v e l y .  

The matrix  form of t h e  homogeneous equat ions  of   mot ion   for   the   d i scre t ized  
s o l i d  continuum is given  by 

where K is t h e   s t i f f n e s s  matrix and M is t h e  mass matr ix .  The term w is t h e  
n a t u r a l   c i r c u l a r   f r e q u e n c y   o f   v i b r a t i o n  of the   so l id   sys tem.  The l i n e a r  varia- 
t i o n   o f   t h e  mean pressure  parameter  

S 

is p r e s c r i b e d   i n   t h e  same manner as were t h e   p r e s s u r e   ( i n   t h e   a c o u s t i c   c a v i t y )  
and  the  displacement   funct ion,  i .e . ,  

H(x,y.z) = LL] {HIe = L L ~  Lj LE L ~ J  13 (11) 

Hm 
The terms E E and c Z Z  are t h e   n o r m a l   s t r a i n  components  and V is Poisson ' s  

xx' YY' 
r a t i o .  

The mat r ix  
symmetric  16x16 
ate d.0. f .  The 

K is  developed  through a supe rpos i t i on ing   o f   t he   i nd iv idua l  
e l e m e n t   s t i f f n e s s  matrices, k, w i t h   r e s t r a i n t  of the   appropr i -  
form  of  the  matrix k i s  given by ( r e f .   1 0 ) :  

[k] = [":"]b@]T[z][@] D T 1  O l I  0 dxdydz E-!-:] 
where I is  t h e  4x4 i d e n t i t y  matrix and  where 
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- - 
aL. aL a~~ a~~ I 
1-L" 0 0 0 0  ' 0  
ax ax ax ax I I 

I aLi a~~ aLR aLm I 
0 0 0 0 ' -  

j aY aY a Y  
I 

ay I 

O I a z  i-- 
I 

a Z   a Z  a Z  (13) 
aLi a~ aLR a~~ I a~~ a ~ j  aLll a~ I 
"A- ay ay ay ax  ax ax , -"lo 0 0 0 

I a~~ 3 aLR a~~ I aLi a~ aLll  aLm 

O I a~ a z  a2  a Z  I ay ay ay ay 
""A" 

a~~ aL a~~ aL I 1 a~~ aL a~~ aLm 
- i - ml 
a Z  a Z  a2 a Z  I 

0 0 0 0 l " i "  I ax ax ax ax 

0 0 0  

" I O  0 0 0 

I aLi aL a~~ aLm 
[ D l  = 

0 0 0 0 1 0  0 0 

I 

0 0  0 

- - 1 
- 

1 0 0  0 0 0 0 0  0 0  

0 1 0  0 0 0 - 0  0 0 0 

0 0  1 0 0 0 0 0 0 0  

[@I = 0 0 0 1 0 0 0 0 0 0  

0 0 0 0 1 0 0 0 0  0 

0 0 0 0 0 1 0 0 0  0 

0 0 0 0 0  0 Li L j  Lll Lm 
- - ". 

- 
1 o o o o o v  

0 1 0 0  o o v  

0 0 1 0 0 0 v  

[E] = 2G 0 0 0 - 2 l o o 0  

0 0 0 0 -  l o o  

0 0 0 0 0 -  l o  
2 

2 

V V v 0 0 0 -v(l-2v) - d 

where G is t h e   s h e a r  modulus of t he  material. The o rde r ing  of rows and columns 
i n   t h e  k mat r ix   co r re sponds   t o  

I.? "j 
urn vi vj V vm wi w j  wR wrn Hi Hj Hll H A  

and 
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The matrix M i s  developed   th rough  the   superpos i t ion ing   of   the   ind iv idua l  
symmetric 12x12  element mass matrices, my wi th  restraint of t h e  same appropri-  
ate d.0.f .  The c o n s i s t e n t  mass matrix, d e r i v e d   i n   r e f e r e n c e s  15 and  16, is 
used i n   t h e   f o r m u l a t i o n   a n d  i s  def ined  by: 

[m] = ps [LITIL] dxdydz  (16) 

where p is t h e  mass dens i ty   o f   t he   so l id   p rope l l an t   g ra in   and   where  S 
[L] = [LiI L .I LRI LmII  

J (17) 

Acoustic-Solid  Coupling 

The formula t ion   of   the   coupled   acous t ic -so l id   equat ions   th rough  equi l ib-  
r ium  cons idera t ions  i s  found i n   r e f e r e n c e s  5 and  6.  Reference 5 d e a l s   w i t h   t h e  
t r ans i en t   r e sponse   o f  a coupled   sys tem  whi le ,   in   re fe rence  6 the   e igenva lue  
problem is  formulated.  The matrix form  of  the homogeneous equations  of  equi- 
l i b r i u m   f o r   t h e   d i s c r e t i z e d   c o u p l e d   s y s t e m  i s  given by 

where w is  the  natural   c i rcular   f requency  of   the  coupled  system. C 
The ma t r ix  U of  equation  (18)  has  dimensions  pxq,  where p i s  t h e  number of 

pressure  d .0 .   f .   and q is  t h e  number of  displacement  and mean pressure   parameter  
d .0 . f .  The  components  of  ,the U matrix are p ro jec t ions   o f   t he   cav i ty -p rope l l an t  
i n t e r f a c e  area as soc ia t ed   w i th   each   su r f ace   noda l   po in t ,   t he   su r f ace  area d is -  
t r i b u t i o n   b e i n g   p h y s i c a l l y   d e f i n e d   i n   f i g u r e  3. The por t ion   of   the  U matrix 
as soc ia t ed   w i th   t he  i , j ,&  t r i a n g u l a r   s u r f a c e  area of a boundary  tetrahedron is 
given by 

0 0 '6. s 0 0 ' 0  
I l y  i I 

1 

0 

0 ' 0  0 

0 0 0 

where B,,, ... , eiZ are the   d i r ec t ion   cos ines   and  Si, S .  and S are t h e  con- 
t r i b u t i n g   ( t o  a no e )  s u r f a c e  areas. J R 

SOLUTION 

Solut ion  of   the  system  mathematical ly   modeled by equat ion  (18) i s  f a c i l i -  
t a t e d  by t h e   u s e   o f   c o n d e n s a t i o n   ( r e f .   1 2 ) .   I n   a p p l y i n g   t h e   t e c h n i q u e   t o   t h i s  
problem,  the  pressure  d .0 . f .  are des igna ted  master and  the  displacement  and 
mean pressure  parameter   d .0 . f .  are des igna ted  slave. 
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Example Appl ica t ion  

The developed  program is a p p l i e d   t o   t h e   s o l u t i o n   o f   t h e   s i m p l e   a c o u s t i c -  
so l id   sys t em shown i n   f i g u r e  4. The plane  defined  by  nodes  5678 is t h e  
acous t i c - so l id   i n t e r f ace .  The p r e s s u r e  is set  e q u a l   t o   z e r o  a t  nodes  1,2,3,  
and 4. Thus, f o r   t h e   c o r r e s p o n d i n g   s o l u t i o n ,  p = 4 and q = 32. 

The p rope r t i e s   o f   t he   cav i ty   gas   u sed  are: a mass d e n s i t y  p of  1.225 k.g/m 
2 4  5 2 

3 

(1.146 x l b - s e c   / i n  ) and a bulk  modulus B of   1 .42 x 10 Pa  (20.59 l b / i n  ). 
The p r o p e r t i e s   o f   t h e   s o l i d   p r o p e l l m t   g r a i n   u s e d  are: a shea r  modulus G of  

4.41 x 10 Pa  (6400 l b / i n  ), a P o i s s o n ' s   r a t i o  w of  0.5 and a mass d e n s i t y  p 

of  1.770 x l o 3  kg/m (1.656 x l b - s e c   / i n  ). 
1193 Hz, and  1804 Hz, compared to   r e spec t ive ly   co r re spond ing   va lues   o f  3670 Hz, 
6934 HZ, 10,358 HZ, and  12,368 Hz ob ta ined   fo r   t he   f l u id   sys t em  a lone .  

7 2 

3 2 4  S 

The so lu t ion   fo r   t he   coup led   sys t em  y i e lded   f r equenc ie s   o f  488 Hz, 1008 Hz, 

CONCLUDING REMARKS 

It has  been  demonstrated  through  the  use  of  a s imple  example  that   the  
developed  computer   code  can  be  used  to   predict   the   effect   of   sol id   propel lant  
g r a i n   s t r u c t u r e  on the   na tu ra l   f r equency   a s soc ia t ed   w i th   t he   acous t i c   v ib ra -  
t i o n s   o c c u r r i n g   i n   t h e   r o c k e t   m o t o r   c a v i t y .  It can   be   concluded   tha t   the   e f fec t  
o f   cer ta in   suppress ion   devices   such  as r e sonance   rods   can   be   p red ic t ed   i n   t he  
same manner. 
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Figure 1.- Solid  propellant  configuration. 
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Figure 2.- Tetrahedral element (natural and 
global coordinates). 
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Figure 3.- Surface areas associated with 
interfacial nodal points. 
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mm 

Figure 4.- Acoustic-solid  system. 
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ACOUSTIC  DISTURBANCES  PRODUCED BY AN 

UNSTEADY  SPHERICAL  DIFFUSION FLAME 

Maurice L. Rasmussen 
University of Oklahoma 

SUMMARY 

The disturbances  produced  by  a  moving  spherical  diffusion  flame are inves- 
tigated  within  the  framework of a linearized  theory. After  the  flame  position 
and  species  concentrations are determined,  the  problem  of  determining  the asso- 
ciated  density,  pressure,  temperature,  and  velocity  fields  is  delineated.  Ex- 
plicit  results  for  certain  limiting  situations  are  discussed. 

INTRODUCTION 

This paper  deals  with  the  acoustic  disturbances  produced  by an unsteady 
spherical  diffusion  flame. The basic  problem  is  envisaged as follows. Inside 
an  initial  sphere  of  radius ro, a  mixture of oxidant (or  fuel)  and  product 
gases  exists,  and  outside  the  sphere  a  mixture  of  fuel  (or  oxidant)  and  product 
gases  exists, as depicted  in Figure 1. At an initial  instant  the  spherical  sur- 
face  that  separates  the  two  initial  mixtures  disappears,  and  the  subsequent  com- 
bustion  and  acoustic  disturbances  are  to  be  determined. We assume that  the com- 
bustion  of  the  initially  unmixed  oxidant  and  fuel  species  is  confined  to a  spher- 
ical Burke-Schumann flame  surface. 

This problem  is  associated  with  the  theory  of  particle  and  liquid-droplet 
combustion  at  high  pressures,  such  as  treated  by  Spalding  (Ref. 1) and  Rosner 
(Ref. 2). An applicable  situation  occurs  when  bubbles  of  oxidant (or  fuel) are 
injected  into a medium  of  fuel  (or  oxidant). The bubbles  burst, or are ignited, 
and  the  subsequent  disturbance  field is to  be  determined. This investigation 
also pertains  to  the  general  study  of  unsteady  diffusion  flames and to  the  broad 
subject of spherical  explosions. 

Most investigations of diffusion flames  have  dealt with steady  flows,  start- 
ing  with the  original work of Burke  and  Schumann (Ref. 3 ) .  A number of such 
problems are described  in  texts and  review  articles (Refs. 4 and 5). In par- 
ticular,  detailed  mathematical  expositions  for  steady  linearized  flows  have  been 
developed by  Clarke (Refs. 6 and 7 ) ;  the present work is  something  akin to  this 
framework  of  analysis.  Unsteady  diffusion  flames  have not been as thoroughly 
treated. Clarke  and  Stegen (Ref. 8 )  considered  unsteady  perturbations on a 
two-dimensional  flame sheet. Rasmussen (Refs. 9 and 10) developed  a  linearized 
theory  for  the  one-dimensional  motion  induced  by  a  diffusion  flame. In this 
paper  the  related  problem  of  a  spherical  diffusion  flame  is  treated. 
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Whereas t h e   g e n e r a l   f o r m   o f   t h e   p r o b l e m  i s  n o n l i n e a r ,   t h e   l i m i t i n g   a c o u s t i c  
approximation i s  o f  some i n t e r e s t .  The e x p l i c i t   a n a l y t i c   r e s u l t s   o b t a i n e d   w i t h -  
i n   t h e   l i n e a r i z e d   t h e o r y   c o n t a i n   t h e   e m b r y o n i c   b e h a v i o r   o f   t h e   m o r e   c o m p l i c a t e d  
n o n l i n e a r   p r o b l e m .   T h e   l i n e a r i z e d   r e s u l t s ,   b e s i d e s   h a v i n g   t h e i r  own i n t r i n s i c  
v a l u e ,   c a n   b e   u s e d   t o  estimate the   magn i tude   o f   convec t ive  terms a n d   d e v i a t i o n s  
f rom  cons tan t -proper ty   approximat ions .   The   gas   dynamic   in te rac t ions   o f   the  
p r e s s u r e ,   t e m p e r a t u r e ,   a n d   v e l o c i t y   f i e l d s   c a n   b e   e x a m i n e d   c o h e r e n t l y   w i t h i n  a 
l inear ized   f ramework .  

FORMULATION OF THE:  PROBLEM 

Prel iminary  Remarks 

We c o n s i d e r   t h e   b a s i c   c o m b u s t i o n   p r o c e s s   t h a t   i n v o l v e s  a mix tu re   o f   ox i -  
dan t   (X) ,   fue l   (F ) ,   and   p roduc t   (P )   spec ie s   gove rned   by   t he   r eac t ion   equa t ion  

X X + f F z g P  ( 1) 

tr  
w h e r e x ,   f ,   a n d  g a r e   t h e   s t o i c h i o m e t r i c   c o e f f i c i e n t s .  The  corresponding  mole- 
c u l a r   w e i g h t s   f o r   t h e   s p e c i e s  are denoted  by Wx, WF, and WP. The  forward  and 
r e v e r s e   r e a c t i o n  times are denoted by t f  and tr.  The essence  of   combust ion i s  
t h a t  tf 4 0 and t r  -.) m .  I n   t h i s   s e n s e ,   t h e   r e a c t i o n   a s s o c i a t e d   w i t h  (1) moves 
o n l y   t o   t h e   r i g h t ,   a n d   t h i s  i s  t h e   l i m i t i n g   s i t u a t i o n   c o n s i d e r e d   h e r e .   T h i s  
s i m p l e   r e a c t i o n   m o d e l   h a s   b e e n   u t i l i z e d   p r e v i o u s l y   ( R e f s .   5 - 1 0 ) .  I n  t h i s  l i m i t  
a u n i f o r m   o x i d a n t - p r o d u c t   m i x t u r e   e x i s t s   i n s i d e   t h e   i n i t i a l   s p h e r i c a l   d i a p h r a g m ,  
o f   r a d i u s   r o ,   a n d  a u n i f o r m   f u e l - p r o d u c t   m i x t u r e   o u t s i d e   ( o r   v i c e   v e r s a ) .  

- 

I n   t h e  framework  of a l i n e a r i z e d   t h e o r y ,  w e  b e g i n   w i t h  a b a s i c   u n i f o r m  
medium composed  of e n t i r e l y   t h e   p r o d u c t   s p e c i e s  a t  p r e s s u r e ,   d e n s i t y ,   a n d  tem- 
pe ra tu re   cond i t ions   deno ted   by   po ,  po,  and To. I n s i d e   t h e   i n i t i a l   s p h e r e  we 
suppose   t ha t   t he   p re s su re   and   t empera tu re  are p e r t u r b e d   s u c h   t h a t  p = po(l+Ap) 
and T = T o ( l + A ~ ) .   T h e   c o r r e s p o n d i n g   o x i d a n t   a n d   f u e l  mass f r a c t i o n s   i n s i d e  
t h e   i n i t i a l   s p h e r e  a re  denoted  by Cx = Ax and CF = 0. O u t s i d e   t h e   i n i t i a l   s p h e r e  
t h e   p r e s s u r e   a n d   t e m p e r a t u r e  are  unpe r tu rbed ,   bu t   t he  mass f r a c t i o n s  are g iven  
by Cx = 0 and CF = AF ( s e e   F i g .  1). A t  a g i v e n   i n s t a n t ,  t = 0 ,  the   d iaphragm 
d i s a p p e a r s .  We a s s u m e   t h a t   t h e   a m b i e n t   t e m p e r a t u r e   a n d   d e n s i t y ,  'Po and po, 
a r e   s u f f i c i e n t   t o   i n i t i a t e   c o m b u s t i o n   s p o n t a n e o u s l y .   C o m b u s t i o n   o f   t h e   o x i d a n t  
a n d   f u e l   o c c u r s  a t  a n   i n t e r f a c e ,   a n d  a d i f f u s i o n   f l a m e  i s  e s t a b l i s h e d .   I n   t h e  
l i m i t  t f -  0 ,  t h e   d i f f u s i o n   f l a m e   c o l l a p s e s   t o  a d i s c o n t i n u i t y   s u r f a c e ,   a n d  a l l  
t h e   r e a c t i o n s   o c c u r   e n t i r e l y  on t h i s   s u r f a c e .  On e i t h e r   s i d e   o f   t h e   s u r f a c e  
t h e r e   a r e  no r e a c t i o n s ,   b u t   b i n a r y   d i f f u s i o n  takes p l a c e .  

The l i m i t i n g   s i t u a t i o n  t f  4 0 produces a s i n g u l a r   p e r t u r b a t i o n   p r o b l e m .  
The   ou te r   p rob lem  co r re sponds   t o   t he   f l ame   env i saged  as t h e   d i s c o n t i n u i t y   s u r -  
f a c e .   T h e   i n n e r   p r o b l e m   d e a l s   w i t h   t h e   s t r u c t u r e   o f   t h e   f l a m e   a n d  i s  o b t a i n e d  
by   ma tch ing   w i th   t he   ou te r   p rob lem.   Th i s   p rocedure   has   been   e s t ab l i shed   p re -  
v ious ly   fo r   s t eady- f low  p rob lems   (Ref s .   5 -7 )   and   fo r   one -d imens iona l   uns t eady  
f low  problems  (Refs .  9 and 10). Here we restrict  o u t s e l v e s   t o   t h e   l o w e s t - o r d e r  
o u t e r   p r o b l e m ,   w i t h   t h e  flame t r e a t e d  as  a d i s c o n t i n u i t y   s u r f a c e .  
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Basic   Equat ions 

When t h e  mass f r a c t i o n s  CX and CF are small, the   p re s su re   and   t he rma l   d i f fu -  
s i o n   c o e f f i c i e n t s  are small and are represented  by non l inea r   con t r ibu t ions .  
Consequen t ly ,   s ince   b ina ry   d i f fus ion   p reva i l s  on e i t h e r   s i d e   o f   t h e  flame s h e e t ,  
the d i f f u s i o n - f l u x   v e c t o r s  are represented   by   F ick ' s  law.  As is u s u a l  i n  these 
problems, we  assume the b i n a r y - d i f f u s i o n   c o e f f i c i e n t s  are equal :  D m  = DFP = D. 
We a l s o  assume that  the components  of  the mixtures behave as t h e r m a l l y   p e r f e c t  
gases .  We now in t roduce   d imens ionless   p ressure ,   dens i ty ,   and   tempera ture   per -  
tu rba t ions   p '  , p' , T' def ined  by 

p = P0(l+P') , P = Po(l+P')  Y T = To(l+T') 

We have   cor respondingly   for   the  mass f r ac t ions   and   ve loc i ty :  

cx = c;. Y CF = c; , c p = l - c ; - c l  F (3) 

4 4  2 v = V / a f  Y a = Y PolPo (4) 
0 f O  

where af i s  the  frozen  speed  of  sound  of  the  ambient medium and y i s  t h e   r a t i o  
of s p e c i f i c   h e a t s   o f   t h e   p r o d u c t   s p e c i e s   i n   t h e   a m b i e n t  medium. We r e p r e s e n t  
the   d imens ionless   space   and  t i m e  v a r i a b l e s  by 

4 4 -  

r = a r / v O  Y T = a  tF 
€0 f O  0 

H 

where v (2p0 + h ) / p  and p and X are  t h e  f i r s t  and   s econd   coe f f i c i en t s  
of viscos i ty .   S ince   the   p rsb lem of i n t e r e s t  i s  spher ica l ly   symmetr ic  we i n t r o -  
duce a v e l o c i t y   p o t e n t i a l ,  v = Vcp, where v a l a r  ( t h e   b a r r e d   s p a c e   v a r i a b l e s  
a re   d imens iona l ) .  The cha rac t e r i s t i c   P rand t l   and   Schmid t  numbers are def ined  
as 

0 0 0, 0 

where c i s  t h e   c o n s t a n t - p r e s s u r e   s p e c i f i c   h e a t  of t he   p roduc t   spec ie s  and 
ko i s  the   thermal   conduct iv i ty ,   the   subscr ip t   naught   denot ing   the   ambient  s ta te .  
With t h e   a b o v e   d e f i n i t i o n s ,   t h e   l i n e a r i z e d   e q u a t i o n s   f o r  mass, momentum, s p e c i e s ,  
energy,   and  thermal   equat ion of s t a t e  become 

PO 

a p  2 , ,+vcp  = 0 Y P = Y [V2V - 21 

DpT = y-l + prQ R y 'r a7 Y p = P + T + c y C  + c y C  X X  F F  

The p r imes   deno t ing   t he   pe r tu rba t ion   va r i ab le s   have   been   omi t t ed .   In   t he   above  
w e  have   the   opera tors  Dp and DS, the   parameters   of  Ck'x and aF, and  the  dimen- 
s i o n l e s s   h e a t   o f   r e a c t i o n  Q de f ined  as  



Q [X W (h - hp ) + fw '(h -h )] /c T x x. 0 Fo Po Po O 

where Rx, RF and Rp are the  specific  gas  constants. The symbol R denotes  the 
dimensionless  reaction  rate. For the  flame  discontinuity  sheet, R is  given by 

R = S ( 7 )  6(Zn) (13) 

where S(T)  is the  flame  strength  and 6(Z,) is the Dirac  delta  function  with Z 
the  coordinate  measured  normal  from  the  flame  sheet.  Derivations of these 
equations  can  be  found  in  references 6, 9 and  10,  and  also  in  references 11 
and 12 when there are no chemical  reactions. 

n 

Continuity  Conditions 

A l l  the  physical  flow  variables are  continuous at the  flame  sheet. Inte- 
gration  of  equations  (8a,b)  and  (9a)  across  the  flame  sheet  shows  that  the  fol- 
lowing  normal  derivatives  are  discontinuous  across  the  flame  sheet: 

where  the  bracket  rotation  denotes the  jump in  value  across  the  discontinuity. 
These  jump  conditions  suggest  that  the  following  new  variables  be  defined  that 
do  have  continuous  normal  derivatives  across  the  flame: 

c* = T" - 'rQ 
- 'F - Y - c  

Y = T + -  C 
4x X 'dCWF x 

where y a -  fWFAX 

x w xcF (16) 

is  the  stoichiometric  fuel-oxidant  ratio.  With  the  new  variables  C  and  T , 
the  reaction  rate  can  be  eliminated  from  the  set of equations.  Equations  (8a,b) 
can  be  combined  and  equation  (9a)  can  be  recast  to  read 

9C " 

JX " -y-l PrQ(Pr-sc) aCx 
DSC = 0 7 DpT - *+ aI- (17aYb) y 'r a7 sc x wx 

The linearized  state  equation (9b) becomes 
" JX 'rQ AF 

F V W X  X  F Ax p = P + T   L a C   - E C X  where E ~ - - c Y  -cy l!- 

Equation  (17a)  is  uncoupled  from  the  other  equations  and  can  be  solved 
separately,  yielding  CX  and  CF  as  well  as  the  flame  position. A single  equation 
for  the  velocity  potential  can  then  be  found  by  eliminating T" in  equation  (17b) 
by  means  of  equation (18)  and  then  utilizing  equations  (7a,b)  to  eliminate p 
and p .  We obtain 

where 
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MASS FRACTIONS AND FLAME POSITION 

Equat ion  (17a)   for  c* can  be  solved  separately.  The i n i t i a l   c o n d i t i o n s  
are C*(r  7 r o , O )  = AF and C*(r  < ro) = -JrAF. Fur the r ,  C+c i s  f i n i t e  a t  t h e  
o r ig in   and   i n f in i ty ,   and   bo th  C* and C$ are continuous a t  r=ro. The r e s u l t  
i s  (Ref. 2): 

C* Y + l  - = - Y + 2 [ e r f c  (2 ) + e r f c  (-) l-r l+r, 

*F 03 9, f i *  

where  erf(A) @-1)/@+1) 

The pos i t i on  of  the  f lame  with  t ime is  a f u n c t i o n   o f   t h e   i n i t i a l   c o n d i t i o n s  
through  the  parameter y ,  def ined  by (16) .  When y = l ,   t h e   i n i t i a l   c o n d i t i o n s  are 
s to ich$ometr ic ,   and   the   f lame  t rave ls   inward   toward   the   o r ig in ,   l inear ly   wi th  
7 when 7 i s  small. When > 1 t h e   i n i t i a l   c o n d i t i o n s  are oxidant-r ich  and  the 
flame i n i t i a l l y  moves outward  from  the  origin  and  then  subsequently  toward  the 
o r i g i n .  The c a s e   o f   f u e l - r i c h   i n i t i a l   c o n d i t i o n s   c o r r e s p o n d s   t o  y < 1, and  the 
flame moves on ly   t oward   t he   o r ig in ,   t he   pos i t i on   va ry ing   l i ke  T% when T i s  small. 
This   behavior  i s  cont ra ry   to   the   one-d imens iona l   (Refs .  9 and 10) problem i n  
wh ich   t he   f l ame   r ema ins   s t a t iona ry   unde r   s to i ch iomet r i c   i n i t i a l   cond i t ions  and 
moves e i t h e r   t o   t h e   r i g h t   o r   l e f t   d e p e n d i n g  on  whether Y is g r e a t e r   t h a n   o r  less 
than   un i ty .   F igure  2 shows t h e   p o s i t i o n  of the  f lame as a func t ion   of  73; f o r  
‘i’ = 1 / 2 ,  1, and 2. When Y = l ,  f o r   i n s t ance ,   t he   f l ame   r eaches   t he   o r ig in   and  
becomes ex t inguished  when T+< 0.21. 

The spher ica l   d i f fus ion   f lame  t rave ls   u l t imate ly   inward .   Because   the  
spec ie s   ou t s ide   t he   sphe re  is o f   i n f i n i t e   e x t e n t  and   the   spec ies   ins ide   the  
sphere i s  o f   f i n i t e   e x t e n t ,   t h e   s p e c i e s   i n s i d e   t h e   s p h e r e   t e n d s   t o   b e  consumed. 
Consequent ly ,   the   f lamewentua l ly  w i l l  move inward i n   o r d e r   t o   a d d . a   r e l a t i v e  
d i f f u s i o n  ra te  fo r   t he   van i sh ing   i n s ide   spec ie s   and   t hus   ma in ta in   s to i ch iomet r i c  
combustion a t  the  f lame.  When the   f lame  reaches   the   o r ig in ,   the   spec ies   o r i -  
g ina l ly   i n s ide   t he   sphe re   has   been   comple t e ly  consumed and  the  f lame becomes 
ext inguished.  

The mass f r a c t i o n s  are determined  f rom  the  funct ion C . For r < rg,  w e  
have CX/% = -CJ’/(YAF) and CF=O. For r > rs, we have Cx=O and CF=C . These 
p r o f i l e s  are p l o t t e d   i n   F i g u r e  3 f o r  Y = l  and T* < 0.21. When the   f lame becomes 
ex t inguished  a t  t h e   o r i g i n ,   t h e   s p e c i e s   i n s i d e   t h e   o r i g i n a l   s p h e r e   h a s   b e e n  
completely consumed, i n   t h i s   c a s e   t h e   o x i d a n t .   F o r  times g rea t e r   t han   t he  ex- 
t i ngu i sh - t ime ,   t he   spec ie s   ou t s ide   t he   o r ig ina l   sphe re   p roceeds   t o   e s t ab l i sh  a 
uniform state. The r e t u r n   t o  a uniform state is shown i n   F i g u r e  4. 

* 
* 
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SOLUTION  FOR Pr = S and E = 
C 

Laplace-Transform  Analys is  

With C and C known, e q u a t i o n  (19) c o n s t i t u t e s  
g e n e o u s   e q u a t i o n   f o r  cp. B e c a u s e   t h e   p o s i t i o n   o f   t h e  

?k 

X 

0 

a f i f t h   o r d e r  non-homo- 
f l a m e   v a r i e s   w i t h  time, 

the   p roblem i s  d i f f i c u l t   t o   s o l v e .  A g r e a t   s i m p l i f i c a t i o n   o c c u r s  when we set  
Pr=Sc and E=O. F o r   m o s t   g a s e s   s e t t i n g  P =Sc i s  a. good  approximation.  The 
approximat ion  E=O i s  v a l i d  when r a t i o s  0% s p e c i f i c   h e a t s   o f  a l l  t h e   s p e c i e s  are  
t h e  same, These   approximat ions   cor respond  to   the   Shvab-Zelc iovich   approximat ion  
(Ref.  4 ) .  With   these   approximat ions ,   the   p roblem i s  v e r y  similar t o   t h e   b i n a r y  
d i f f u s i o n   p r o b l e m  of R e f e r e n c e   1 2 ,   w i t h o u t   p r e s s u r e   d i f f u s i o n ,   a n d  we proceed 
i n  similar f a s h i o n .  

I f   q ( r , s )   d e n o t e s   t h e   L a p l a c e   t r a n s f o r m   w i t h   r e s p e c t   t o  time of  cp(r,T),  
t h e   s o l u t i o n   o f   t h e   t r a n s f o r m   o f  ~(cp) = 0 i s  

rA 

Y S  

- 
r cp(r < ro,s) = - 3 + A1 s i n h  h r + A2 s i n h  ?L r 1 2 

r Cp<r > ro,s) = B exp(-X r )  + B~ e x p ( - h   r )  1 1 2 (26b) 

where A1, A 2 ,  B and B are  a r b i t r a r y   c o n s t a n t s  of i n t e g r a t i o n ,   a n d  1 2 
2 

h ~ [ (Y+Pr)S + Prsf_S.J[ (V-Pr)S + pr 3’ + ,,pr-l)pr:l~ 

192 2(1+YS) (27) 

w h e r e   t h e   p l u s   s i g n   h o l d s   f o r  11 a n d   t h e   n e g a t i v e   s i g n   f o r  X2. The  Laplace 
t r a n s f o r m s   o f   t h e   p r e s s u r e   a n d   d e n s i t y  a re  found  f rom  (7a,b) :  

- 
p ( r ,  SI = Y c (..PIrr - s r TI/r (28) 
- 
P ( r  < 1: 0’ s) = -(Ap/s) - ( G ) r r / ( r s )   ( 2 9 a )  

P O  > T o y s )  = -(a F F  A ) / s  - ( G ) r r / ( r s )   ( 2 9 b )  
- 

The  reduced  temperature ,  T*, i s  determined  by  means  of   equat ion (18). The 
v e l o c i t y  i s  determined  by v = cp . r 

The c o n s t a n t s  A 
”- 

1, A29 B 1 ,  and B2 are d e t e r m i n e d   b y   r e q u i r i n g   t h a t  p ,  p ,   v ,  
and f: be   cont inuous  a t  r=ro. We f i n d   t h a t  

-h r -X r 
A1 = ( l+hlro)e  o ~ ~ / h ~  , A 2 = -(I+x 2 0  r )e  A2/h2  (30a,b) 

B~ = ( s i n h  A r - h r cosh X r )A /X 
l o  l o  l o  1 1  

B2 = - ( s i n h  X r - h 1: cosh Xlro) A /A 

A1 [ (Ap + aFAF)(h2-s) /s  2 + A P 2  A 2 /(ys2)]/(X2-A,) 2 2  

2 0   2 0   2 2  
where 
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A 2 3 [ (Ap + rwpAF)(h:-s)/s + Aph:/(ys2)]/(h,-il) 2 2  

*P P 
= A  + A T + a A  x x  

The  inversion  of  the  transformed  variables now remains. 

(33) 

Constant-Pressure  Solution 

When Pr = Sc = 1 we have  the  simplified  results x1 = & and  h2=s/=. 
Further  when  Ap = 0, the  factor A2 vanishes  (hence  A2=B2=0),  and  the  pressure 
perturbation  is  identically zero, p ( r , ~ )  = 0. The remaining  solution  is  en- 
tirely  diffusive: n n 

A P + aFAF [ - (r-ro) L/4~ 
v(r,T) = (rro-2T)e + (rro+27)e -(r+r~)f/4T1 (34) 

2 r 2 m  

where W/AF is  given  by  equation (21 ) ,  and AT, AT + ( Q A ~ ~ w ~ ) .  Wave  behav- 
ior  does  not  occur  in  this  special  case. 

The  temperature  at  the  flame  sheet  is  determined  from  expression  (36) by 
setting C* = CX = 0. We  obtain 

ATf  T*(rsyT) = CAT + (QAx/~wx)I/(l + $1 (37) 
The  increment  ATf  is  the  adiabatic  flame  temperature. It does  not  vary  with 
time. The temperature  is  found  from  equation  (15b)  to  be 

T(r r S ,T) = ATf + (AT, - AT) Cf</($AF) 

T(r 2 r ,7) = AT, [1 - (Cn/AF)] 
S 

This  temperature  distribution  is  shown  in  Figure  5  for $=1 and A = 0. T 
Large-Time  Behavior 

An  asymptotic  approximation  can  be  obtained  for  large  times,  and  the re- 
sults  for  density,  pressure,  velocity  and  T*  are  similar  to  those  obtained  in 
References 11 and 12. The  major  difference  from  these  results  occurs  in  the 
temperature  distribution  (as  contrasted  with  the  reduced  temperature T > k ) .  -When 
Ap#O,  a  gasdynamic  expansion  wave  travels  inward  from  the  initial  sphere, roy 
cooling  the  gas.  This wave  reflects  from  the  origin  and  travels  outward.  The 
result  after  this  reflected  wave  passes  the  position  of  the  initial  sphere  is a 
reduction  in  temperature  by an  amount (y-l)Ap/y.,  This  temperature  residual i s  
subsequently  eliminated  by  thermal  diffusion  (Ref. 11). Thus  for  times  long 
after  the  reflected  wave  passes the.initia1  sphere, the  net  effect  is  to'change 
the  initial  temperature  increment  such  that 

AT - AT - (y-l)Ap/y  (39) 
For large  Reynolds  numbers (.ro >> 1) , the  wave  processes  are  much  faster  than 
the  diffusion  processes,  and  under  these  circumstances  formulas  (36-38)  hold 
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fo r   t he   t empera tu re   l ong  a f te r  t h e   r e f l e c t e d  wave p a s s e s   t h e   i n i t i a l   s p h e r e ,  
wi th   the   modi f ica t ion   (39)   no ted .  When Pr # 1, t h e  time i s  also  modif ied  such 
t h a t  7 + 7 / P   i n   t h e   f u n c t i o n  C*. 

When A, = 0, b u t   P r  # 1, t h e r e  i s  a weak p r e s s u r e  wave gene ra t ed   t ha t  is 
p ropor t i a l   t o   (P r -1 )   (Re f s .  10 and 13) .  This  wave d o e s   n o t   a f f e c t   t h e   t e m p e r -  
a t u r e   d i s t r i b u t i o n   n e a r   t h e   f l a m e   s i n c e  AT i s  l e f t   u n a l t e r e d ,  

CONCLUDING REMARKS 

The p resen t   ana lys i s   demons t r a t e s   t he  main f e a t u r e s   a s s o c i a t e d   w i t h   u n - .  
s t eady   sphe r i ca l   d i f fus ion   f l ames .  I t  wou ld   be   u se fu l   t o   con t inue   t he   ana lys i s  
wi thout   the   approximat ions   Pr  = SC and E = 0. For  the  one-dimensional  problem 
(Ref. 10) t h e r e  are weak  waves  generated  by  the.  combustion a t  a s t a t i o n a r y  
d i f f u s i o n   f l a m e   t h a t  are p r o p o r t i o n a l   t o  E. I t  wou ld   be   i n t e re s t ing   t o   i nves -  
t i g a t e   t h e s e   w a v e s   f o r  a moving s p h e r i c a l   d i f f u s i o n   f l a m e .  The inner   problem 
a s s o c i a t e d   w i t h   t h e   s t r u c t u r e   o f   t h e   f l a m e  is a l s o   w o r t h y   o f   f u r t h e r   a t t e n t i o n .  
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Figure 1.- Initial conditions and spherical configuration. 
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Figure 2.- Flame position as a function of time. 
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Figure 4.- Fuel concentration after flame extinguishment. 
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FLOW FIELD FOR AN UNDEREXPANDED, SUPERSONIC NOZZLE 

EXHAUSTING  INTO AN EXPANSIVE LAUNCH TUBE 

Robert R .  Morris and John 3. Bertin 
The University of Texas a t  Austin 

James L .  Batson 
U.S. Army Missile Command 

SUMMARY 

Static-pressure  distributions along  the  launcher  wall and pitot-pressure 
measurements from the  annular  region between the  rocket and the  launcher have 
been made as an underexpanded supersonic  nozzle  exhausted i n t o  an expansive 
launch tube. The flow remained supersonic  along  the  entire  length of the 
launcher  for  all  nozzle  locations  studied. 

INTRODUCTION 

A variety of military  rockets  are launched from launch  tubes (called non- 
t ipoff launch tubes) having a constr ic t ive change i n  cross  section which allows 
the  rocket t o  be constrained  init ially  after  ignit ion,   while momentum i s  gained. 
During the time when the  rocket  exhausts  directly  into  the  small-diameter,  aft- 
tube,  the flow downstream  of the  nozzle  exit  is  entirely  supersonic and inter-  
secting, weak shock waves occur. The  weak shock wave which resu l t s  when the 
exhaust  flow impinges on the wall  produces a streamwise  increase  in  the  pres- 
sure. Although some of the  fluid  in  the  shear  layer  cannot overcome the  adverse 
pressure  gradient due to  the weak,  impingement shock and i s  turned upstream i n t o  
the  annular  region between the  rocket and the  launcher,  i .e.,  becomes  blow-by 
flow,  the mass-flow ra t e  of the blow-by flow i s  negl-igible. The resul tant  flow 
f i e l d   i s  t h a t  for  an underexpanded,  supersonic j e t  exhausting i n t o  a constant- 
area  tube having an inside  diameter which i s  sl ight ly   larger  than  the  nozzle 
ex i t   ( r e f .  1 ) .  

Since  the  rocket has gained suff ic ient  momentum  by the  time  the  nozzle- 
e x i t  plane clears  the  aft   tube,   the  rocket  f l ies  free of constraints i n  the 
forward  tube. However, as  the  exhaust flow  encounters  the  constrictive change 
in  area, a considerable  fraction of the  exhaust  flow may be turned  upstream. 
The mass-flow ra t e  of the blow-by flow depends on the  characterist ics of the 
flow impingement (and , therefore,  on the Mach  number  and the pressure i n  the 
nozzle-exi t plane, on y o f  the  exhaust gas , on the  nozzle-ha1 f angle, and on 
the r a t i o  forward-tube  radius:nozzle-exit r a d i u s ) ,  on the  distance from the 
nozzle-exit  plane  to  the  constriction, and  on the  constrictive geometry ( i  .e. , 
the  step geometry and the  ratio  aft-tube  radius:forward-tube  radius). 
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Significant blow-by flow was observed d u r i n g  a f l i gh t - t e s t  program ( re f .  2)  i n  
which rockets were launched from non-tipoff  launch  tubes,  for which the   r a t io  
A a f t  :Afar 
additional  data were needed to  construct a r e a l i s t i c  flow model. The necessary 
data were obtained i n  a t e s t  program ( re f .  3) i n  the Rocket Exhaust Effects 
Facil i ty  at   the  University of Texas a t  Austin i n  which an underexpanded j e t  of 
unheated a i r  was exhausted from a stationary  nozzle i n t o  a constr ic t ive launch 
tube. These cold-gas tes t s   c lear ly  showed that  the  exhaust flow was choked by 
the  constriction so t h a t  the impingement shock was a normal shock wave. As a 
r e su l t ,  a s ignif icant   f ract ion of the  exhaust  flow  (approximately  14%)  could 
n o t  overcome the  large  adverse  pressure  gradient  associated w i t h  the  strong 
impingement shock. 

was 0.595. Because of the  complexity of the flow i n  the  launcher, 

Negligible blow-by flow was observed d u r i n g  a f l i g h t - t e s t  program ( r e f .  4 )  
i n  which rockets were launched from a non-tipoff  launch  tube for which the 
r a t i o  A a f t : A f o r  was 0.717. However, i n  the  supplementary  cold-gas tes ts ,   the  
exhaust flow choked  and s ignif icant  blow-by flow was measured once the  nozzle- 
e x i t  plane had gone 15 rne, or more, i n t o  the forward  tube of a launcher for 
which Aaf t :Afor  was 0.735. The discrepancy between the  f l ight-test   data and 
the  cold-gas d a t a  was attr ibuted  (ref.   5) t o  differences  in  the growth charac- 
t e r i s t i c s  of the boundary layer for the two t e s t s ,  i n  the  nozzle  half-angle, 
and i n  the geometry of the  constriction. 

The flow f ie1 ds which resu l t  when the underexpanded,  supersonic  nozzle 
exhausts  into a constr ic t ive launch  tube are   qual i ta t ively  s imilar  t o  the  flows 
which are  generated i n  second-throat  ejector-diffuser systems ( r e f .  6 ) .  How- 
ever,  the  generation of s ignif icant  blow-by f low prohibits  close  correlations 
between the  launcher  flow f i e l d s  and the  ejector-diffuser  flows. 

Since  the  creation of possible unbalanced forces on the  rocket by exhaust 
gases which are  turned upstream as blow-by flow are  of special  concern, i t   i s  
desirable t o  eliminate blow-by flow  completely.  Therefore, a ser ies  of  t e s t s  
were conducted i n  which unheated air  was exhausted th rough  an underexpanded, 
supersonic  nozzle i n t o  an expansive  launch  tube. For this launch tube,  the 
r a t i o  Aaf t :Afor  was 1,680. The pressure  distributions along the  launcher  wall 
and the blow-by f low ra tes  which  were recorded when the  nozzle  exit  plane was 
located from 0.00 rne to  5.86 rne i n t o  the  small-diameter  forward  tube  are 
discussed  in  the  present  paper. 

SYMBOLS 

P s t a t i c  wall pressure 

Pa t m  

pP 

atmospheric  pressure 

p i  t o t  pressure 
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P t l  

ne 

reservoir  stagnation  pressure 

nozzl e-exi t radius 

X axial   coordinate  relative  to  the change i n  cross  section 

x ne axial  location of the  nozzle-exit  plane 

TEST PROGRAM 

Static  wall-pressure  distributions and pitot  pressures were measured as 
the underexpanded, supersonic j e t  exhausted into  the  expansive  launcher. 

Rocket Exhaust Effects  Facil i ty.  - Unheated a i r ,   f o r  which y was 1.4,  .exhausted 
from a c0nvergent:divergent  nozzle. The throat  radius was 0.95 cm. (0.38 i n . ) ,  
the  nozzle-exit  radius was 1.44 cm. (0.565 i n . ) ,  and the  half  angle of  the 
conical  nozzle was 10". Data  were obtained  for  reservoir  stagnation  pressures 
from 1.66 x lo6 N / m 2  (240 psia)   to  6.90 x lo6 N/m2 (1000 psia) .  Thus, assuming 
isentropic flow in  the  nozzle,  the  theoretical  value of the  static  pressure i n  
the  nozzle-exit  plane  for  the lower reservoir  pressure was only s l igh t ly  
greater t h a n  the  atmospheric  value. 

The instrumented,  variable-area  launch  tube  could be  moved ax ia l ly   to  
vary  the  location of the  nozzle-exit  plane  relative  to  the  constriction  and, 
thereby, t o  simulate  (in a quasi-steady manner) the flow f i e lds  which r e su l t  
when the  rocket  accelerates through the  launcher. The assumption t h a t  the 
exhaust  flow for  the dynamic rocket  launching was quasi-steady was based on 
the  fact  t h a t  the  velocity of the  exhaust gas was  more t h a n  twenty times the 
velocity of the  rocket  as i t  l e f t  the  launcher. As i l l u s t r a t ed  by the  sketch 
of Fig. 1 ,  the  overall  length of the  launcher was approximately 84.6 cm. 
(33.3  in.) .  The large-diameter,  aft  tube, which was approximately 38.6 cm. 
(15.2  in.)  long, was 4.45 cm. (1.75 i n . )  in  diameter. The forward tube, which 
was approximately  46.0 cm. (18.1 i n . ) ,  was 3.43 cm. (1.35  in.)  in  diameter. 
The change in  cross  section was accompli shed by a rectangular  step, which 
served  as  the o r i g i n  for  the  dimensionless  axial  coordinate system. T h u s ,  as 
indicated i n  F i g .  1 ,  a negative  value of the  dimensionless,  axial  coordinate 
corresponds t o  a location i n  the  small-diameter,  forward  tube of the  launcher. 

RESULTS AND DISCUSSION 

A p i to t  probe was located i n  the  annular  region between the  "rocket" 
nozzle and the launch  tube a t  the forward end  of the  launcher   ( i .e . ,   the   lef t  
end  of the  launcher i n  F i g .  1 )  t o  record  the  possible  existence of blow-by. 
The p i  tot   pressure measured when the  nozzle-exi t plane was a t  the  step ( i  .e . ,  
'ne 
pressure. Over the   en t i re  range of stagnation  pressure  tested,  the experimen- 
tally-determined  pitot  pressure was l e s s  t h a n  the  atmospheric  pressure. T h u s ,  

= 0.0 rne) i s  presented i n  F i g .  2 as a function of the  reservoir  stagnation 

1667 

I 



the nozz1e:expansive-launcher configuration  acted  as an ejector  system and 
there was no blow-by flow. The increasing  pitot  pressure  indicates  that  the 
entrained  flow.rate  decreased  as  the  reservoir  stagnation  pressure  increased. 
As the  reservoir  stagnation  pressure  increased , the pressure i n  the  nozzle-exit 
plane  increased i n  direct  proportion. As a result,  the  exhaust flow expanded 
through a greater  angle  as i t  1 e f t   t he  nozzle and , therefore, had to  be turned 
through a greater  angle by the wall , increasing  the  pressure downstream of the 
impingement shock wave  and reducing  the  entrained mass-flow rate.  

The static  wall-pressure  distribution near  the impingement of the  exhaust 
flow i s  presented i n  F i g .  3 for  x,, = 0.0 rne. A schlieren photograph of the 
flow  exhausting into  the atmosphere (which has been  trimmed  where the  launcher 
wall would be) i s  included to   i l l u s t r a t e   t he  flow mechanisms  which produce the 
pressure  distribution. Shock  waves  which in t e r sec t   a t   t he  nozzle  axis  indicate 
that  the  acceleration of the flow i n  the  conical  divergent  section was not an 
isentropic  process. However, measurements of the  transverse  pitot-pressure 
distributions  indicate  that   these  intersecting shock waves  were relat ively 
weak. (See re f .  7 for  a discussion of the  origin of these  shocks.) The inter-  
cepting shock wave  and the  viscous  shear  layer a t  t h e   j e t  boundary are  evident 
far ther  from the ax i s .  The oblique shock wave generated as the.flow impinged 
on the wall produced a sudden increase i n  the  static-wall  pressure. Downstream 
of the impingement shock,  the  streamwise  pressure  decrease, due t o  the  acceler- 
ation of the  flow, was terminated  abruptly  as  the shock generated w i t h i n  the 
nozzle and the  intercepting shock wave intersected a t  the  wall. These imping-  
i n g  shock waves produced a s l i gh t  increase i n  pressure. 

However, as indicated i n  the  pressure  distributions  presented i n  F i g .  4, 
the f low remained supersonic  throughout  the  launcher. This remained t rue  as  
the  nozzle was  moved farther  into  the small -diameter,  forward  tube  (refer t o  
F ig .  1 for  the  nozzle  exit  positions for which pressures  are  presented i n  
F ig .  4 ) .  Since  the r a t i o  of the  radius of the forward tube t o  the radius of  
the  nozzle-exit  plane (rne) was only  1.195, the  angle between the f low a t  the 
j e t  boundary and the wall was relatively  large when the underexpanded nozzle 
exhausted into  the forward  tube. Thus, the impingement shock wave  was stronger 
for  the  nozzle-exit  locations of Figs. 4b and  4c. However, the  supersonic  flow 
downstream of the impingement shock accelerated through the change i n  area. 
As a resul t ,   there  was no blow-by flow for any of the nozzl e-exi t positions. 

CONCLUDING REMARKS 

The s ta t ic   pressure  dis t r ibut ions a long  the  launcher wall and the  pitot-  
pressure measurements from the  annular  region between the  rocket and the 
launcher  indicate t h a t  no blow-by occurred when the underexpanded, supersonic 
nozzle  exhausted into an expansive launch tube. This was true  for  al l   values 
of the  reservoir  stagnation  pressure and of the  nozzle  exit  location. 
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Figure 1. - Sketch  of  supersonic  "rocket1'  nozzle i n  the expansive  launch tube.  
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EFFECTS  OF  PERIODIC  UNSTEADINESS 
OF A ROCKET ENGINE PLUME ON. 
THE PLUME-INDUCED  SEPARATION 

SHOCK WAVE* 

J u l i a n  0. Doughty 
The University of Alabama, Tuscaloosa 

SUMMARY 

A wind-tunnel i nves t iga t ion  w a s  conducted to   s tudy   t he   f l ow  f i e ld   i n  
which separa t ion  is caused  by  an  expanding plume, with  emphasis on e f f e c t s  
associated  with  per iodic   unsteadiness  i n  t h e  plume. The separation  shock w a s  
photographed  with  high-speed  motion  pictures,  from  which mean shock  posit ion 
and excursion  data are reported.   Pressure  f luctuat ions were measured  beneath 
the   s epa ra t ion  shock  and s t a t i s t i c s  of t h e   r e s u l t s  are reported.  A response 
of the  separat ion  shock  to  plume per iodic   unsteadiness  was i d e n t i f i e d ,  and t h e  
magnitude  of a corresponding  transfer  function w a s  defined  and i s  reported.  

INTRODUCTION 

A rocket   booster   vehicle  w i l l  t y p i c a l l y  have a s igni f icant ly   under -  
expanded engine  exhaust   in   the l a t te r  duration  of i t s  burn. The exhaust 
then plumes t o  a large  diameter  and alters the   vehic le   f low  f ie ld   cons ider -  
ab ly .   S igni f icant ly ,   the  plume is usua l ly   l a rge  a t  t h e   a l t i t u d e  where t h e  
vehicle  encounters maximum dynamic pressure.  

When a l a r g e  plume is  generated by a v e h i c l e   i n   s u p e r s o n i c   f l i g h t , i t  
causes   separat ion  of   the  vehicle  boundary l aye r  w e l l  forward  of  the plume 
i t s e l f ,  and a separation  shock wave r a d i a t e s  from a posi t ion  near   the  sepa-  
r a t i o n   p o i n t .  The f low  f i e ld  i s  i l l u s t r a t e d  i n  f i g u r e  l. An inherent  un- 
s t e a d i n e s s   e x i s t s   f o r   t h i s   f l o w   f i e l d  as is o f t en   expe r i enced   i n   r i g id  
surface  compression  corner  flow a t  l a r g e  Reynolds  numbers.  (For  example, see 
references  1,2,3,and  4.)  Separation  shock  excursions  of  several meters were 
reported by Jones  from  in-fl ight  observations of a Saturn V veh ic l e   ( r e f .  5). 
One would expec t   ra ther   severe   sur face   p ressure   f luc tua t ions   to  accompany 
such  shock  motion. 

S ince   l a rge   l i qu id   fue l   rocke t   eng ines   exh ib i t  a periodic   unsteadiness ,  
the  question  of that inf luence  on  the  separat ion  shock  excursions  and 
the   r e su l t i ng   su r f ace   p re s su res  becomes one  of  importance. This paper 

*The research  presented i n .  t h i s  paper w a s  supported  by  the  National 
Aeronautics  and  Space  Administration  under  Contract No. NAS8-30624. 
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presents  some  results  of  a  wind-tunnel  simulation of plume-induced  flow 
separation  with  and  without  periodic  plume  unsteadiness. 

SYMBOLS 

Values  are  given  in SI Units.  The  measurements  and  calculations  were 
made  in U.S. Customary  Units. 

F  plume  forcing,  atm  2 

f frequency, Hz 

G power  spectral  density,  atm2-sec 

1 H(f) I transfer  function  magnitude 

4 test-section  dynamic  pressure,  atm 

R response  to  periodic  plume  unsteadiness,  atm 2 

U test-section  freestream  velocity,  m/sec 

X shock  position,  cm  (figure 1) 

X mean  shock  position,  cm 
- 

6 boundary-layer  thickness,  cm 

9 shock  angle,  deg  (figure 1) 

(5 standard  deviation,  cm 

MODEL AND TEST  FACILITIES 

Model  Description 

The  basic  configuration  of  the  model  used  in  this  study  is  a  cone- 
cylinder  body  which  uses  secondary  air  flow  to  produce  a  plume  near  the  aft 
end.  (See  figure  2.)  The  model  is  wall-mounted  with  its  axis of symmetry 
located  at  the  wind-tunnel  wall  boundary-layer  displacement  thickness  as 
calculated  by  the  method  of  Maxwell  and  Jacocks  (ref. 6 ) .  This  mounting 
arrangement  was  selected  to  provide  access  for  the  secondary  plume  flow  and 
to  minimize  the  distance  from  the  generation  of  the  plume  unsteadiness  (plume 
pulsing)  and  the  plume  itself.  (The  significance  of  minimizing  this  distance 
will  be  discussed  later.) 

Stainless  steel  fins  are  used  to  isolate  the  plume  to  a  sector.  The 
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u p p e r   f i n   s u r f a c e s   e x t e n d   i n t o   t h e  plume n o z z l e   a n d   s e t t l i n g  chamber so t h a t  
a l l  model  geometry i n  the   s ec to r   be tween   t he   f i n s  i s  that of a body  .of  revo- 
lu t ion .   Therefore ,   f low i n  the sector  between the f i n s   s i m u l a t e s   t r u e   a x i -  
symmetric f low  except   for   the   boundary   l ayer   on  the f i n   s u r f a c e s ,  and t h e  
d i s t ance   f rom  the   f i n   l ead ing   edge   t o   t he   s epa ra t ion   shock  is  kep t  small t o  
minimize  the  boundary-layer   effect .  The l e a d i n g   e d g e   o f   t h e   f i n  i s  sharp ,  
beveled away from the   f l ow  sec to r .  A dihedra l   angle ,   l imi ted   by   l ine-of -  
s igh t   r equ i r emen t s   ac ross   t he   t op  of t h e  model, is set i n t o   t h e   f i n s   t o  re- 
move them f rom  the   tunnel  w a l l  boundary  layer .  O i l  f l o w   s t u d i e s ,   p r e s s u r e  
measurements   on  the  upper   model   surface,and  Schl ieren  s tudies  were con- 
duc ted   t o   a s su re  that axisymmetric flow  had  been  realized. A l l  i n d i c a t i o n s  
were p o s i t i v e   e x c e p t   f o r  some f l o w   a n g u l a r i t y   i n  a small r e g i o n  a t  t h e   f i n -  
c y l i n d e r   i n t e r s e c t i o n .  A l i g h t l y   k n u r l e d  band i s  l o c a t e d   j u s t   b e h i n d   t h e  
cone-cyl inder   in te rsec t ion   to   p romote  a turbulent   boundary  layer .  

Plume Generation 

The  plume is generated by secondary   f low  d i rec ted   th rough  the   tunnel  
w a l l  i n t o  a s e t t l i n g  chamber i n   t h e   c o r e   o f   t h e  plume ( f i g u r e  3 ) .  Flow  from 
t h e   s e t t l i n g  chamber i ssues   th rough  the   nozz le   which  i s  formed  by two con ica l  
su r f aces   sha r ing  a c o m n  vertex. The re fo re ,   t he   nozz le   f l ow i s  approximately 
spherical   source  f low,   and i t  h a s   a n   i s e n t r o p i c  exi t  Mach number of 2.94. 
The s o l i d   c o r e   i n   t h e  plume cen te r   no t   on ly   p rov ides   space   fo r  a s e t t l i n g  
chamber  and in s t rumen ta t ion ,   bu t   a l so   g rea t ly   r educes   t he   s econda ry  mass flow 
requi red   whi le  s t i l l  gene ra t ing   t he   r equ i r ed   fo rward  plume s u r f a c e   f o r   t h e  
study.  Without  the  plume  core  the  secondary mass f low  requirements  would 
have  presented  severe  problems  in  terms o f   t he   phys i ca l   s i ze   o f   t he   supp ly  
p o r t s .  

Plume Puls ing  

Puls ing  o r  per iodic   uns teadiness  w a s  induced i n   t h e  plume s t a g n a t i o n  
p res su re  by a p e r i o d i c   p a r t i a l  relief of   the  plume supply a i r .  This  w a s  
accomplished  by  per iodical ly   diver t ing a p a r t   o f   t h e  plume supply a i r  t o   t h e  
atmosphere. The appa ra tus   fo r   do ing   t h i s  w a s  a v a r i a b l e - s p e e d   r o t a t i n g   d i s k  
with  evenly  spaced  holes   on a circumference  which  a l igned  with a t e f l o n  
o r i f i c e  which was t e e d   o f f   t h e  plume a i r  supply.   Pulse   f requency w a s  con- 
t r o l l e d  by the   d i sk   ro t a t iona l   speed   and  the pulse  magnitude w a s  c o n t r o l l e d  
by t h e   o r i f i c e   s i z e .  The arrangement i s  shown i n   f i g u r e  3 .  

The pressure   s igna l ,   measured   in   the  plume s e t t l i n g  chamber,  generated 
by t h e   p u l s i n g   a p p a r a t u s  w a s  t h a t   o f  a p e r i o d i c  component  superimposed  on a 
l a r g e r   s t e a d y  component. The p e r i o d i c   p a r t  w a s  approximately a s i n e  wave, 
e s p e c i a l l y   f o r  cases i n  which t h e   o r i f i c e   s i z e  w a s  about   the  same as t h e   d i s k  
holes .  The  wave w a s  somewhat l i ke  a " f l a t t e n e d   s i n e  wave" f o r  tests i n  which 
t h e   o r i f i c e  w a s  cons ide rab le  smaller t h a n   t h e   d i s k   h o l e s .  

The t i m e  r e q u i r e d   f o r  a p u l s e   t o  travel f r o m   t h e   o r i f i c e   t o   t h e  plume 
s e t t l i n g  chamber places   an  upper  l i m i t  on  the  frequency  ' for  which a good 
p res su re   s igna l   can   be   gene ra t ed .   In   t h i s   expe r imen t   t he   d i s t ance   f rom  the  
o r i f i c e   t o   t h e   s e t t l i n g  chamber w a s  approximately  10 cm,  and wave d i s t o r t i o n  
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was evident  a t  f requencies   above 500 o r  600 Hz. A t  1000 Hz. t h e   d i s t o r t i o n  
was severe. A p e r i o d i c  wave was produced  but with a great ly   reduced  ampli-  
tude   and   an   appearance  more l i k e  a r e c t i f i e d   s i n e  wave. It w a s  assumed t h a t  
i n d i v i d u a l   p u l s e s  were i n t e r f e r i n g   w i t h   e a c h   o t h e r .  Data repor t ed   he re  are 
f o r   f r e q u e n c i e s  w e l l  below t h e   d i s t o r t i o n   r a n g e .  

Ins t rumenta t ion  

S u r f a c e   p r e s s u r e   f l u c t u a t i o n s  a t  the   s epa ra t ion   shock  were measured b y - a  
f lush-mounted  s t ra in-gage-type  t ransducer  with a d i ame te r   o f  2 mm and a 
na tura l   f requency   above   100  kHz. The s ta t ic  p r e s s u r e  level was e l imina ted  
by  feeding  the  s ignal   f rom a s u r f a c e   o r i f i c e ,   l o c a t e d   l a t e r a l l y   a d j a c e n t   t o  
the   t ransducer ,   th rough a 3 m l e n g t h   o f   t u b i n g   t o   t h e  reverse s i d e   o f   t h e  
transducer  diaphragm. The l e n g t h  o f   t ub ing   f i l t e r ed   t he   f l uc tua t ions   and  
provided a t ime-average  reference so tha t   t he   t r ansduce r   s ensed   on ly   t he  
f luc tua t ions .   Th i s   t echn ique  was suggested  by Mr. L. Muhlstein,  Jr. of  
Ames Research  Center,  who was a l s o   k i n d  enough t o   s u p p l y   f i l t e r i n g   d a t a .  

Plume p r e s s u r e   f l u c t u a t i o n s  were measured  by a c rys t a l - type   t r ansduce r  
l o c a t e d   i n   t h e  plume s e t t l i n g  chamber. A l l  f l u c t u a t i n g   p r e s s u r e   d a t a  were 
s tored   on   magnet ic   t ape   for   subsequent   reduct ion .  

Separat ion  shock  geometr ic   data  were taken  f rom  high-speed  Schl ieren 
mot ion   p ic tures   t aken  a t  800  frames  per  second  with an exposure  of  0.002 
seconds.  Measurements were then  made by s i n g l e  frame p ro jec t ion   o f   t he  
r e s u l t i n g   f i l m   o n t o  a g r i d .  

Boundary-layer  thickness was measured  by  using two p a r a l l e l   s t a g n a t i o n  
probes mounted on a micrometer   locater .  The edge  of   the  boundary  layer  was 
i d e n t i f i e d  as t h e   p o s i t i o n ,   n e a r e s t   t h e  body, fo r   wh ich   t he   p re s su res  
balanced. 

Wind Tunnel 

The  wind t u n n e l   u s e d   i n   t h i s   p r o j e c t  was a blowdown supersonic   tunnel  
w i th  a 16-by 16-cm test  s e c t i o n ,   l o c a t e d  a t  The Un ive r s i ty  of  Alabama, 
Tuscaloosa.  A major   par t  of t h e   d a t a   c o l l e c t i o n  and r educ t ion  w a s  done  by 
Messers J .  D.  Dagen and F. L .  Smith. 

Test Condi t ions 

A l l  da t a   r epor t ed  are fo r   t he   fo l lowing   f r ees t r eam  cond i t ions :  

Mach no. = 2.9 

a i r speed  = 607 m/sec 

s tagnat ion   tempera ture  = 288 t o  294 K 

stat ic  p res su re  = 0.151 atm 
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s tagnat ion   pressure  = 4.76 atm 

dynamic p res su re  = 0.878 atm 

Reynolds  no. = 4..9 x l o 7  per  meter. 

The plume s t agna t ion   p re s su re  was nominally 33 atm. That   value  located 
t h e  mean posi t ion  of  the separat ion  shock on the   su r f ace   p re s su re   t r ansduce r  
and generated a c h a r a c t e r i s t i c   s i g n a l  which  could  readi ly   be  ident i f ied  on 
an   osc i l loscope .  

RESULTS 

Separat ion Shock Excursion 

Observation  and  measurements  from  the  high-speed  motion  pictures showed 
that   the   separat ion  shock was in   cons tan t   mot ion ,   regard less   o f   whether   o r  
no t   t he re  w a s  plume puls ing .  A s  i t  moved, i t   maintained  essent ia l ly  a cons tan t  
shock  angle   with  the  f reestream.  In   these tests, the  shock  angle w a s  28 
degrees .and mean shock  locat ion,  x, w a s  5.87 cm. I n   t h i s   con tex t ,   shock  
l o c a t i o n  and separa t ion   length  are taken   to   be   the  same ( s e e   f i g u r e  1). 
Histograms of shock  excursion  for a s teady plume and fo r   fou r   d i f f e ren t   pu l -  
s ing   f requencies  are shown i n   f i g u r e  4. Each h is togram  represents  4,000 
measured p o s i t i o n s ,  The root-mean-square l e v e l  of plume p r e s s u r e   p u l s e s   f o r  
t hese   da t a  i s  4 . 3  percent   o f   the  plume s tagnat ion   pressure .  

- 

There are no d i s t i n c t i o n s  among the  histograms  which  could  not  be 
a t t r i bu ted   t o   expe r imen ta l   e r ro r  and t h e   f i n i t e   d a t a  sample. The magnitude 
of  plume pulsing  used w a s  su f f i c i en t   t o   p roduce   obv ious   d i s t i nc t ions  i n  the  
sur face   p ressure  power spectra   associated  with  the  separat ion  shock  excur-  
s ions   ( t o   be   d i scussed   l a t e r ) .   The re fo re ,   i f   any   e f f ec t   ex i s t s  of plume 
unsteadiness  on the  shock  excursion  histogram, i t  is  r a t h e r   s u b t l e .  

The motion  pictures  of shock   t rave l  were viewed a t  s e v e r a l   d i f f e r e n t  
frame  speeds. It was no t   poss ib l e   t o   d$s t ingu i sh   t he   e f f ec t   o f  plume puls ing  
i n   t h i s  manner. I n  a l l  instances  the  impression  f rom  viewing movement of   the  
shock was t h a t  it jumps  from  one pos i t ion   o f  momentary s t a b i l i t y   t o   a n o t h e r  
i n   a n   a p p a r e n t l y  random manner. 

F luc tua t ing   P res su re  Power Spectra  

One of t h e  most obv ious   e f f ec t s  of  periodic plume uns teadiness   appears  
on  the power spectrum  of   the  surface  pressure  beneath  the  separat ion  shock.  
A spike, located a t  the   pu ls ing   f requency ,  is generated.   in   the  spectrum,  (see 
f i g u r e s  5 and 6). Figure 5 shows the p res su re   s igna l s  as  t aken   d i r ec t ly   f rom 
a one- th i rd   oc tave   f i l t e r ing   sys tem,  and f i g u r e  6 shows  power spec t r a  of t h e  
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same data   normal ized  as suggested  by Coe" ( r e f .  1). The s p i k e  i s  produced 
by 80 Hz plume pu l s ing  a t  an  RMS level  of   3 .76   percent   o f   the  plume s tag-  
na t ion   p re s su re .  The broadband level of the basic   spectrum  (unpulsed)  i s  
166.6 dB and   t ha t   o f   t he   spec t rum  a s soc ia t ed   w i th   80  Hz pu l s ing  is 166.9 dB. 

Comparing t h e   s p e c t r a   a n d   n o t i n g   t h a t  the broadband  ( integrated)  
levels are t h e  same l e a d s   t o   t h e   c o n c l u s i o n   t h a t   t h e   s p i k e  i s  formed a t  t h e  
expense   o f   t he   ba l ance   o f   t he   spec t rum.   In   f ac t ,   w i th in   t he  limits of   da ta  
scatter,  t h i s   conse rva t ion   o f   t he   spec t rum  in t eg ra l ,   w i th   r e spec t   t o   pe r iod ic  
plume pu l s ing  a t  va r ious   f r equenc ie s   and   s t r eng ths ,   has   been   obse rved   i n  a l l  
instances  (over   100 tests) i n   t h e   c o u r s e   o f  th is  p r o j e c t .  

Response t o  Plume Pu l s ing  

For t h e   p u r p o s e   o f   q u a n t i t a t i v e l y   r e l a t i n g  plume u n s t e a d i n e s s   t o   t h e  
p r e s s u r e   f l u c t u a t i o n s  a t  the   foo t   o f   the   separa t ion   shock ,   the  plume fo rc ing  
magnitude i s  d e f i n e d   t o   b e   t h a t  area under   the   resu l t ing   spec t rum  sp ike   which  
i s  above   t he   spec t rum  wi th   t he   sp ike   f a i r ed   ou t .   I n   de t e rmin ing   t he  area 
under   the   sp ike ,   each   one- th i rd-oc tave  band produces a r ec t angu la r  area 
c o n s i s t e n t   w i t h   t h e   f i l t e r   p r o c e s s  by  which  the  spectrum is produced.  This 
i s  n o t   w i t h s t a n d i n g   t h e   f a c t   t h a t  i t  is o f t e n   t h e   p r a c t i c e   t o   c o n n e c t   t h e  
p o i n t s   w i t h  a cu rve   t o   d i sp l ay   t he   spec t rum.  The q u a n t i t i e s   i d e n t i f i e d  as 
"forcing"  and  "response" are c lear ly   no t   the   on ly   ones   which   could   have   been  
chosen.   Since  there  i s  some a r b i t r a r i n e s s ,   t h e   " b e s t "   d e f i n i t i o n s  w i l l  
l i k e l y   v a r y   a c c o r d i n g   t o   p e r s o n a l   p r e f e r e n c e   a n d   s i t u a t i o n .  However, i t  is  
hoped t h a t   t h e   d e f i n i t i o n s   s e l e c t e d  are reasonable   and  useful .  

With t h e   d e f i n i t i o n s   s t a t e d ,   t h e   r e s p o n s e   t o   p e r i o d i c  plume uns teadiness  
i s  d i s p l a y e d   i n   f i g u r e  7 .  Wi th in   exper imenta l   e r ror ,   over   the   range   tes ted ,  
a l i n e a r   r e l a t i o n s h i p   e x i s t s  which i s  independent   of   pulse   f requency.  The 
r e s u l t s   c a n   b e   e x p r e s s e d   i n  terms of a t r a n s f e r   f u n c t i o n   i f  i t  is  pos tu l a t ed  
tha t   forc ing   and   response  are reasonably   represented  by a l i n e a r   d i f f e r e n t i a l  
equat ion.  Then the   magni tude   o f   the   t ransfer   func t ion  i s  

IH(f) 1 = /%= 0.0169 (16Hz f 250 H Z ) ,  (1) 

and i s  c o n s t a n t   f o r   t h e s e   d a t a .  

"Except t h a t  Coe used 6 measured ju s t   ahead   o f   t he   shock ,   whereas   i n   t h i s  
case 6 w a s  measured a t  the   shock   l oca t ion ,   bu t   i n   t he   absence   o f  a plume 
and  consequently a separa t ion   shock .   For   these   da ta ,  6 = 0.53 cm. 
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CONCLUDING RDlARKS 

S e v e r a l   e f f e c t s   a s s o c i a t e d   w i t h  plume-induced  flow  separation  have  been 
i d e n t i f i e d .  The fol lowing statements are a p p l i c a b l e   o v e r   t h e   r a n g e   o f   t h i s  
s tudy  : 

1. The sepa ra t ion   shock   exh ib i t s  an excurs ion   about  some mean l o c a t i o n  
a n d   m a i n t a i n s   e s s e n t i a l l y   c o n s t a n t   d i r e c t i o n  as it moves. Th i s  is  t r u e   w i t h  
o r   w i thou t  plume uns teadiness .  

2.  The p r o b a b i l i t y   t h a t   t h e   s e p a r a t i o n   s h o c k  is l o c a t e d   i n  a g iven  
p o s i t i o n   i n t e r v a l  a t  a g i v e n   i n s t a n t  is no t   i n f luenced  by  plume uns teadiness .  

3. Pe r iod ic  plume unsteadiness   produces a s p i k e  on the   s epa ra t ion   shock  
su r face   p re s su re  power spectrum. The s p i k e   s t r e n g t h  i s  p r o p o r t i o n a l   t o   t h e  
plume puls ing  magni tude.  The p r o p o r t i o n a l i t y  i s  cons t an t   ove r  a frequency 
range. 

4 .  The broadband l e v e l  of t he   s epa ra t ion   shock   su r f ace   p re s su re   f l uc tu -  
a t i o n s  is  n o t   a f f e c t e d  by pe r iod ic  plume uns teadiness ,  so tha t   the   spec t rum 
sp ike  i s  produced a t  the  expense  of   the  balance  of   the  spectrum. 
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AERIAL PURSUIT/EVASION* 

Henry J. Kelley 
Analytical  Mechanics  Associates, Inc. 

SUMMARY 

This  presentation was based upon two recent  papers  describing two dif- 
ferential  gaming  efforts at air-combat  analysis (refs. 1 and 2). One (ref. 1) is  
based upon homicidal-chauffeur  (Breakwell and Merz, ref. 3) and game-of-two- 
cars LCocayne, ref. 4) results  slightly  extended  to  account  in a limited way for 
excursion of the two craft out of the  horizontal  plane. The second  employs 
energy  models and simplified  kinematics  for  study of turning  duels. Some re- 
sults obtained with these  approaches and their  relationship  to  other  approaches, 
such  as  simulation, were discussed. 

The  game of two cars   is  a chase in a horizontal  plane  between a pursuer 
having  a certain  capture  radius and a more  maneuverable  evading  vehicle, both 
constant  speed. An estimate of miss, or  capture  radius  required,  is  given by 
an  analytical  approximation  based on the  ffsidesteppingfT  m.aneuver of the  homi- 
cidal  chauffeur  game and a modification  to  account  for  the effect of evader 
turning rate. This  turns out to  agree  remarkably well with Cocayne's point- 
capture  result (ref. 4). 

The  turning  game is played in a three-space; two of the state variables 
being  the  specific  energies of pursuer and evader,  the  third,  the  difference  in 
heading  angles.  The  analogue of point-capture  (approximating  the  gunnery case) 
is  angular  closure with sufficient  specific  energy  that  the  pursuer  can follow the 
evader in a pull-up,  so-called "loft-ceiling" match in energy state approxima- 
tion.  The  families of trajectory  pairs are fairly  complex,  the  trajectories  them- 
selves commonly having two or  three  subarcs. The  main  features of interest in 
the results are the  barrier  surfaces  that  separate  successful  pursuit  from  suc- 
cessful  evasion. 

* This  research was performed  under  Contract NAS 2-8738 with NASA Ames 
Research  Center, Moffett Field,  California. 
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DESIGN  OF ACTIVE CONTROLS FOR THE NASA 

F-8 DIGITAL FLY-BY-WIRE AIRPLANE 

Joseph Gera 
Langley  Research  Center 

SUMMARY 

This   pape r   desc r ibes   t he   des ign   o f  a set o f   con t ro l  l a w s  f o r   t h e  NASA 
F-8 d ig i ta l   f ly -by-wire   research   a i rp lane .   These   cont ro l  laws implement 
several active c o n t r o l s   f u n c t i o n s :  maneuver load  control ,   r ide  smoothing  and 
depar ture-boundary   l imi t ing .   Inc luded   in   the   descr ip t ion  are t h e  cr i ter ia  and 
methods  which were used i n   t h e   d e s i g n  of t h e   c o n t r o l  laws. R e s u l t s   o f   l i n e a r  
analyses   and  nonl inear   s imulat ion are summarized i n   t h e   p a p e r .  

INTRODUCTION 

The National  Aeronautics  and  Space  Administratfon  has  been  conducting 
r e s e a r c h   i n   d i g i t a l   f l y - b y - w i r e   t e c h n o l o g y .   I n   t h e   i n i t i a l   p h a s e   o f   t h i s  
research  program  an  Apollo  Lunar Module computer  and i n e r t i a l   m e a s u r i n g   u n i t  
were i n s t a l l e d   i n   a n  F-8C a i r p l a n e .   F l i g h t  tests were conducted  on  this  
a i r p l a n e  a t  t h e  Dryden Fl ight   Research  Center   with  the  mechanical   control   l inks 
removed f o r   t h e   v e r y   f i r s t   f l i g h t .  These tests d e m o n s t r a t e d   t h e   f e a s i b i l i t y  of 
d ig i t a l   f l y -by -wi re   con t ro l s   fo r   conven t iona l   a i rp l anes   and   t he   f ac t   t ha t   such  
s y s t e m s   c a n   i n c o r p o r a t e   s u f f i c i e n t   r e l i a b i l i t y   f o r   p i l o t   c o n f i d e n c e   ( r e f .   1 ) .  
The second o r   cu r ren t   phase   o f   t he  program is  d i r e c t e d  a t  (1)  demonstrating 
f l i gh t   con t ro l   sys t ems   u s ing   mu l t ip l e   r edundan t   gene ra l -pu rpose   d ig i t a l  
computers  with  redundant  sensors and a c t u a t o r s  and (2)  f l i g h t   t e s t i n g  of t h o s e  
c o n t r o l  laws which  have become feas ib le   on ly   wi th   the   increased   speed  and 
memory of c u r r e n t   a i r b o r n e   d i g i t a l  computers. 

The f i r s t  set o f   con t ro l  laws s e l e c t e d   f o r   f l i g h t   t e s t i n g   h a s   b e e n  
designed. It inc ludes  several functions  which are p r o j e c t e d   f o r   u s e   i n   f u t u r e  
a c t i v e   c o n t r o l s   a p p l i c a t i o n s .  Some of   these   func t ions   have   been   f l igh t - tes ted  
i n d i v i d u a l l y   i n   t h e   p a s t ;   i n   t h e   p r e s e n t  program  they are i n t e g r a t e d   i n t o  a 
' s i n g l e ,   f u l l - a u t h o r i t y ,   f l i g h t - c r i t i c a l   c o n t r o l   s y s t e m .   T h i s   p a p e r   d e s c r i b e s  
the   des ign  cri teria and  methods  used i n   d e v e l o p i n g   t h e   c o n t r o l  laws. The 
d i scuss ion   a l so   i nc ludes   s imu la t ion   expe r i ence   w i th   t he   con t ro l  laws. 
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SYMBOLS 

All units  of  measurements  are  as  given  below  except  where  noted  otherwise. 

c2 

C* 

fi,  i=l, ... n 
g 

h 

Ki,  i=1, ... n 

KC* 

KXF 
M 

NZ 

4 

vco 

Z 

a 

a L 

a TRIM 

B 

w n 

SP 
w 

5 

constants  (eq. (1)) 

response  variable, g units 

functions  used  in  gain  scheduling 

gravitational  acceleration,  rn/sec2 

altitude,  m 

gain 

CAS forward  loop  gain,  deg/g 

symmetric  aileron-to-elevator  gain,  deg/deg 

Mach  number 

normal  acceleration, g units 

pitching  velocity,  rad/sec 

'cross-over'  velocity,  m/sec 

forward-difference  operator  (e.g.,  z(q) = qn+l) 

angle of attack,  deg 

envelope  limit,  deg 

trim  angle of attack,  deg 

angle  of  sideslip,  deg 

undamped  natural  frequency,  rad/sec 

frequency of longitudinal  short  period  motion,  rad/sec 

damping  ratio 
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Abbreviations : 

CAS 

SAS 

damping  ratio  of  short  period  motion 

command  augmentation  system 

stability  augmentation  system 

DISCUSSION 

Modeling 

In any  control  law  design  one of the  most  important  factors is the 
mathematical  model  of  the  controlled  vehicle.  The  complete  design  cycle  made 
use of two  distinct  models of the  F-8  airplane.  The  first  of  these  is  a 
complete,  nonlinear  representation  of  the  rigid  F-8  airplane,  flexibility 
effects,  control  surface  actuation  system  and  the  flight  environment  (ref. 2 ) .  
From  the  complete  representation  the  linearized  equations  of  motion  were 
obtained  by  numerical  differentiation  after  trimming  the  airplane  at  various 
altitudes,  Mach  numbers,  fuel  loads  and  load  factors.  The  resulting  set of 
linear  equations  of  motion  covered  the  entire  operational  envelope  of  the  F-8 
airplane  including  some  high  angle  of  attack  conditions  where  the  lateral- 
directional  stability  characteristics  of  the  basic  airplane  required  consider- 
able  improvement.  Most of the  aerodynamic  data  used  in  the  mathematical  model 
was  already  available  except  for  the  symmetric  aileron  effectiveness  at  high 
subsonic  speeds.  The  latter  became  the  subject  of a short  wind  tunnel 
investigation  using  an  existing  model of the  F-8C. 

Control  Law  Design 

Each  of  the  pitch,  roll  and  yaw  axes  have  several  pilot  selectable 
control  modes.  The  modes  for  the  pitch  axis  are: 

(a)  Direct  mode,  which  is  essentiqlly  a  proportional  control  mode 
between  the  pilot's  stick  and  the  horizontal  tail. 

(b) SAS  mode.  This  mode  was  designed to improve  the  damping  of  the 
short  period  motion  by  compensated  pitch  rate  feedback  to  the 
horizontal  tail. 

(c)  CAS  mode.  This  mode  was  designed  to  incorporate  several  active 
controls  functions.  These  functions  will  be  defined  and  briefly 
described  in  this  section. 

For  further  design  details  the  reader  is  referred  to  reference 3.  The  modes 
for  the  lateral  and  directional  axes  are: 

(a) Direct  modes  for  the  roll  and  yaw  axes  which  are  similar  in 
structure to the  pitch  direct  mode. 
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(b) SAS modes  for  the  roll  and  yaw  axes  which  will  be  described  later. 

Conventional  autopilot  functions  are  also  provided  when  the  roll  and  yaw 
SAS  modes  and  the  pitch  CAS  mode  are  engaged. 

Pitch  CAS  Mode.-  This  mode  implements  several  active  control  functions.  The 
term  'active  control'  means  that  the  control  system  design  is  an  integral 
part of a  new  airplane  configuration  development  task.  Since  no  aerodynamic 
or  structural  modifications  have  been  made  to  the F-8 in  the  digital  fly-by- 
wire  program,  flight  testing  the  active  control  functions  will  not  reveal  the 
full  performance  benefits  achievable  by  active  controls.  Instead,  the  flight 
tests  will  be  aimed  at  evaluating  the  mutual  interactions  of  the  various 
active  control  concepts. 

Figure 1 illustrates  the  basic  CAS  mode  in  the  pitch  axis  augmentation 
system.  In  the  basic  CAS  mode  the  shaped  pilot's  stick  deflection  controls  a 
blend  of  pitching  velocity  and  normal  acceleration.  The  resulting  signal  is 
routed to the  actuation  system  via  the  variable  gain, KC*. The  latter  is  a 
function  of  dynamic  pressure  derived  from  altitude  and  Mach  number.  In  order 
to minimize  stick  forces  resulting  from  changing  trim  conditions,  neutral 
speed  stability  is  provided  by  an  effective  forward  loop  integration.  The 
integration  itself  is  accomplished  by  cancelling  the  position  feedback  signal 
of  the  elevator  secondary  actuators  at  low  frequencies.  The  mechanical  output 
of  the  secondary  actuators  is  then  used  to  drive  the  primary  or  power  actuators 
which  are  connected  directly  to  the  control  surfaces. 

A significant  feature  of  this  control  law  is  that  it  was  designed  through 
the  application  of  linear  optimal  control  theory  at  selected  flight  conditions. 
Specifically,  the  motion  variable, C* defined  as 

C * = N  +-  4 
co 

z g 

was  compared  with  the  output  of  a  linear,  second-order  'command'  model 

(un = 7.4 rad/sec; 5 = .91). Minimization  of  a  cost  functional  consisting  of 
the  integral  of  the  weighted  squares  of  the  C*  error,  its  integral,  the 
elevator  rate  and  elevator  command  resulted  in  a  control  law  which  is  a  linear 
combination of the  assumed  state  variables.  The  control  law  was  simplified  by 
neglecting  low-gain  loop  closures  and  effecting  possible  pole-zero  cancellations. 
Additional  details of the  design  procedure  are  given  in  reference 3 .  

The  design  specifications  for  the  control  system  included  the  requirement 
of limiting  the  operating  envelope  of  the  airplane.  Envelope  limiting  is 
important  for  two  reasons,  the  first  being  that  with  envelope  limiting  the 
pilot  can  demand  the  full  maneuvering  capability of the  airplane  without 
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concern  for  departing  from  controllable  flight.  The  second  reason  is  that 
future  active  control  applications  will  include  relaxing  the  static  stability 
requirements  of  the  basic  airplane:  elevator  commands  beyond  the  available 
surface  authority  would  result  in  loss  of  control  for  an  airplane  without 
envelope  limiting. 

The  implementation  of  the  envelope  limiter  is  shown  in  figure 2; this 
system  was  integrated  with  the  basic  C*  controller  by  the  use  of  a  switch 
labeled  as  'max.  value  select.'  in  figure 1. The  switch  simply  selects  the 
more  positive,  i.e.,  the  larger  nosedown  elevator  command. It should  be  noted 
that  at  low  frequencies  the  command  signal  from  both  controllers  approximates 
elevator  rate;  switching  on  this  approximate  elevator  rate  has  proved  to  be  a 
satisfactory  method  to  effect  transition  between  the  two  controllers. 

The  design  of  the  envelope  limiting  control  law  was  also  accomplished  by 
using  linear  optimal  control  theory.  In  the  cost  functional  the  pitching 
velocity  term  was  heavily  weighted  along  with  angle  of  attack,  its  integral, 
elevator  rate,  and  elevator  command.  The  control  law  obtained  at  selected 
flight  conditions  by  using  optimal  control  theory  was  simplified  in  a  manner 
similar to simplification  of  the  basic C* controller.  The  resulting 
controller  is  driven  by  angle  of  attack  and  its  approximate  time  derivative 
obtained  by  high-passing  the  pitching  velocity.  The  angle of attack  is 
referenced  to  the  value, a the  limit  angle of attack.  At  present aL is 
programed to include  the  effect of sideslip  as 

L '  

where  C1  and  C2  are  constants. 

Direct  lift  produced  by  symmetric  aileron  or  flap  deflections  is  utilized 
both for drag  reduction  in  maneuvering  flight  and  for  ride  smoothing  in 
turbulence.  The  direct  lift  mode  has  the  complementary  structure  illustrated 
in  figure 3 .  Reduction  of  maneuvering  drag  is  accomplished  by  scheduling 
steady  state  flap  deflections  with  lagged  pitching  velocity.  For  ride 
smoothing  the  measured  normal  acceleration  is  fed  back to the  flaps  via  a 
scheduled  gain  and  a  high-pass  filter.  Tentative  values of the  scheduled  gain 
were  derived  from  loop  gain  considerations  (ref. 3 ) .  The  use  of  the  high-pass 
filter  avoids  the  necessity  of  gravity  compensation  of  the  accelerometer 
signal  during  steady  climbs  or  descents.  Pitching  moment  changes  due  to  flap 
deflection  are  canceled  by  uti1izing.a  cross-feed  signal  through  the  gain 
which  is  chosen  to  be  the  ratio  of  pitching  moments  produced  by  unit  deflections 
of  the  elevator  and  of  the  flaps. 

KXF 

Roll  SAS  and  Yaw  SAS " Modes.-  Figure 4 illustrates  the  mechanization  of  the 
augmented  modes  for  the  lateral-directional  axes.  Although  the  roll SAS and 
yaw  SAS  modes  are  individually  selectable  by  the  pilot,  this  discussion  treats 
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them  collectively.  The  criteria  for  the  design  of  this  system  included 
improved  damping of the  Dutch  roll  oscillating  mode,  positive  directional 
stability  and  good  turn  coordination  at  all  usable  angles  of  attack.  Applica- 
tion  of  the  linear  quadratic  optimal  control  algorithm  at  selected  flight 
conditions  yielded  a  feedback  gain  matrix  with  a  non-zero  gain  on  every  state 
variable  to  every  control  input. A separate  algorithm,  described  in  reference 
4, was  then  used  to  drive  those  gains  to  zero  which  were  impractical  to 
implement  while  still  satisfying  conditions  necessary  to  minimize  the  original 
cost  function.  In  the  resulting.contro1  mode,  high-passed  yaw  rate  provides 
improved  Dutch  roll  damping  with  no  steady  state  turn  resistance.  Turn 
coordination  is  enhanced  by  compensated  lateral  acceleration  feedback  and 
aileron-rudder  interconnect.  Automatic  rudder  trim  is  achieved  by  the  feedback 
of  integrated  lateral  acceleration to the  rudder.  The  latter  loop  is  opened 
whenever  the  rudder  pedals  are  out  of  detent,  thus  enabling  the  pilot  to 
command  a  steady  sideslip.  The  scheduling  of  gains  is  done  with  angle  of 
attack  to  ensure  good  performance  at  all  maneuvering  conditions. 

" Autopilot  Functions.-  Conventional  autopilot  functions  are  available  to  the , 

pilot  in  addition  to  the  inner  loop  functions  described  above.  These  functions 
are  the  following:  attitude,  altitude,  Mach  and  heading  hold  modes;  control 
stick  steering  and  heading  select  are  also  provided  with  automatic  return  to 
the  hold  modes. 

Digital  Processing  of  Control  Laws.-  In  order  to  be  processed  by  a  digital 
computer,  the  control  laws  must  be  expressed  in  the  form  of  difference 
equations..  When  the  equations  of  motion  of  the  controlled  systen  are  converted 
to  difference  equations  at  the  outset,  finding  the  solution of the  resulting 
discrete  linear  optimal  control  problem  leads  directly to control  laws  which 
are  in  the  form  of  difference  equations.  These  control  laws  are  optimal 
relative  to  the  particular  sampling  interval  chosen  at  the  beginning  of  the 
design.  Changing  the  sampling  interval  requires  a  new  design.  If  the  control 
law  design  proceeds  in  the  continuous  time  domain  at  the  beginning  and  the 
resulting  continuous  control  laws  are  then  converted  into  difference  equations, 
a  new  sampling  interval  does  not  usually  require  solving  the'entire  optimal 
control  problem  again.  For  a  limited  range of sampling  intervals  all  that  is 
required  is  recomputing  the  coefficients  of  the  linear  difference  equations 
expressing  the  control  laws.  The  latter  approach  of  obtaining  difference 
equations  is  directly  applicable  to  control  laws  which  are  designed  for  multi- 
rate  sampling. 

The  difference  equations  which  are  programed  in  the  F-8  flight  computers 
were  obtained  by  the  second  method.  Thus  it  will  be  possible to study  the 
effects  of  different  sampling  intervals  in  flight  by  a  simple  preflight  change 
in  the  software  executive  timing  routine,  after  the  computer  memory  has  been 
reloaded  with  the  new  coefficients  of  the  difference  equations.  These 
coefficients  are  calculated  from  the  continuous  control  laws  off-line  using 
Tustin's  method  (ref. 5). Initially,  all  inner  loop  control  law  functions  are 
computed  at 20 millisecond  intervals  while  the  autopilot  functions  and  other 
less  critical  operations  are  executed  at 80 millisecond  intervals. 
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PERFORMANCE  AND SIMULATION RESULTS 

Control  law  performance  in  the  various  modes,  predicted  by  linear 
analysis,  was  evaluated  over  the  entire  flight  envelope  in  closed-loop  simula- 
;tion.  Although  the  basic F-8 airplane  has  good  response  characteristics 
further  improvements  are  expected  in  the  augmented  modes. 

Longitudinal  Modes 

In  figure 5 longitudinal  response  is  illustrated  in  the  DIRECT,  basic 
CAS  and  CAS  with  the  direct  lift  mode  at  one  of  the  twenty  flight  conditions 
used  in  the  design  and  analysis.  Linear  analysis  gave  the  following  modal 
characteristics  for  the  short  period  motion: 

DIRECT 

CAS 

w radlsec SP 

3 . 2  

4 . 4  

.38 

.73 

Comparing  the  time  histories  in  these  modes  in  figure 5 shows  that  these 
improvements  are  realized  in  the  full,  non-linear  simulation.  The  beneficial 
effect  of  the  direct  lift  is  reflected  in  the  quickened  normal  acceleration 
response  with  moderately  reduced  over-shoot  in  pitch  rate. 

In  figure 6 the  role  of  the  symmetric  aileron  deflection  as  a  ride- 
smoothing  device  is  shown.  The  gust-induced  normal  acceleration  traces 
obtained  in  the  full  non-linear  simulation  substantiate  the  predictions  of 
linear  analysis. 

The  operation of the  envelope  limiter  was  also  tested  in  the  simulator. 
The  time  histories  shown  in  figure 7 were  obtained  while  the  pilot  was  steadily 
increasing  the  load  factor  in  a  turning  mqneuver  by  applying  aft  stick  pressure. 
In  this  particular  test  the  value  of  aL  was  set  at  a  conservative 12 degrees 
with  no  contribution  from  the  sideslip  term  in  equation (1). It can  be  seen 
that  after  encountering  the  angle  of  attack  limit  of 12 degrees,  any  further 
aft  movement  of  the  stick  has  no  effect  on  the  maneuver.  Reducing  aft  stick 
pressure  results  in  the  angle  of  attack'moving  smoothly  away  from  the  limiting 
12  degree  value. 

Lateral-Directional  Modes 

Substantial  improvements  in  the  lateral-directional  response  are 
expected in the  combined  roll  and  yaw SAS mode.  Linear  analysis  predicts 
the  following  improvements  for  the  Dutch  roll  mode  at  the  same  flight 
condition (M = . 8 ,  h = 610Om) for  which  the  longitudinal  results  were  presented: 
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w rad/sec r n' 
DIRECT  3.5  .ll 

SAS (roll  and  yaw)  3.4 .41 

In  figure 8 simulator  results  are  shown  following  a  f3-gust  of  two  degrees. 
In the  same  figure  the  time  histories  in  response  to  a  step  lateral-stick 
input  show  the  expected  improvements  in  roll-induced  sideslip  and  turn 
coordination.  The  latter  result  was  obtained  at  the  same  altitude,  but  reduced 
airspeed (M = .4) which  resulted  in  a  moderately  high  trim  angle  of  attack  of 
8.9  degrees. 

In  addition  to  being  the  subject  of  the  linear  analyses  and  non-linear 
simulations,  the  control  law  modes  were  integrated  into  a  single  FORTRAN- 
coded  subroutine.  The  latter  was  called  32  times  per  second  by  the  complete 
F-8 simulation  program  in  a  real-time  operation.  This  allowed  an  early 
examination  of  the  functional  operation  of  all  control  modes,  mode  transfer 
logic  and  various  initialization  routines.  This  same  program  was  interfaced 
with  an F-8 cockpit  and  used  in  preliminary  piloted  simulations.  The  subject 
pilots  rated  the  control  law  modes  favorably,  but  only  the  actual  flight  tests 
will  reveal  the  benefits  of  the  various  active  control  modes. 

CONCLUDING REMARKS 

One  of  the  important  technology  areas  the  NASA  digital  fly-by-wire 
program  addresses  is  the  design  and  flight  test  of  control  laws  suitable  for 
future  active  control  applications.  This  report  describes  a  set  of  control 
laws,  including  design  criteria  and  methods,  which  have  been  selected  for 
flight  tests  on  the  F-8  digital  fly-by-wire  airplane.  The  following  functions 
are  mechanized  in  an  integrated,  full-authority,  flight-critical  control 
system: 

(1) Command  augmentation  system  for  the  pitch  axis  based  on  the  C* 
response  criterion,  including  apparent  neutral  speed  stability. 

(2)  Maneuver  load  control  and  ride  smoothing  using  direct  lift  generated 
by  symmetric  aileron  deflection. 

(3)  Envelope  limiting  which  allows  the  pilot  full  maneuvering  capability 
without  concern  for  departure  from  controllable  flight  regimes. 

( 4 )  Lateral-directional  stability  augmentation  which  provides  good 
handling  characteristics  at  all  usable  angles  of  attack. 
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( 5 )  Conventional  autopilot  or  outer  loop  functions  such  as  attitude, 
Mach,  altitude  and  heading  hold  including  control  stick  steering in 
these  modes. 

Linear  analyses  and  non-linear  simulation  results  of  the  augmented  modes 
predict  substantial  improvements  in  the  airplane's  response  characteristics. 
Pilot  comments  on  these  modes  have  also  been  favorable,  but  only  the  actual 
flight  tests  will  reveal  the  extent  of  benefits  achievable  by  these  control 
modes. 
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PERFORMANCE ANALYSIS OF FLEXIBLE AIRCRAFT WITH ACTIVE CONTROL* 

Richard B. N o l l  
Aerospace Systems, Inc. 

Luigi Merino** 
Boston University 

SUMMARY 

The small-perturbation equations o f  motion of  a flexible  aircraft  with an active  control 
technology (ACT) system were  developed  to  evaluate the stalbility  and  performance of the 
controlled  aircraft. The total  aircraft system  was formulated in state  vector format  and the 
system of equations was completed with  fu l ly  unsteady and Iow-frequ.ency  aerodynamics for 
arbitrary,  complex  configurations based on a  potential aerodynamic  method. The ACT sys- 
tem equations  have  been incorporated i n  the  digital computer  program FCAP (Flight  Control 
Analysis Program) which  can  be used for  the  analysis o f  complete  aircraft  configurations, 
including  control system, with  either  low-frequency or fu l ly  unsteady  aerodynamics. The 
application  of  classical  performance analyses including  frequency response, poles  and zeros, 
mean-square  response, and time response in  FCAP in  state vector  format was discussed. 

INTRODUCTION 

The integrated study of  the  interactive effects of the flight  control system in  the  active 
control  of  flexible  aircraft has received  considerable  attention  in  recent years. In  particular, 
Active  Control Technology (ACT) is  being  investigated for improving ride  quality, decreas- 
ing  structural  deformation,  extending  the  fatigue l i fe  of  the  aircraft,  relaxing  static  stability 
requirements, suppressing flutter, and reducing  structural loads. 

A new  computer program, Flight  Control  Analysis Program (FCAP) has been developed 
for NASA to  analyze ACT systems (refs. 1 and 2). The program was designed in  a  modular 
fashion to  incorporate  aircraft dynamics,  aerodynamics for complex  configurations,  and 
sensor, actuator,  and  control  logic dynamics, as well as analysis methods for  determining 
stability and performance of  the ACT system.  The formulation o f  the  total  aircraft  dynamic 
system for FCAP was unified  by  casting  all the  equations i n  state space format. This paper 
presents the  state-vector  formulation  of  the ACT system, and discusses its application  in 
FCAP for the  performance  analysis o f  ACT systems. 

*This paper was derived from  work conducted under NASA Contract NAS 1-1 3371 . 
**Consultant  to Aerospace Systems, Inc. 
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I 

SYMBOLS 

A,BjC,D 

Al 

F 

H 

i w  

r 

X 

Subscripts: 

state-space matrices of ACT system and subsystems 

matrix  defined  by Equation (17) 

matrix  defined  by Equation (16) 

matrix o f  transfer functions 

imaginary  part of complex frequency, s 

generalized mass/inertia matrix 

dynamic pressure 

Lagrangian generalized coordinates . 

covariance  matrix  of ACT system outputs 

output  vector for ACT system and subsystems 

complex  frequency 

covariance  matrix  of ACT system inputs 

generalized aerodynamic force  coefficients 

coefficient matrices of  aircraft dynamics equations at sensor locations 

input vector for ACT system and subsystems 

matrix  of  pilot and guidance system  commands 

generalized aerodynamic forces in uniform flow 

matrix  of aerodynamic forces due to turbulence ’ 

covariance  matrix  of ACT system state  variables 

state vector 

A 

D 
L 
R 
S 

actuator 

aircraft displacement 

control  logic 

aircraft  rate 

sensor 
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Superscripts: 

T transpose 

(O), (1) coefficients  of power series expansion 

A tilda ( - )  over a symbol indicates  that i t  i s  designated i n  the  Laplace domain. A dot 
over  a variable  indicates  time  differentiation. 

ACT ANALYSIS 

The ACT system formulated i n  FCAP i s  shown in Figure 1 .  External disturbances to  the 
ACT system are seen to  be atmospheric turbulence and gusts contributing  to the aerodynamic 
forces and moments, and pi lot  or guidance system  commands introduced  through the control 
logic. The aircraft dynamic system includes  both  rigid-body and flexible-body dynamics. 

The analysis of ACT systems i s  unified  by casting a'll system equations in either  the  time 
domain or the  frequency domain, and in  similar format. In state space  methods, the  motion 
of a given dynamic system i s  described by the following  pair  of  matrix equations (ref. 3): 

A = A x  + Bu 

r = C x  + D u  1 (1 ) 

where x i s  the state vector, u i s  the input (or control) vector, r i s  the  output vector, and A, 
B, C, and D are  the matrix  coefficients. The equations for the dynamics of the state vari- 
ables, and for the outputs of the aircraft dynamics, sensors, logic, and actuators  are given 
in the following sections. The equations are then combined with equations for aerodynamics 
of the aircraft, and the total system matrix equations are formulated using the compatibility 
relationships among the  dynamic systems. 

Aircraft Dynamics 

The FCAP aircraft dynamics equations for N,degrees of freedom (six  rigid-body and 
(N-6) flexible-body degrees of freedom) are  restricted to small perturbations  which reduce 
the equations to  linear form. This i s  a reasonable approximation for ACT studies (e .g., refs. 
4 and 5). The aircraft equation of  motion expressed in state  vector form i s  (ref. 1): 

where 

T 
XD = state  vector of the  displacement  variables = [x,y,z,#,0,Y,q7, ... qN] 

T 
xR = state  vector of  the rate  variables = [u,v,w,p,q,r,~7, ... 4NJ 
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Also, MR = generalized mass matrix, A = Coriolis force/damping matrix, A = stiffness/ 

gravity-force matrix, = generalized aerodynamic forces in uniform flow, and u' = forces 

due to turbulence. 

RR RD 
UR R 

The output  of  the  a,ircraft dynamics at the sensor locations may be expressed linearly  in 
terms o f  displacements,x  rates, x  and  accelerations, i , ,and, therefore, i t  i s  possible 
to  write D' R' R 

- 
'D - 'SD XD 'SR XR + 'R 

where the coefficient matrices U and U i R  are  functions  of  the types of sensors and 
their  location. SD' 'SR' 

Control System Dynamics 

The control system i s  defined as consisting of sensors, control  logic, and actuators for 
FCAP. Classically,  control system dynamics are expressed in the form of a transfer function 
which can be  redefined in the  state  vector form of Equation (1). In the following sections, 
let x  x and x be  the state vectors for the sensors, logic, and actuators, respectively. 

Sensors 

S f  L A 

The state vector equations for sensor dynamics are  given  by 

xs = A x + Bs us ss s 
and 

rs  = Cs xs + DS us 

where u i s  the input  to the sensor  system from the aircraft. 

Con  tro I Logic 

S 

The state vector equations for the control  logic dynamics are expressed 

and 

rL = CL xL + DL (uL + u I )  (7) 

where u i s  the  input  to  the  control  logic from the sensors, and u' i s  p i lot  and guidance 
system  ccmmands  (see fig. 1) .  L L 
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Actuators 

The equations for the dynamics of  the  actuators in FCAP are given  by 

"A - A~~ "A + 0~ U~ 
- 

and 

where uA i s  the input  to the  actuators. 

Note  that a term of the type DA uA i s  absent in Equation (9). This implies  that i n  the 
transfer function of the  actuators  the  degree of  the numerator. i s  lower than the  degree of 
the denominator. This yields considerable  advantage i n  expressing the low-frequency- 
aerodynamics closed-loop system. 

Aerodynamics 

The potential aerodynamic method developed in references 6 to 9 provides  a unified 
approach  for both steady and unsteady subsonic  and  supersonic aerodynamics around complex, 
three-dimensional configurations. The  subsonic portion  of this method i s  incorporated into 
FCAP. The aerodynamic method of reference 6 i s  compatible with FCAP in that  the gener- 
alized aerodynamic forces are proportional to the aircraft dynamic generalized coordinates, 
xD, and rates, x and to  actuator (i.e., control surface) deflections,  In the time 
domain, the unsteady aerodynamic forces are expressed as R' 'A 

There URR, UR A. and U R ~  are operators corresponding to frequency-dependent matrices 
URR, URD, andDURA  usua y  known as aerodynamic-influence-coefficient matrices. 

For  system stability and performance analyses, low-frequency aerodynamics i s  often 
adequate. Therefore, in the rest of this paper only low-frequency aerodynamics i s  con- 
sidered. In this case, the equations for the aerodynamics become linear  with constant 
coefficients. The low-frequency aerodynamics equations are expressed in the time domain as 

where, for example, Ukvand  U(')are the first two terms of the  Maclaurin-Taylor series 
of uRR. AI I of these coefficienp$are  frequency-independent. 
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ACT System 

The state vector equations for each of the ACT subsystems are  given  by Equations (2) to 
(9). Using  the low-frequency aerodynamics given by Equation (11) and recognizing from 
Figure 1 that the input for each  subsystem i s  the output of the previous subsystem, the ACT 
system can be cast in the  form of Equation (1) as 

where 

T x = [ x x x x x J  D R S L A  

with 

F =  

A, = 

u =  

0 

MR 

-'S k R  

-'lDSU:R 

-'ADLDSUkR 

' O O + q  

0 1 0  

0 0 1  ::j 
I 

A~~ 

A~ D 

'5 'S D 

' L ~ S ~ S D  

I B ~ D ~ D ~ U ~ ~  

uk 
0 

BLUi 

a~D~ui 

A~~ 

'RR 

'SUSR 

'LDSUSR 

' A ~ L ~ S ~ S R  

0 

0 

AS s 

'LCS 

' A ~ L ~ S  

0 1 0 0 0  

u(') 0 0 RR 

0 0 0  

0 0 0  

0 0 0  

0 

0 : I  U!LC* 

0 

0 

0 

A~~ 

' A ~  L 

0 0 + 1. 0 R R  0 0  

0 0 0  

0 0 0 0  

Uf0) 0 0 

A~~ 0 0 0  



The input u to the ACT system  depends  upon the gust  forces, uh, and  the pi lot  and guidance 
system  commands, u;. 

.FCAP PERFORMANCE ANALYSIS 

Performance analysis routines  are available  in FCAP to compute frequency response, 
transfer function poles and zeros, mean-square  response to random inputs and time response. 
The theoretical basis for  each of these techniques i s  well founded in the  literature;  there- 
fore, the following discussions w i l l  emphasize the  nature of  the technique as applied  to 
FCAP equations . 

Frequency Response 

Since  the low-frequency-aerodynamics ACT system dynamics are expressed in state 
vector  format i n  terms of the (constant) A, B, C, D matrices, the  frequency response of  the 
kth output  to the ath input can be obtained (in the s-plane with zero init ial  conditions) from 

and 

Solving Equation (19) for and substituting into Equation (20) yields 

Classical  frequency response i s  obtained for the  special case where s = icu by computing the 
amplitude and phase from Equation (21) for  a  range of frequencies. 

Poles  and Zeros 

Poles and zeros afe  evaluated in FCAP using a different 
Equation (21). Note  that Equation (21) may be  rewritten as 

form of H than that  given in 
- 

ka 

The poles of Hka are  the zeros of the denominator, i.e., the  eigenvalues of the  matrix,A. 
The  zeros of  Rka are the zeros of the numerator. The procedure  to obtain them i s  given  in 
references 1 and 10. 

- 
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Mean-Square Response to Random Inputs 

The  response of a flexible  aircraft to stationary randgm inputs may be  described in the 
frequency domain in terms of the  spectral  density matrix R(w). The definition used for the 
outputs are  also valid for  the inputs and the  state  variables. 

WheJe the inputs  are represented as zero-mean white noise with constant  spectral  density 
matrix, U, the  covariance  matrix  of the outputs R(0) i s  given  (for D = 0) by 

R(0) = CX(0) CT 

where the  covariance  matrix  of the  state  variables, X(()), i s  determined from the linear 
matrix  equation  (ref. 11,  pp. 330-332) 

AX@) + X(0) AT + BU(0) BT = 0 

Time Response 

The time response of a  closed-loop system with  ini t ial  conditions, x(O), and an arbitrary 
input  function can be  determined in FCAP using a  fourth-order Runge-Kutta numerical  inte- 
gration  algorithm. For the  special case where the input for  t > 0 has a rational Laplace 
transform (i.e., the input  can be described as a transfer function), the solution  technique 
described in reference 12 i s  used. 

CONCLUDING REMARKS 

The equations'of  motion for a flexible  aircraft have been presented in  matrix format and 
incorporated into a digital computer program FCAP. The objective  in the  development of  
FCAP was to model realistically those factors that  significantly  affect the stability and re- 
sponse of a flexible,  ACT-configured  vehicle. It should be noted, however, that FCAP i s  
intended primarily for use in the analysis of the  performance of an ACT system, rather than 
in the synthesis of the control system. 

The small-perturbation equations of motion  for the ACT system were obtained in state- 
vector  format and were  completed by the addition  of aerodynamics of arbitrary,  complex 
aircraft configurations. Both fu l ly  unsteady and low-frequency aerodynamic equations were 
presented; however, for performance analyses, low-frequency aerodynamics i s  usually 
adequate and, therefore, the ACT system equations were presented for low-frequency aero- 
dynamics only. Program FCAP, however, allows the analysis of. complete aircraft  configu- 
rations, including  control system, with either  low-frequency or unsteady aerodynamics. 

The analysis of ACT system performance in  FCAP has also been presented. In  particular, 
the application  of classical  frequency response, poles and zeros, mean-square  response,  and 
time response in  FCAP in state-vector  format has been  discussed. 

Program FCAP provides  a  computerized method of  integrating  multiple systems into a 
matrix format, and then provides the means for obtaining desired solutions through classical 
analysis techniques. The program is currently  in the final stages of checkout and has been 
used to  solve  textbook examples of  control system problems. The program thus far has proven 
to be simple to use and requires a minimum of  input. 
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BEST-RANGE  FLIGIFI:  CONDITIONS  FOR CRUISE-CLIMB 

F I I G H T  OF A JET AIRCRAFT 

Francis J. Hale 
Department  of  Mechanical  and  Aerospace  Engineering 

North  Carolina  State  University 

SUMMARY 

The Breguet  range  equation is  developed  for   cruise-cl imb  f l ight   of  a j e t  
a i r c ra f t   t o   i nc lude   t he   c l imb   ang le  and is then maximized wi th   r e spec t   t o   t he  
no-wind t rue   a i r speed .  The expression  for   the  best-range  a i rspeed is  a func- 
t i o n  of t h e   s p e c i f i c   f u e l  consumption  and minimum-drag a i r speed  and ind ica t e s  
tha t   an   opera t iona l   a i r speed   equal   to   the   four th   roo t  of t h r e e  times t h e  
minimum-drag airspeed  introduces  range  penal t ies  of the   o rder  of  one  percent. 

INTRODUCTION 

Although t h e r e  is agreement i n   t h e   l i t e r a t u r e  as t o   t h e   f a c t   t h a t  a cruise- 
climb f l i g h t  program (constant  airspeed and c o n s t a n t   l i f t   c o e f f i c i e n t )   y i e l d s  
t h e  maximum range  for  a given je t  a i r c r a f t   w i t h  a g iven   fue l   l oad ,   pa r t i cu la r ly  
a t  the  longer   ranges,   there  is  no consensus as to   the   bes t - range   f l igh t   condi -  
t i o n s .   N i c o l a i   ( r e f .   l ) ,   f o r  example states that  best-range  occurs when t h e  
lift c o e f f i c i e n t  is equal   to  (CD0/2K) f/2 , whereas Houghton  and  Brock ( r e f .  2) 
spec i fy  a l i f t   c o e f f i c i e n t   e q u a l   t o  (CD0/3K) 'I2. Miele ( r e f .  3) , on t h e   o t h e r  
hand,  agrees  with  Nicolai  a t  one  point  but  at  another  implies  agreement  with 
Houghton  and Brock. Perkins and Hage ( r e f .  4 )  ment ion   the   des i rab i l i ty  of 
cruise-cl imb  f l ight   but  do not   ident i fy   the   bes t - range   f l igh t   condi t ions .  
Dommasch, Sherby,  and  Connolly ( r e f .  5) desc r ibe   t he   supe r io r i ty  of  cruise-climb 
f l i g h t  and imply  agreement  with Houghton  and  Brock as to   t he   bes t - r ange   f l i gh t  
condition. 

ANALYSIS 

With the  assumptions  of   quasi-s teady  f l ight ,   the   thrust   a l igned  with  the 
ve loc i ty   vec to r ,  and a constant   f l ight-path  angle  y t h a t , i s   s u f f i c i e n t l y  small 
so t h a t  i t s  cosine may be assumed zero and i t s  s i n e   e q u a l   t o   t h e   a n g l e   i t s e l f  
(expressed i n  radians),  the  governing  equations  of  motion  of  an  aircraft  can  be 
w r i t t e n  as: 

L = w  

T = D + W y  (1) 
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where T is t h e  net i n s t a l l e d   t h r u s t  (N), L is t h e   l i f t  (N), W the  gross   weight  
of t h e   a i r c r a f t  (N), D the   d rag  (N),  X the  range (km), and V t h e  no-wind t r u e  
airspeed (km/hr or  m/s).  The weight  balance  equation  (fuel  f low  rate)  for a jet  
aircraf t   can  be  expressed as: 

" dW cT d t  
" 

where c is t h e   t h r u s t   s p e c i f i c   f u e l  consumption  (N/hr/N).  With the  assumption 
of a pa rabo l i c   d rag   po la r   (w i th   t he   l i f t   coe f f i c i en t  a t  minimum drag  taken  equal 
t o   ze ro )  and wi th   t he   f l i gh t   cond i t ions  of a constant   a i rspeed and a constant 
l i f t   c o e f f i c i e n t  CL, equations (1) and  (2)  can  be combined  and in t eg ra t ed   t o  
y i e l d  a cruise-climb  Breguet  range  equation i n   t h e  form: 

x =  c ( l  + YE) [l ! S] I n  - VE 

where E i s  the   l i f t - t o -d rag   r a t io  (which  remains  constant)  and 6, the   c ru ise-  
f u e l  weight   f ract ion,  i s  equal   to  A W f / W l ,  where AWf i s  t h e   c r u i s e   f u e l  (N) and 
W 1 ,  i s  the  weight   of   the   a i rcraf t  a t  start of c ru i se .  V i s  expressed i n  km/hr 
so t h a t  X i s  i n  km. 

I f   b o t h   t h e   l i f t   c o e f f i c i e n t  and the  a i rspeed are t o  remain  constant as the  
weight  of t h e   a i r c r a f t   d e c r e a s e s ,   t h e   a l t i t u d e  must increase  so  as to   maintain 
t h e   r a t i o  W/p cons tan t ,  where p is  the  atmospheric  density  (kg/m3). Consequent- 
l y ,   t h e   d e n s i t y   r a t i o  a t  t h e  end of c ru i se ,  02 ,  can  be  expressed as 

cr = 01(1 - 6) 2 

By making use  of   the  exponent ia l   approximation  of   the  densi ty   ra t io   var ia t ion 
w i t h   a l t i t u d e ,   t h e   i n c r e a s e   i n   a l t i t u d e  Ah (m) dur ing   c ru ise  i s  given by 

Ah = 7254 I n  - [l : 61 
Combining equations  (5) and ( 3 )  produces  the  following  approximate  expression 
f o r  y i n  terms of the  propuls ion and  aerodynamic e f f i c i e n c i e s :  

7 . 2 5 4 ~  
Y =  VE 

Subs t i t u t ion  of  equation (6) into  equat ion ( 3 )  r e s u l t s   i n  

X =  VE 

c(1 + 254c) v 

A t  t h i s   p o i n t  a cruising  airspeed  parameter,  m, is introduced by wr i t i ng  
the   c ru i s ing   a i r speed  as 
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where Q m a X  is  the  minimum-drag  airspeed  occurring  at Ems,. The  lift  coeffici- 
ent  can  now  be  expressed  as 

1/2 

cL = [%I 
where CDO is  the  minimum-drag  coefficient  and K the  induced  drag  coefficient. 
From  equation  (9) we see  that  Nicolai  calls  for  an  m  equal  to  2  for  best  cruise- 
climb  range  whereas  Houghton  and  Brock  think it should  be  3.  Miele  opts  for 
both  values,  although  2  is  the  only  value  he  explicity  states. 

If  V  and  E  are  expressed  in  terms of V E ~ ~ ,  Emax,  and  m,  equation  (7)  be- 
comes 

2vE max X =  m 
C 114 + 7.254~) 

vl7 I i  max 
where VGax and  Emax  are  design  characteristics of the  aircraft.  The  cruise- 
climb  range  is  then  maximized  with  respect  to  the  airspeed  by  setting  the  first 
derivative  of  equation (10) with  respect  to m equal to zero  (with  c  assumed 
constant).  The  resulting  condition  for  the  best-range  airspeed  is 

5 max 

whose  solution  can  be  approximated  with a high  degree  of  accuracy  by  the expres 
sion 

r 1 

m b r = 3 1 +  7.254~ I vEmX J 
s o -  that 

- 114 
'br - mbr 'E max 

An expression  for  the  associated  best-range  climb  angle  can  be  written  as 

7.254~ - 
(vE)br  2<L4 ( W E  

7.254~ ("br + 1) 
'br = 

- 
maX 
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DISCUSSION 

The  second term i n   t h e  q r  express ion  of equat ion   (12) ,  7.254c/Vba,, is 
normally small w i t h   r e s p e c t   t o   u n i t y  as can be seen  i n  f i g u r e  1, where it is 
g iven   t he  symbol A and   r ep resen ted   by   cons t an t   va lue   l i nes   fo r   va r ious   pa i r ings  
of  c and V E ~ ~ .  As t h e  minimum-drag a i r s p e e d   i n c r e a s e s   a n d / o r   t h e   s p e c i f i c  
fue l   consumpt ion   decreases ,   the   va lue   o f  A dec reases   and   t he   va lue   o f  mbr ap- 
proaches 3 as a l i m i t  so t h a t  Vbr approaches 3 1/4 V E ~ , .  A s  an i l l u s t r a t i o n ,  a 

craft is 18, then  Ybr = 2.44 x lo-' r a d   o r  +0.014 deg. 

of 724 km/hr  (450 mph) and a c of   0 .5   N/hr/N  (0 .5   lbf /hr / lbf)   y ie ld  an A 
a n  qr = 3.015,  and a Vb = 954  km/hr (593 mph). I f  E,, o f   t he  air- 

Relative ranges ,   no rma l i zed   w i th   r e spec t   t o  A = 0 (which r e p r e s e n t s   t h e  
" l eve l - f l i gh t "   so lu t ion )  are shown as a func t ion   of   bo th  A and m i n   f i g u r e  2. 
We see t h a t   t h e  maximum range   occurs  when m = qr = 3(1 + A) and t h a t   t h e   c u r v e s  
are r e l a t i v e l y  f l a t  i n  t h e   v i c i n i t y   o f  mbr, bu t   d rop   of f   sharp ly  as m i s  de- 
creased  below  the  value  of   2 .  We a l s o  see t h a t   e r r o r s   i n   t h e   a c t u a l   r a n g e   i n -  
t roduced   by   u s ing   t he   l eve l - f l i gh t   so lu t ion  are of t h e   o r d e r  of 1 t o  1.5 per- 
c e n t   f o r   a n  m e q u a l   t o  3 and  of t h e   o r d e r  of  2.5 t o   3 . 3   p e r c e n t   f o r   a n  m of 2. 

A s  m is  inc reased ,  s o  a l s o  is the   c ru i se -c l imb   a i r speed ,a s   can   be   s een   i n  
f i g u r e  3, where  again  the relative a i r s p e e d s  are norma l i zed   w i th   r e spec t   t o   t ha t  
f o r  A equa l   t o   ze ro   and  m = 3.  There i s  an  upper  l i m i t  t o   t h e   v a l u e  of m pos- 
s i b l e   f o r  a s u b s o n i c   a i r c r a f t   i f   t h e   b e s t - r a n g e   a i r s p e e d  i s  t o   r e m a i n   e q u a l   t o  
o r  less than   t he   d rag   d ive rgence   a i r speed .   I f   equa l   t o ,  m will b e   3 ;   i f  less 
than ,  m c a n . b e   a p p r o p r i a t e l y   g r e a t e r   t h a n  3. A s  a s i d e   n o t e ,   i f   t h e   b e s t - r a n g e  
a i r speed  is g rea t e r   t han   t he   d rag   d ive rgence   a i r speed ,   t hen  m must be  less than  
3 and is no  longer a c r u i s i n g   a i r s p e e d   p a r a m e t e r   b u t   r a t h e r  a wing-loading, 
c ru is ing-a l t i tude   parameter .  

CONCLUSIONS 

S i n c e   a n   a i r c r a f t   o p e r a t e d   i n   t h e   c r u i s e - c l i m b  mode w i l l  probably  be  char- 
a c t e r i z e d  by an  A of t h e   o r d e r   o f   0 . 0 1   o r  less, we conc lude   t ha t   t he   u se   o f   t he  
" l eve l - f l i gh t "  (A = 0) v e r s i o n  of the  Breguet   range  equat ion w i l l  produce  range 
e r r o r s   o f  less than   one   percent   and   tha t   the   " leve l - f l igh t"   va lue   o f  m can  be 
used   ope ra t iona l ly   w i thou t   t he   necess i ty  of c a l c u l a t i n g  a s p e c i f i c  m f o r   c r u i s e -  
c l i m b   f l i g h t .  We a l s o   c o n c l u d e   t h a t   t h e  Houghton  and  Brock va lue  of 3 f o r  mbr 
i s  not   on ly  much c l o s e r   t o   t h e   a c t u a l   b e s t - r a n g e   v a l u e   t h a n   t h e   o t h e r   p u b l i s h e d  
value  of  2 b u t   a l s o  cal ls  f o r  a c r u i s i n g   a i r s p e e d   t h a t  is 10   percent   h igher ,  
wi th  a c o r r e s p o n d i n g   d e c r e a s e   i n   t h e   f l i g h t  t i m e .  
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EXPERIMENT  DESIGN FOR PILOT  IDENTIFICATION 

I N  COMPENSATORY T R A C K I N G  TASKS 

Wil l iam R .  Wells 
U n i v e r s i t y   o f   C i n c i n n a t i  

SUMMARY 

A d e s . i g n   c r i t e r i o n   f o r   i n p u t   f u n c t i o n s   i n   l a b o r a t o r y   t r a c k i n g  
t a s k s   r e s u l t i n g   i n   e f f i c i e n t   p a r a m e t e r   e s t i m a t i o n  i s  f o r m u l a t e d .  
T h e   c r i t e r i o n  i s  t h a t  t h e   s t a t i s t i c a l   c o r r e l a t i o n s   b e t w e e n   p a i r s  
o f   p a r a m e t e r s   b e   r e d u c e d   i n   o r d e r   t o   m i n i m i z e   t h e   p r o b l e m   o f   n o n -  
u n i q u e n e s s   i n   t h e   e x t r a c t i o n   p r o c e s s ,   T h e   e f f e c t i v e n e s s   o f   t h e  
m e t h 0 d . i ~   d e m o n s t r a t e d  for a l o w e r   o r d e r   d y n a m i c   s y s t e m .  

I N T R O D U C T I O N  

The a r t  o f  human o p e r a t o r   m o d e l i n g   h a s   p r o g r e s s e d   c o n s i d e r -  
a b l y   s i n c e   t h e   p i o n e e r i n g   w o r k   o f   S h e r i d a n   ( r e f .  1) , E l k i n d   e t .  
a l .   ( r e f .  2 ) ,  and  McRuer e t .   a l .   ( r e f .  3 ) .  Many o f   t h e   a c c e p t e d  
t r a n s f e r   f u n c t i o n s   f o r   t h e  human o p e r a t o r   i n   c o m p e n s a t o r y   t r a c k -  
i n g  t a s k s  a r e   g i v e n   i n   r e f e r e n c e  4 .  T h e   m o d e l   s t r u c t u r e  for t h e  
human o p e r a t o r  i s  n o t  known as p r e c i s e l y   f o r   s u c h   s y s t e m s  as  
t h e   a i r c r a f t  , f o r   e x a m p l e .   T h e r e   a r e   l a r g e   v a r i a t i o n s   f r o m   o n e  
s u b j e c t   t o   a n o t h e r   a n d   f r o m   r u n   t o   r u n .   I n   m o s t   c a s e s ,   t h e   p i l o t  
m o d e l   i n c l u d e s   s u c h   p h y s i c a l   p a r a d e t e r s   a s  'a s t a t i c   g a i n ,   a n  
e f f e c t i v e   t i m e   d e l a y  made  up  of t r a n s p o r t   d e l a y s ,   a n d   h i g h   f r e q u e n c y  
n e u r o m u s c u l a r   l a g s  or l e a d s   a n d   t u r n s   w h i c h   r e p r e s e n t   t h e   l o w   f r e -  
q u e n c y   c h a r a c t e r i s t i c s   o f   t h e   n e u r o m u s c u l a r   s y s t e m   d y n a m i c s .   I n  
a d d i t i o n ,  a r e m n a n t   f u n c t i o n  i s  g e n e r a l l y   i n c l u d e d   i n   t h e   m o d e l  
t o   a c c o u n t   f o r   p i l o t   a n o m a l i e s   a n d   u n s t e a d y   b e h a v i o r .  I t  h a s   b e e n  

. p o i n t e d   o u t   b y   v a r i o u s   a u t h o r s  ( r e f s .  5 -6 )  t h a t  l a r g e   r e m n a n t s   a n d  
t h e   q u a s i - p r e d i c t a b l e   n a t u r e   o f   t h e   i n p u t s   c a u s e   d i f f i c u l t i e s   i n  
t h e   e x t r a c t i o n   o f  t h e  p h y s i c a l   p a r a m e t e r s   i n   t h e   p i l o t   m o d e l .  

E a r l y   a t t e m p t s   t o   d e t e r m i n e  t h e  b e s t   s e t   o f   p a r a m e t e r s ,   i n   p a r t i c u -  
l a r  p i l o t   m o d e l s   u t i l i z i n g   p i l o t   r e s p o n s e   d a t a ,   r e l i e d   u p o n   a n a l o g  
m a t c h i n g   t e c h n i q u e s  ( r e f .  7 ) .  More r e c e n t   t e c h n i q u e s   h a v e   a p p l i e d  
Kalman f i l t e r i n g   m e t h o d s  ( r e f .  8 ) ,  maximum l i k e l i h o o d   m e t h o d s  
( r e f .  g ) ,  o r  Newton-Raphson  methods ( r e f .  9 )  t o   t h e   s y s t e m   i d e n t i f i -  
c a t i o n   p r o b l e m .  
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One o f   t h e   p r a c t i c a l   d i f f i c u l t i e s   i n   t h e   e x t r a c t i o n   o f   s y s t e m  
p a r a m e t e r s   f r o m   e x p e r i m e n t a l   d a t a  i s  t h e   n o n - u n i q u e n e s s   i n   t h e  
s o l u t i o n   f o r   t h e   p a r a m e t e r   v a l u e s   ( r e f .  1 0 ) .  I n   t h e   c a s e   o f  
human o p e r a t o r   d y n a m i c s ,   t h e   n o n - u n i q u e n e s s   p r o b l e m  i s  a m p l i f i e d  
b y   t h e   h i g h   c o r r e l a t i o n s   w h i c h   c a n   e x i s t   b e t w e e n   t h e   p i l o t ' s   e f f e c -  
t i v e  t i m e  d e l a y   a n d   t h e   t i m e   l a g s   a s s o c i a t e d   w i t h   t h e   e a - u a l i z a t i o n  
c h a r a c t e r i s t i c s   d i s c u s s e d   b y  McRuer e t .  a l .  ( r e f .  3 ) .  N o r m a l l y ,  
t h e   t i m e   d e l a y  i s  e i t h e r   a s s u m e d  known or r e p r e s e n t e d   b y  a P a d e  
f o r m   w h i c h   p l a c e s  i t  i n   t h e   r o l e   o f   e i t h e r   l e a d  or l a g   c o n s t a n t s  
( r e f .  9 ) .  

T h i s   p a p e r   a d d r e s s e s   t h e   t a s k   o f   r e d u c i n g   t h e   n o n - u n i q u e n e s s  
a n d   p o s s i b l y   t h e   e f f e c t  of t h e   r e m n a n t   b y   p r o p e r   d e s i g n   o f   t h e  
f o r c i n g   f u n c t i o n  or d i s t u r b a n c e   u s e d   i n   l a b o r a t o r y   d e s i g n e d   t r a c k -  
i n g   t a s k s .  

MODELS 

The   pe r fo rmance   o f  a human o p e r a t o r  i n  many t r a c k i n g   t a s k s  
c a n   b e   m o d e l e d   a d e q u a t e l y   b y  a q u a s i - l i n e a r  d e s c r i b i n g   f u n c t i o n .  
T h e   d e s c r i b i n g   f u n c t i o n   m o d e l   c o n s i s t s   o f  a t r a n s f e r   f u n c t i o n  
Y ( s )  and  a r e m n a n t  ~ ( t )  as shown i n   f i g u r e  1 b y   t h e   b l o c k   d i a -  

gram  of  a t y p i c a l   c o m p e n s a t o r y   t r a c k i n g   t a s k .  
P 

One o f   t h e   m o r e   g e n e r a l i z e d   t r a n s f e r   f u n c t i o n s   f o r   t h e  com- 
p e n s a t o r y   c o n t r o l   t a s k s  i s  d i s c u s s e d  i n  r e f e r e n c e  4 and i s  w r i t -  
t e n  as 

X 

I n   s u c h  a m o d e l ,   t h e   p a r a m e t e r s  K , T ,  T L t   T I ,  T k t  T:, 

and 5 a re  g e n e r a l l y   p o o r l y   d e t e r m i n e d   a n d  a r e   i m p r o v e d   u p o n   b y  
u s i n g   e i t h e r   a n a l o g   m a t c h i n g   t e c h n i q u e s  or p a r a m e t e r   e s t i m a t i o n  
me thods  i n  c o n j u n c t i o n   w i t h   p i l o t   r e s p o n s e  d a t a .  

P T N l t   w N '  

N 

D e p e n d i n g   u p o n   t h e   p l a n t   t o   b e   c o n t r o l l e d ,  some o f   t h e   p a r a -  
m e t e r s   i n   e q u a t i o n  (1) c a n   b e   e l i m i n a t e d   f r o m   c o n s i d e r a t i o n .  
For p u r p o s e s   o f   i l l u s t r a t i o n   o f  how t h e   p r o b l e m   c a n   b e   p u t   i n t o  
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a s t a t e  s p a c e   f o r m u l a t i o n   f o r   w h i c h   t h e   m e t h o d s  o f  modern estima- 
t i o n   a l g o r i t h m s   c a n  be u t i l i z e d ,  t h e  f o l l o w i n g   s p e c i a l   c a s e  w i l l  
be  c o n s i d e r e d :  

K Yc(s) = 2 
S 

I n   a d d i t i o n ,  i t  i s  a s s u m e d   t h a t   t h e   r e m n a n t   f u n c t i o n  i s  t h e  re -  
s u l t   o f   w h i t e   n o i s e  w ( t )  f i l t e r e d  t h r o u g h  a s e c o n d - o r d e r   l i n e a r  
f i l t e r  a c c o r d i n g  t o  P 

From t h e  block d i a g r a m  

a s  
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where 

F1 - 
- 

an d 

0 1  0 

0 0  K 

0 0  
1 - 
T2 

K1 1 3  K T  
" 

T1 T2 

0 

0 

- 

0 

0 

0 

0 

0 

1 - 
T2 

0 

0 

0 

0 

0 

0 

1 - 
T1 

0 

0 

- 
0 

0 

0 

0 

0 

0 
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T h e   m e a s u r e m e n t s   u s e d   i n   t h e   e s t i m a t i o n   p r o c e d u r e  a r e  g e n e r -  
a l l y   s u c h   q u a n t i t i e s  as t h e   p l a n t   o u t p u t   c ( t )  , t h e   s t i c k   o u t p u t  
6 ( t ) ,  e t c .   T h e s e   q u a n t i t i e s   a r e   w r i t t e n  as  a v e c t o r  

z ( t )  = h ( y )  + v ( t )  (13) 

w h e r e   v ( t )  i s  assumed t o   b e  a w h i t e   n o i s e   p r o c e s s   w i t h  known 
s t a t i s t i c s .  

DESIGN METHOD 

T h e   d e s i g n   o f   o p t i m a l   i n p u t s   f o r   n o n - t i m e   d e l a y   d i f f e r e n t i a l  
s y s t e m s   h a s   b e e n   i n v e s t i g a t e d   b y   n u m e r o u s   a u t h o r s .  Goodwin 
( r e f .  11) d e s i g n e d   a n   i n p u t   w h i c h   m i n i m i z e d   t h e   c o v a r i a n c e  of 
t h e   e r r o r   e s t i m a t e .  Mehra ( r e f .  1 2 )  d e s i g n e d   a n   i n p u t   t o   m a x i -  
m i z e   t h e   s e n s i t i v i t y   o f   t h e   s y s t e m   o u t p u t   t o   t h e   s y s t e m   p a r a -  
m e t e r s .   T h e   p h i l o s o p h y   a d o p t e d   i n   t h e   p r e s e n t   w o r k  i s  t o   d e s i g n  
an i n p u t   t o   m i n i m i z e   d i r e c t l y   t h e   c o r r e l a t i o n   b e t w e e n   c e r t a i n  
p a i r s   o f   p a r a m e t e r s .  

The p rob lem i s  s t a t e d   i n   t e r m s   o f  a d i f f e r e n t i a l - d i f f e r e n c e  
e q u a t i o n  as g i v e n   i n   e q u a t i o n  ( 8 )  r e s t a t e d  as 

Y ( t )  = f ( t ,  y ( t ) ,   y ( t - . c ) ,   P )  + u ( t >  + w ( t )  (14) 

w i t h   i n i t i a l   v a l u e s  

y ( t )  = O , t  - T , < t l t  
0 0 

T i s  t h e   c o n s t a n t  t ime  d e l a y   a n d  p i s  t h e  unknown p a r a m e t e r  
v e c t o r .  The v e c t o r   u ( t )  i s  t o   b e   c h o s e n   o p t i m a l l y   b a s e d   o n  
a d e s i g n   c r i t e r i o n   a n d  w ( t >  i s  t h e   w h i t e   n o i s e   p r o c e s s   r e l a t e d  
t o   t h e   r e m n a n t .  

The   sys tem  measurement   f rom  which  p i s  e s t i m a t e d  i s  t a k e n  as 
t h e   s y s t e m   s t a t e   v e c t o r   y ( t > .  T h e   n o i s e   i n   t h e   m e a s u r e m e n t  i s  
assumed a G a u s s i a n   w h i t e   n o i s e   p r o c e s s   w i t h   z e r o  mean  and  co- 
v a r i a n c e  R .  

I n   a d d i t i o n   t o   t h e  s t a t e  e q u a t i o n   e x p r e s s e d   b y   e q u a t i o n  ( 1 4 )  
i t  w i l l  p r o v e   u s e f u l   t o   i n t r o d u c e   a d d i t i o n a l   s t a t e   v a r i a b l e s  
d e f i n e d   b y   t h e   e l e m e n t s   o f   t h e   s e n s i t i v i t y   m a t r i x  A ( t )  a n d   t h e  
t ime  d e p e n d e n t   c o v a r i a n c e   m a t r i x  o f  t h e   e r r o r   i n   t h e  e s t ima te  
C ( t )  d e f i n e d   r e s p e c t i v e l y   a c c o r d i n g  t o  
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an d 

C(t) = - C ( t )  A T ( t )  R - l  A ( t )  C ( t )  (16) 

L 

an d- 

. . . . . .  

T h e   o p t i m a l   i n p u t  i s  d e s i g n e d   t o   m i n i m i z e   t h e   a v e r a g s   v a l u e  , 
of a p e r f o r m a n c e   i n d e x   r e p r e s e n t i n g  a w e i g h t e d  sum o f   t h e   s q u a r e s  
o f  t h e  correlation c o e f f i c i e n t   p l u s  an a r b i t r a r y   f u n c t i o n   i n   t h e  1 
c o n t r o l   v a r i a b l e .  The c o r r e l a t i o n   c o e f f i c i e n t   b e t w e e n   p a r a m e t e r s  

pi 
a n d  p i s  d e f i n e d  as 

3 

T h e   p e r f o r m a n c e   i n d e x   c a n   t h e n  b e  w r i t t e n   i n   c o n v e n t i o n a l  
form as 

1726 



w h e r e   t h e  f i r s t  t e r m  r e p r e s e n t s   t h e   w e i g h t e d  sum o f   t h e   s q u a r e s  
o f   t h e   c o r r e l a t i o n   c o e f f i c i e n t s .   T h e   s e c o n d  t e rm c a n   b e   c h o s e n  
a c c o r d i n g   t o   w h a t e v e r   p h y s i c a l   r e q u i r e m e n t  i s  d e s i r e d   b e t w e e n   t h e  
s t a t e  a n d   c o n t r o l   v e c t o r s .  

EXAMPLE WITH LOW ORDER D Y N A M I C S  

A s  an  example o f  t h e   d e s i g n   c o n c e p t ,   c o n s i d e r   t h e   s c a l a r  
s y s  t e m  

% ( t )  + 1. x ( t " c )  = u ( t )  + w ( t ) #  0<t54 
5 

x ( t )  = 0 ,  - T z t l o  

where  5 and T a r e   t h e   s y s t e m   p a r a m e t e r s   t o   b e   e s t i m a t e d   a n d  u and 
w a r e   t h e   i n p u t   a n d   w h i t e   n o i s e   f u n t i o n s   r e s p e c t i v e l y .   T h e   i n -  
p u t  o r  c o n t r o l  i s  c o n s t r a i n e d   a c c o r d i n g   t o  

and i s  a s s u m e d   z e r o   p r i o r   t o   t i m e   z e r o .  

T h e   p e r f o r m a n c e   i n d e x ,   w h i c h  i s  t h e   s q u a r e   o f   t h e   c o r r e l a t i o n  
c o e f f i c i e n t   b e t w e e n   p a r a m e t e r s  5 -and T i s  

The  form o f  t h e   o p t i m a l   c o n t r o l  i s  a b a n g - b a n g   c o n t r o l   e x p r e s s e d  
a s  

where g i s  t h e   s w i t c h i n g   f u n c t i o n   w h i c h   c a n   b e   c o m p u t e d   f r o m   t h e  
maximum p r i n c i p l e .  T h e   o p t i m a l   e s t i m a t e   o f   x ( t - r )   d e n o t e d  

x ( t , ~ )   h a s   b e e n  s h o w n   b y   K w a k e r n a a k   ( r e f .   1 3 )   t o   b e   o f   t h e   f o r m  
A 

A 

x ( t , r )  = 1, K o ( t , r , a )   z ( a ) d a  t 
( 2 3 )  

w h e r e   t h e   K e r n e l   f u n c t i o n  K i s  a f u n c t i o n   o f  t h e  s t a t e  e q u a t i o n  
a n d   n o i s e   s o u r c e .  

0 
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w h i c h   s a t i s f y   t h e   e q u a t i o n s  

By u s e   o f   L a p l a c e   t r a n s f o r m   t e c h n i q u e s ,   t h e   s o l u t i o n s   t o  
e q u a t i o n s  (20) a n d   ( 2 5 )   a r e   w r i t t e n  as  

x ( t )  = J o  h ( t - a )   u ( o ) d u  t 
( 2 6  1 

w h e r e   h ( t )  i s  t h e   u n i t   i m p u l s e   r e s p o n s e  

and \ i s  t h e   k t h   e i g h t   v a l u e   o f   t h e   c h a r a c t e r i s t i c ' e q u a t i o n  
-AT 

T h e   e f f e c t i v e n e s s   o f   t h e   d e s i g n   t e c h n i q u e  for 5 = T = 1 / 2  
i s  shown i n   f i g u r e   2 .  The c o r r e l a t i o n  p i s  r e d u c e d   f r o m  a v a l u e  

o f  0 . 6 0  t o   0 . 0 9   b y   m e a n s   o f   t h e   d e s i g n   t e c h n i q u e .  
Sa 

CONCLUDING REMARKS 

An o p t i m a l   d e s i g n   t e c h n i q u e   f o r   d i s t u r b a n c e   f u n c t i o n s   u s e d   i n  
l a b o r a t o r y   t r a c k i n g   t a s k s   h a s   b e e n   d e v e l o p e d .   T h e   o b j e c t i v e  i s  
t o   r e d u c e   . s t a t i s t i c a l   c o r r e l a t i o n s   b e t w e e n   v a r i o u s   p a r a m e t e r  
p a i r s   t o   e f f e c t  a more e f f i c i e n t   p a r a m e t e r   e x t r a c t i o n   f r o m   n o i s y  
e x p e r i m e n t a l   d a t a .   P r e l i m i n a r y   c a l c u l a t i o n s   i n d i c a t e   t h e   d e s i g n  
m e t h o d s   t o   b e   e f f e c t i v e .  
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Figure 1.- Block  diagram of the  compensatory  tracking task. 

_ _  _ _  _ _ _  Non-optimal input, J = 0.60 

Optimal input, J = 0.09 

Figure 2.- Control input  history. 
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R-ESULTS  OF RECENT NASA STUDIES ON 

AUTOMATIC SPIN PREVENTION  FOR  FIGHTER  AIRCRAFT 

Joseph R. Chambers  and Luat T .  Nguyen 
NASA Langley  Research  Center 

SUMMARY 

The NASA Langley  Research  Center is  c u r r e n t l y  engaged i n  a broad-based 
research   program  to   e l imina te   o r   min imize   inadver ten t   sp ins   for   advanced  
m i l i t a r y   a i r c r a f t .   R e c e n t   p i l o t e d   s i m u l a t o r   s t u d i e s  and a i r p l a n e   f l i g h t  tests 
have   demons t r a t ed   t ha t   t he   au tomat i c   con t ro l   sys t ems   i n   u se   on   cu r ren t   f i gh te r s  
c a n   b e   t a i l o r e d   t o   p r o v i d e  a h t g h   d e g r e e  of s p i n   r e s z s t a n c e  for some config-  
u r a t i o n s   w i t h o u t   r e s t r i c t i o n s   t o   m a n e u v e r a b i l i t y .  Such   sys t ems   r e su l t   i n  
g r e a t l y   i n c r e a s e d   t a c t i c a l   e f f e c t i v e n e s s ,   s a f e t y ,  and p i lo t   con f idence .  

INTRODUCTION 

Recent  experience  has shown t h a t  most   contemporary  f ighter   a i rplanes 
e x h i b i t  poor s t a l l  c h a r a c t e r i s t i c s  and a s t rong   tendency   to   sp in .  They a l s o  
have poor   sp in   charac te r i s t ics ,   and   recovery   f rom a fu l ly   deve loped   sp in  
i s  u s u a l l y   d i f f i c u l t   o r   i m p o s s i b l e .  A s  a r e s u l t   o f   t h e s e   u n s a t i s f a c t o r y  s t a l l  
and s p i n   c h a r a c t e r i s t i c s ,   t h e   d e v e l o p e d   s p i n  is c u r r e n t l y   a n   u n d e s i r a b l e  and 
po ten t i a l ly   dange rous   f l i gh t   cond i t ion   wh ich   shou ld   be   avo ided .   The re  is ,  
the re fo re ,   an   u rgen t   need   t o   deve lop   gu ide l ines   fo r   u se   i n   t he   des ign  of 
f u t u r e   m i l i t a r y   a i r c r a f t   i n   o r d e r   t o   m i n i m i z e   o r   e l i m i n a t e   s p i n s  and i n s u r e  
good h a n d l i n g   q u a l i t i e s  a t  h igh   ang le s  of a t t a c k .  The National  Aeronautics  and 
Space  Adminis t ra t ion (NASA) c u r r e n t l y   h a s  a broad  research  program  underway  to 
p rov ide   t hese   gu ide l ines .  As shown i n   f i g u r e  1, the program  includes conven- 
t i o n a l  s ta t ic  wind-tunnel   force tests, dynamic f o r c e  tests, f l i g h t  tests of 
dynamica l ly   s ca l ed   mode l s ,   t heo re t i ca l   s tud ie s ,  and p i lo t ed   s imula to r   s tud ie s .  

Two approaches   t o   p rov id ing   sp in   r e s i s t ance  are cur ren t ly   under   cons idera-  
t i o n .   I n   t h e   f i r s t   a p p r o a c h ,   t h e   b a s i c   a i r f r a m e  is c o n f i g u r e d   t o  be inher-  
e n t l y   s p i n   r e s i s t a n t  by v i r t u e   o f  good s t a b i l i t y  and   con t ro l   cha iac t e r i s -  
t i c s  a t  h igh   angles   o f   a t tack .  A t  t h e   p r e s e n t  t i m e ,  however, t he   conf igu ra t ion -  
dependent  nature of t h e  problem  and a l a c k  of unders tanding   of   the   major   fac tors  
a f f e c t i n g   s t a b i l i t y  and c o n t r o l   c h a r a c t e r i s t i c s  a t  h i g h   a n g l e s   o f   a t t a c k   f o r  
cu r ren t   f i gh te r s   have   p reven ted  the development of de t a i l ed   des ign   p rocedures  
f o r   i n h e r e n t   s p i n  resistance. The  second  more  promising  approach t o   p r o v i d i n g  
s p i n   r e s i s t a n c e  is th rough   t he   u se  of av ion ic s  and f l i g h t   c o n t r o l   s y s t e m  ele- 
ments i n   au tomat i c   sp in   p reven t ion   concep t s .  Such concepts   can   be   h ighly  
e f f e c t i v e   i n   p r e v e n t i n g   i n a d v e r t e n t  stalls and spins;   however,   they  must  be 
designed SO as n o t   t o  restrict the   maneuverab i l i t y  and t ac t i ca l  e f f e c t i v e n e s s  
of t h e   a i r p l a n e .  
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The p r e s e n t   p a p e r   d i s c u s s e s   t h e   r e s u l t s  of r e c e n t  NASA s tudies   on   au to-  
matic sp in   p reven t ion .   The   s tud ie s  were conducted a t  t h e  NASA Langley  Research 
Center (LaRC) u s ing   p i lo t ed   s imula to r   s tud ie s .  

SYMBOLS 

b wing  span, m ( f   t )  
M 

cR rol l ing-moment   coeff ic ient ,  - 
qSb 

X 

aco 
C 

AI 

&P 
damping i n   r o l l   p a r a m e t e r ,  - 

% e f f e c t i v e   d i h e d r a l   d e r i v a t i v e ,  

ac, 
a i l e r o n  roll ing-moment  derivative,  - 

a 

x 
'28, a6  , ,  per  deg 

M 

'n yawing-moment c o e f f i c i e n t ,  - 
qSb 

z 

C 3% 
damping i n  yaw parameter,  - 

nr % 
ac 

C d i r e c t i o n a l   s t a b i l i t y   d e r i v a t i v e ,  w, per  deg 
nB T 

n 

C dynamic d i r e c t i o n a l   s t a b i l i t y   p a r a m e t e r ,  C - %  I 
z s i n  a ,  per  deg 

"B , dyn "B B x  

C 
a 'n 

a n6a 
a i l e r o n  yawing-moment d e r i v a t i v e ,  - a 6  9 per  deg 

I moments  of i n e r t i a   a b o u t  X- and Z-body axes,  kg-m 2 ( s lug- f t2)  
I X '  z 

Mx' MZ moments about  X- and Z-body axes ,  m-N ( f t - l b )  

P r o l l i n g   v e l o c i t y ,   d e g l s e c  

9 f ree-s t ream  dynamic   p ressure ,   Pa ' ( lb / f t  ) 
2 

r yawing v e l o c i t y ,   d e g l s e c  

rS = r - pa,   deg/sec 

S wing area, m ( f t 2 >  2 

t 112 
t i m e  t o   h a l f   a m p l i t u d e ,   s e c  
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v a i r speed ,  m/sec ( f t / s e c )  

3 

B 

6 

6 

4 

a 

r 

angle   o f   a t tack ,   deg  

a n g l e  of s i d e s l i p ,   d e g  

a i l e r o n   d e f l e c t i o n ,   d e g  

rudde r   de f l ec t ion ,   deg  

ang le  of r o l l ,   d e g  

AUTOMATIC SPIN PREVENTION  CONCEPTS 

Experience  has  shown t h a t   s p i n s   c a n   g e n e r a l l y   b e   a v o i d e d   i f   t h e   p r o p e r  
r ecove ry   ac t ion  is t aken   immedia t e ly   a f t e r   depa r tu re   f rom  con t ro l l ed   f l i gh t  
wh i l e   t he   sp in   ene rgy  i s  low  and the  aerodynamic  controls  are e f f e c t i v e .  The 
problem i n   e f f e c t i n g   s u c h   e a r l y   r e c o v e r y  is  t h a t   t h e   p i i o t   f r e q u e n t l y  is not  
ab le   t o   t ake   immedia t e   co r rec t ive   ac t ion   because  of d i s o r i e n t a t i o n  which 
r e s u l t s  from h i s   l a c k  o f   expe r i ence   w i th   sp ins   o f   such   a i r c ra f t ,  from t h e   f a c t  
t h a t   t h e   d e p a r t u r e  and sp in   en t ry   occur red   unexpec ted ly  when h e  w a s  i n t e n t  on 
another   t ask ,  and  f rom  the  violent  and confusing  nature   of   the   motions  during 
s p i n   e n t r y   f o r  many a i r p l a n e s .   T h i s   s i t u a t i o n  would seem t o   s u g g e s t   t h e   u s e  
of   an  automatic   system  which  could  quickly  ident i fy   the  s i tuat ion and t a k e   t h e  
r equ i r ed   ac t ion .  An e l ec t ron ic   sys t em  capab le  of t h i s   t a s k  would  have several 
inherent   advantages   over   the  human p i lo t ,   i nc lud ing   (1 )   qu icke r  and s u r e r  
r ecogn i t ion   o f   an   i nc ip i en t   sp in ,  (2) f a s t e r   r e a c t i o n  time f o r   i n i t i a t i o n   o f  
recovery,  (3) app l i ca t ion 'o f   co r rec t   sp in - r ecove ry   con t ro l s ,  and ( 4 )  elimina- 
t i o n  of tendencies   toward   sp in   reversa l .  

The idea  of au tomat ic   sp in-prevent ion ,   o r   recovery ,   sys tems is not  new. 
S t i c k   p u s h e r s   t h a t   p r e v e n t ,   o r   d i s c o u r a g e ,   s t a l l i n g   t h e   a i r p l a n e  are, i n  a 
sense,   spin-prevention  systems;  but  they may restrict t h e   p i l o t  f rom  exploi t ing 
the   fu l l   po ten t ia l -maneuver   enve lope  of t h e   a i r p l a n e .  The i n s t a l l a t i o n   o f  more 
e l abora t e   au tomat i c   sp in -p reven t ion ,   o r   r ecove ry ,   sys t ems   has ,   un t i l   r ecen t  
years ,   involved   the   addi t ion   o f   comple te   sens ing ,   log ic ,  and control   systems 
a t  a t i m e  when such  devices  were n o t   v e r y   r e l i a b l e  and  would probably  not   have 
been   main ta ined   in   p roper   opera t ing   condi t ion   because   they  were p r o t e c t i n g  
a g a i n s t  a ve ry  rare occurrence .   The   fac t   tha t  modern t ac t i ca l  a i r p l a n e s  
a l ready   incorpora te   mos t  of the   e lements  of automatic   spin-prevent ion  (or  
recovery)   sys tems,   toge ther   wi th  a g r e a t   i n c r e a s e   i n   t h e   r e l i a b i l i t y  of 
avionics   systems,  now makes the   use   o f   these   au tomat ic   sys tems more p r a c t i c a l .  

Severa l   approaches   to   au tomat ic   sp in   p revent ion   have   been   eva lua ted  by 
NASA. The concepts   s tud ied   and   the  area of appl ica t ion   of   each   concept  
are g r a p h i c a l l y   d e p i c t e d  i n  f i g u r e  2. Yaw rate and angle   o f  at tack are 
used as the   p r imary   va r i ab le s   i den t i fy ing   sp in   en t ry .   Fo r  a p a r t i c u l a r  air- 
p l ane   conf igu ra t ion ,   one   can   gene ra l ly   i den t i fy  two important  areas i n   t h e  
yaw- ra t eng le -o f -a t t ack   p l ane :   t he   a i rp l ane  maneuver  envelope  involving 
r e l a t i v e l y  low va lues  of yaw rate and angle   o f   a t tack ,   and   the   deve loped   sp in  
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r e g i o n   i n v o l v i n g   r e l a t i v e l y   h i g h   v a l u e s   o f  yaw rate and   angle   o f   a t tack .   Three  
types  of au tomat ic   cont ro l   concepts   have   been   eva lua ted :  (1) au tomat i c   sp in  
recovery,  (2) au tomat ic   sp in   p revent ion ,   and  (3) automat ic   depar ture   p revent ion .  

In   the   au tomat ic -sp in- recovery   concept ,   the   a i rp lane  is a l lowed   t o   depa r t  
f r o m   c o n t r o l l e d   f l i g h t ,   e x p e r i e n c e   t h e   i n c i p i e n t   s p i n ,   a n d   e n t e r   t h e   f u l l y  
developed  spin.  Values  of yaw rate and angle   o f   a t tack   suppl ied   by   the   sen-  
so r s   u sed   i n   t he   au tomat i c   con t ro l   sys t em are sampled t o   i d e n t i f y   t h e   d e v e l -  
oped sp in   cond i t ion   and   ac tua t e   t he   p rope r   r ecove ry   con t ro l s .  The r e s u l t s   o f  
a s tudy   o f   t he   e f f ec t iveness  and va lue   o f   such  a sys tem  ( re f .  1) i n d i c a t e d   t h a t  
t he   p r imary   bene f i t s   o f   t h i s   t ype  of  concept were: r a p i d   i d e n t i f i c a t i o n  of t h e  
sp in ,   i npu t  of proper   recovery   cont ro ls ,   and   min imiza t ion   or   e l imina t ion   of  
s p i n  reversals fol lowing  recovery.  The concep t   obv ious ly   r equ i r e s   t he   a i rp l ane  
unde r   cons ide ra t ion   t o   have   s a t i s f ac to ry   sp in - r ecove ry   cha rac t e r i s t i c s .   I nas -  
much as most cur ren t   f igh ter   des igns   have   poor   recovery   charac te r i s t ics   f rom 
developed  spins,  it would appear   tha t   sys tems  of   th i s   type  would b e   r e l a t i v e l y  
ine f f ec t ive .   In   f ac t ,   t he   concep t   appea r s   t o   be   work ing   ' ' t he  wrong  end o f   t he  
problem. 'I 

The au tomat ic -sp in-prevent ion   concept   ind ica ted   in   f igure  2 a l s o   a l l o w s  
t h e   a i r p l a n e   t o   d e p a r t   f r o m   c o n t r o l l e d   f l i g h t ;   h o w e v e r ,   r e c o v e r y   c o n t r o l s  are 
a c t u a t e d   d u r i n g   t h e   e a r l y   s t a g e s  of t h e   i n c i p i e n t   s p i n  when recovery   charac te r -  
i s t i c s  are gene ra l ly  good. By s imul taneous ly   sens ing   angle   o f   a t tack  and yaw 
rate, a control   actuat ion  boundary  can  be  es tabl ished  which limits t h e   a t t a i n -  
ab le   magni tudes   o f   these   var iab les ,   thereby   prevent ing   sp ins .  An automatic- 
spin-prevent ion  system  concept   has   been  s tudied  ( ref .  1) u s i n g   t h e o r e t i c a l  
s t u d i e s  and f l i g h t  tests of  an unpowered drop  model  of a c u r r e n t   m i l i t a r y  con- 
f i g u r a t i o n .  The r e s u l t s  of t h e   t h e o r e t i c a l   s t u d i e s  showed tha t   such  a system 
w a s  ex t remely   e f fec t ive   in   p revent ing   deve loped   sp ins ,   and   tha t   the   exac t  con- 
f igura t ion   of   the   au tomat ic   sys tem w i l l  depend  on t h e   s t a l l / s p i n   c h a r a c t e r i s -  
t i c s  of t he   a i rp l ane   des ign   unde r   cons ide ra t ion .  The m o d e l . f l i g h t  tests 
v e r i f i e d   t h e   t h e o r e t i c a l   r e s u l t s  and showed t h a t   c u r r e n t   f l i g h t - c o n t r o l  compo- 
nents  could  be  used  to  implement  the  system. 

A s  might   be   expec ted ,   the   cont ro l   ac tua t ion   boundary   for   the   au tomat ic -  
sp in-prevent ion   concept   can   be   des igned   to   be   in   p roximi ty  t o  the  normal 
f l igh t   enve lope ,   thereby   permi t t ing   on ly   min imal   excurs ions   f rom  cont ro l led  
f l i g h t .  It should   be   po in ted   ou t   tha t   the   concept   descr ibed   does   no t   in f r inge  
on the   maneuverabi l i ty  of t h e   a i r p l a n e   o r  restrict  t h e  t ac t ica l  e f f ec t iveness .  
of the   vehic le .   Rather ,   the   sys tem  quick ly   senses   an   ou t -of -cont ro l   condi t ion  
and  impending s p i n  and a p p l i e s   c o n t r o l   i n p u t s   r e q u i r e d  of t h e   p i l o t   i n  a r a p i d ,  
c o r r e c t  manner. 

The au tomat ic -sp in-prevent ion   concept   appears   to   be   idea l ly   su i ted   for  
a i r p l a n e s  which are e s p e c i a l l y   s u s c e p t i b l e   t o   i n a d v e r t e n t   s p i n s .   I n   p a r t i c u -  
l a r ,  conf igura t ions   which   exhib i t  a s e v e r e   d i r e c t i o n a l   d i v e r g e n c e  and l o s s  of 
c o n t r o l  power a t  h igh   ang le s  of a t t a c k  are a p p r o p r i a t e   f o r   a p p l i c a t i o n  of t h e  
system i f  no l i m i t  i s  des i red   on   angle  of a t t ack   a t t a ined   du r ing   no rma l   f l i gh t .  
F igh te r   con f igu ra t ions ,  however, may e x h i b i t  a d ivergence  a t  an   ang le   o f   a t t ack  
considerably  higher   than  those  used  in   normal   maneuvering  f l ight .   In   this  
case, a r t i f i c i a l   a n g l e - o f - a t t a c k   l i m i t i n g   s y s t e m s  may be more appropr i a t e .  
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Recently,  a number  of f ighter   configurat ions.have  been  developed  which 
are dynamica l ly   s t ab le  a t  h igh   ang le s  of a t t a c k   w i t h  no na tu ra l   t endency   t o  
d i v e r g e   i n  yaw. However, t h e   d e s i g n s  are sub jec t   t o   con t ro l - induced   depa r tu re s  
f r o m   c o n t r o l l e d   f l i g h t  as a r e s u l t  of l a r g e   v a l u e s  of adverse  yaw a t  h igh  
angles   o f   a t tack .   These   vehic les  are w e l l  s u i t e d   f o r   t h e   a p p l i c a t i o n  of auto- 
mat ic-departure-prevent ion  concepts   ( ref .  2) which, as i n d i c a t e d   i n   f i g u r e  2 ,  
ope ra t e   w i th in   t he   no rma l  maneuver  envelope of t h e   a i r p l a n e   i n   o r d e r   t o   p r e v e n t  
na tu ra l   o r   con t ro l - induced   depa r tu re s   f rom  con t ro l l ed   f l i gh t .  It w i l l  be  shown 
tha t   t he   u se   o f   such   sys t ems   does   no t   i nh ib i t   maneuver ing   o f   t he   a i rp l ane  a t  
h igh   ang le s   o f   a t t ack  and a c t u a l l y   i n c r e a s e s   t h e   u s a b l e   m a n e u v e r a b i l i t y  as 
w e l l  as the   p i lo t ' s   conf idence   dur ing   s t renuous   maneuvers .  

EVALUATION PROCEDURES 

Several   techniques  have  been  developed a t  LaRC f o r   t h e   e v a l u a t i o n  of 
automatic  departure/spin-prevention systems. A s  previously  ment ioned,   f ree-  
f l i g h t  tests of dynamically  scaled  models and t h e o r e t i c a l   s t u d i e s  of f l i g h t  
mot ions   have   been   ex t remely   va luable   in   assess ing   the   e f fec t iveness  of such 
systems;   >owever ,   these  techniques  do  not   a l low  an  evaluat ion  of   pi lot   react ion 
t o   t h e   e f f e c t s  of  automatic  systems on maneuverabili ty  and tactical  e f f e c t i v e -  
ness .   The ,Langley   d i f fe ren t ia l   maneuver ing   s imula tor  (DMS) has   t he re fo re   been  
used   to   ob ta in   such   in format ion .  

The DMS is  a f ixed   base   s imu la to r   wh ich   has   t he   capab i l i t y  of s imulta-  
neously  s imulat ing two a i r p l a n e s  as they maneuver wi th   r e spec t   t o   one   ano the r .  
Each p i l o t  is provided a v i s u a l   d i s p l a y  of t he   sky -Ear th   o r i en ta t ion   w i th  
r e s p e c t   t o   h i s   a i r p l a n e ;   i n   a d d i t i o n ,  a pro jec ted  image  of h i s   opponen t ' s  
a i r p l a n e  is a lso   p rovided  by way of a computer-control led  te levis ion  system. 
A ske tch  of the  general   arrangement   of   the  DMS hardware  and  control   console  is 
shown i n   f i g u r e  3 .  Contained  within  each  of two 40-ft (12.2-m) diameter  pro- 
j e c t i o n   s p h e r e s  are a c o c k p i t ,   a n   a i r p l a n e  image project ion  system,  and a sky- 
Ear th   p ro jec t ion   sys tem.  A photograph   of   one   o f   the   cockpi t s   and   the   t a rge t  
v i sua l   d i sp l ay   du r ing  a typical.  engagement i s  shown i n   f i g u r e  4. A cockpi t  
and   i n s t rumen t   d i sp l ay   r ep resen ta t ive   o f   Fu r ren t   f i gh te r  aircraft  equipment are 
used  together   with a f i x e d   g u n s i g h t   f o r   t r a c k i n g .  A programmable,  hydraulic, 
con t ro l - f ee l   sys t em  p rov ides   t he   capab i l i t y  of r ep resen t ing  realist ic cont ro l -  
f o r c e   c h a r a c t e r i s t i c s .  Some of t h e   u n i q u e   c a p a b i l i t i e s  of t h e  DMS which make 
it w e l l  s u i t e d   f o r   s t u d i e s  of   automatic   departure-spin  prevent ion are: t h e  
realistic c o c k p i t / v i s u a l   p r e s e n t a t i o n ,   t h e   u s e  of realist ic eva lua t ion   t a sks ,  
and t h e   a b i l i t y   t o   h a n d l e   c o m p r e h e n s i v e   d a t a   p a c k a g e s .   A d d i t i o n a l   d e t a i l s   o n  
t h e  DMS f a c i l i t y  are g i v e n   i n   r e f e r e n c e  3.  

Prev ious   expe r i ence   w i th   t he   s imu la t ion  of f i g h t e r   s t a l l / s p i n   c h a r a c t e r -  
istics (ref. 4)  has shown t h a t   v i s u a l   t r a c k i n g   t a s k s   w h i c h   r e q u i r e   t h e   p i l o t  
t o   d i v e r t   h i s   a t t e n t i o n   f r o m   t h e   i n s t r u m e n t   p a n e l  are n e c e s s a r y   t o   p r o v i d e  
realism i n   s t u d y i n g   t h e   p o s s i b i l i t y  of u n i n t e n t i o n a l   l o s s  of c o n t r o l  and s p i n  
entry.   Furthermore,  earlier s tud ie s   have  shown tha t   mi ld ,   wel l -def ined  maneu- 
vers can   produce   mis leading   resu l t s   inasmuch as a conf igu ra t ion   t ha t   behaves  
f a i r l y  w e l l  in   such  mild  maneuvers  may b e   v i o l e n t l y   u n c o n t r o l l a b l e   i n   t h e  
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complex  and p r e s s i n g   n a t u r e  of  high-g,  air-combat  maneuvering.  Finally,  for 
purposes  of  evaluation  in  comparing  the  performance  of several conf igu ra t ions ,  
t h e   t a s k s  employed  must be   r epea tab le .  The test  p rocedures   u sed   i n   t he  DMS 
s tud ie s   accoun t   fo r   t he   fo rego ing   f ac to r s   and   can   gene ra l ly   be   d iv ided   i n to  
two phases.  The f i r s t   i n v o l v e s   n o n t r a c k i n g   t a s k s   i n   w h i c h   t h e   e v a l u a t i o n  air- 
p lane  i s  flown  through  individual  high-angle-of-attack  maneuvers  including 
1-g stalls ,  wind-up t u r n s ,  high-g r o l l  reversals, hammerhead stalls, and 
coupling  maneuvers.  These tests a l low a comprehensive  examination  of  the air- 
p l a n e ' s   o v e r a l l   s t a b i l i t y  and c o n t r o l   c h a r a c t e r i s t i c s  a t  h igh   ang le s   o f   a t t ack  
inc lud ing   cond i t ions   i nvo lv ing  complex  aerodynamic  and i n e r t i a   c o u p l i n g .   I n  
a d d i t i o n ,   t h e y   i n d i c a t e   t h e   t y p e s  of  maneuvers  which are t h e  most cr i t ical  i n  
terms of t h e   d e p a r t u r e   s u s c e p t i b i l i t y  of t h e   a i r p l a n e .  The  second test phase 
invo lves   t r ack ing  of a t a rge t   a i rp l ane   t h rough  a series of  maneuvers  represen- 
t a t ive  of  air .combat  maneuvering (ACM). I n   o r d e r   t o   o b t a i n   r e a s o n a b l e  maneu- 
vers  which,  on  the.other  hand, w i l l  f o rce   t he   t r ack ing   a i rp l ane   i n to   maneuver ing  
i n   t h e  c r i t i ca l  h igh -ang le -o f -a t t ack   r eg ime ,   t he   t a rge t   a i rp l ane  i s  programed 
t o  have   the  same t h r u s t  and   per formance   charac te r i s t ics  as t h e   e v a l u a t i o n  air- 
p lane ;   however ,   the   t a rge t   a i rp lane  i s  given  ideal ized  high-angle-of-at tack 
s t a b i l i t y  and c o n t r o l   c h a r a c t e r i s t i c s .  The t a r g e t   a i r p l a n e  is flown  by  the 
eva lua t ion   p i lo t   t h rough  a series of ACM t a s k s  of vary ing  levels of d i f f i c u l t y  
w h i l e   t h e   t a r g e t ' s   m o t i o n s  are recorded   for   p layback  later t o   d r i v e   t h e   t a r g e t  
as t h e   t a s k   f o r   t h e   e v a l u a t i o n   a i r p l a n e .   R e s u l t s   o b t a i n e d   i n   t h e  f i r s t  test 
phase are fac tored   in to   the   genera t ion   of   these   t a rge t   maneuvers  S O  t h a t   t h e  
most c r i t i ca l  f l i g h t   c o n d i t i o n s  w i l l  be  encountered by t h e   e v a l u a t i o n   a i r p l a n e  
du r ing   t r ack ing .   These   t r ack ing   t a sks   gene ra l ly   f a l l   i n to   t h ree   ca t egor i e s :  
(a )   s teady  wind-up tu rns   fo r   s t eady   t r ack ing   ev laua t ion ,   (b )  bank-to-bank 
( o r   h o r i z o n t a l  S) t a sks   w i th   g radua l ly   i nc reas ing   ang le  of a t t a c k  up t o  maxi- 
mum a t o   e v a l u a t e   r a p i d   r o l l s  and t a r g e t   a c q u i s i t i o n ,  and (c)  complex, 
vigorous ACM t a s k s   t o   e v a l u a t e   t h e   s i m u l a t e d   a i r p l a n e ' s   s u s c e p t i b i l i t y   t o  
high-angle-of-attack  handling  quali t ies  problems  during  aggressive  maneuvering. 
These  t racking  tasks ,   then,   provide  the  complex,   repeatable ,   p i lot-at tent ion-  
out-of-the-cockpit   tasks  which are r e q u i r e d   f o r  real is t ic  i n v e s t i g a t i o n  of 
u n i n t e n t i o n a l   l o s s  of c o n t r o l  and s p i n   e n t r y .  

The r e su l t s   o f   t hese   s tud ie s   u s ing   t he   above   eva lua t ion   p rocedures  are i n  
the  form of t ime-his tory   records   o f   a i rp lane   mot ions  and p i l o t  comments 
r e g a r d i n g   t h e   d e p a r t u r e / s p i n   s u s c e p t i b i l i t y  of p a r t i c u l a r   c o n f i g u r a t i o n s  and 
t h e   e f f e c t s  o f   au tomat i c   p reven t ion   sys t ems   on   t hese   cha rac t e r i s t i c s .  The 
ob jec t ives   o f   such   s tud ie s  are: ( 1 )   t o   d e t e r m i n e   t h e   c o n t r o l l a b i l i t y  and 
d e p a r t u r e   r e s i s t a n c e  of a conf igu ra t ion   du r ing  1-g stalls  and acce le ra t ed  
stalls ,  (2) t o   d e t e r m i n e   t h e   d e p a r t u r e   s u s c e p t i b i l i t y  of t he   conf igu ra t ion  
during  demanding a i r  combat  maneuvers,  and ( 3 )  t o   i d e n t i f y  maneuvers o r   f l i g h t  
condi t ions   which   might   overpower   the   depar ture- res i s tan t   charac te r i s t ics   p ro-  
vided by the   au tomat ic   cont ro l   sys tem.  Some o f   t he  more s i g n i f i c a n t   r e s u l t s  
are reviewed i n   t h e   f o l l o w i n g   s e c t i o n .  

RESULTS OF SIMULATION 

A t  t h e   p r e s e n t  time, s i m u l a t o r   s t u d i e s   o f   t h e   a p p l i c a t i o n  of automatic  
departure/spin-prevention systems  have  been  conducted a t  LaRC f o r   t h e  F-14, 
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YF-16, and YF-17 a i r p l a n e s .  The r e s u l t s  of t h e   s t u d i e s  show tha t   such   sys tems 
c a n   b e   v e r y   e f f e c t i v e   i n   p r e v e n t i n g   i n a d v e r t e n t   d e p a r t u r e s   f r o m   c o n t r o l l e d  
f l igh t   dur ing   s t renuous   maneuver ing .  The r e s u l t i n g  improvement i n  high-angle- 
of -a t tack   charac te r i s t ics   markedly   improves   handl ing ,   maneuverabi l i ty ,   and  
s a f e t y .  A s  a r e s u l t   o f   t h e s e   i m p r o v e m e n t s ,   t h e   p i l o t ' s   c o n f i d e n c e   i n   t h e  
c a p a b i l i t y   o f   t h e   v e h i c l e  is g r e a t l y   i n c r e a s e d ,  and the   conf igu ra t ion   can   be  
u s e d   t o  its f u l l   c a p a b i l i t y .  All of t h e   s t u d i e s  show t h a t   t h e s e   a u t o m a t i c  
systems  can  be  implemented  with  current   f l ight  hardwarre. As examples of t h e  
a p p l i c a t i o n s  of  such  systems, two types  of departure/spin-prevention concepts  
tha t   have   been   s tud ied  w i l l  be   d i scussed .  

Roll-Yaw Interconnect  Systems 

Shown i n   f i g u r e  5 are t y p i c a l   l a t e r a l - d i r e c t i o n a l   c o n t r o l   c h a r a c t e r i s t i c s  
f o r   f i g h t e r   c o n f i g u r a t i o n s   w i t h   a d v e r s e  yaw. The d a t a  show t h e   v a r i a t i o n   w i t h  
angle  of  at tack  of  yawing moments produced  by a i l e r o n s   a n d   r u d d e r   f o r   r i g h t  
r o l l  and r i g h t  yaw c o n t r o l   i n p u t s .  The  yawing moments produced  by a i l e r o n s  a t  
low ang les   o f   a t t ack  are f a v o r a b l e   ( n o s e   r i g h t )   f o r   r i g h t   r o l l   c o n t r o l ;  however, 
t h e  moments  become a d v e r s e   ( n o s e   l e f t )  a t  h igh   ang le s   o f   a t t ack .   R igh t   rudde r  
input  produces a normal   nose   r igh t  moment, bu t  a t  h igh   ang le s  of a t t a c k   t h e  
rudder   loses   e f fec t iveness   because  of impingement  of  the  low  energy wake from 
t h e   p a r t i a l l y   s t a l l e d  wing. A s  can  be  seen,  the  magnitudes of t he   adve r se  
moments d u e   t o   a i l e r o n s  are much l a r g e r   t h a n   t h e   c o r r e c t i v e  moments a v a i l a b l e  
from the   rudde r .  When t h e   r e s u l t i n g   a d v e r s e  moments are coupled  with low 
d i r e c t i o n a l   s t a b i l i t y  a t  h igh   ang le s  of a t t a c k ,  a r e v e r s a l  of r o l l   r e s p o n s e  
o c c u r s   w h e r e i n   t h e   a i r p l a n e   r o l l s   i n  a d i r e c t i o n   o p p o s i t e   t o   t h a t   d e s i r e d  by 
t h e   p i l o t .  

Shown i n   f i g u r e  6 are ca l cu la t ed  t i m e  h i s t o r i e s  which i l l u s t r a t e   t h e   r o l l  
r e v e r s a l  phenomenon. The r o l l   r e s p o n s e  of a t y p i c a l   c o n f i g u r a t i o n  is shown a t  
an  angle   of   a t tack  of  25" f o r   c o n t r o l   i n p u t s  of   rudder   a lone  and  a i leron  a lone 
f o r   r i g h t   r o l l   c o n t r o l .  The response   to   the   rudder   input  is s e e n   t o   b e   q u i t e  
normal.  The a i r p l a n e  yaws t o   t h e   r i g h t ,   c r e a t i n g   n o s e - r i g h t   s i d e s l i p .  The 
d i h e d r a l   e f f e c t   t h e n   r o l l s   t h e   a i r p l a n e   t o   t h e   r i g h t ,  as d e s i r e d .   I n   c o n t r a s t  
t o   t h i s   r e s u l t ,   i n p u t  of a i l e r o n   c o n t r o l  creates adverse  yaw which  causes  the 
a i r p l a n e   t o  yaw t o   t h e   l e f t ,  and t h e   s i d e s l i p   c r e a t e d  is i n   t h e   o p p o s i t e   d i r e c -  
t i o n ,   r e s u l t i n g   i n   t h e   d i h e d r a l   e f f e c t   o p p o s i n g   t h e   r o l l i n g  moment produced  by 
t h e   a i l e r o n .   A f t e r  a b r i e f  time, t h e   a i r p l a n e   r o l l s   t o   t h e   l e f t   i n   r e s p o n s e  
t o   t h e   r i g h t   r o l l   c o n t r o l .  

A s  would be   expec ted ,   t he   r eve r sed   ro l l   r e sponse   t o   no rma l  lateral  c o n t r o l  
s t i c k   i n p u t s   p r e s e n t s   t h e   p i l o t   w i t h  a coord ina t ion   p rob lem  in   o rde r   t o   avo id  
u n i n t e n t i o n a l   l o s s  of c o n t r o l  and sp ins .  Most f i g h t e r   p i l o t s   a d a p t   t o   t h e  
s i t u a t i o n  by t r ans i t i on ing   f rom la teral  s t i c k   i n p u t s   f o r   r o l l   c o n t r o l  a t  low c1 
t o   r u d d e r   p e d a l   i n p u t s   f o r   r o l l   c o n t r o l  a t  h igh  a. The  problem  becomes.one of 
how t o   p h a s e   t h e s e   c o n t r o l s   i n   a n  optimum manner t o   o b t a i n  maximum performance, 
p a r t i c u l a r l y   d u r i n g   t h e   p r e s s u r e  of  combat. 

Using  the  s imulator  a t  LaRC, it has  been foGnd tha t   conf igura t ions   which  
e x h i b i t   s u c h   c h a r a c t e r i s t i c s  are s u s c e p t i b l e   t o   i n a d v e r t e n t   d e p a r t u r e s   d u r i n g  
vigorous combat  maneuvers. Many p roposed   so lu t ions   t o   t h i s   p rob lem  have   been  
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evalua ted   dur ing   the   s imula t ions ,   bu t   the   mos t  effective has   been   found  to   be  
t h e   g e n e r a l  class of   ro l l /yaw  cont ro l - in te rconnec t   (or  ARI) systems.   With  this  
scheme, t he   rudde r  is e l e c t r o n i c a l l y   l i n k e d   t o  move w i t h   t h e   r o l l   c o n t r o l  so as 
t o   c o u n t e r   t h e   a d v e r s e  yaw p r o d u c e d   b y   t h a t   c o n t r o l .   I n   a d d i t i o n ,   f o r   s i t u a -  
t i ons   such  as tha t   descr ibed   above   where in   the   adverse  moments d u e   t o   a i l e r o n s  
can   be  much l a r g e r   t h a n   t h e   c o r r e c t i v e  moments ava i l ab le   f rom  the   rudde r ,   t he  
in t e rconnec t   sys t em  mus t   a l so   phase   ou t   t he   a i l e ron   de f l ec t ions .   In   t h i s  case, 
p i l o t   s t i c k   i n p u t s   d r i v e   t h e   r u d d e r   i n   a d d i t i o n   t o ,   o r   i n s t e a d   o f ,   t h e   n o r m a l  
ro l l -cont ro l   sur faces .   Because  of t he   w ide   va r i a t ion   o f   t he   ' con t ro l   cha rac t e r -  
istics w i t h   a n g l e  of attack, ro l l /yaw  cont ro l - in te rconnec t   sys tems are neces- 
s a r i l y   s c h e d u l e d  as a func t ion   of  a. In a d d i t i o n ,  i n  some cases Mach 
schedul ing has a l s o  been  found  to   be  necessary.  

An example  of in te rconnec t   schedul ing  i s  shown i n   f i g u r e  7 .  Bas i ca l ly ,  
t he   con t ro l   sys t em w a s  mod i f i ed   such   t ha t   de f l ec t ion  of t h e   c o n t r o l   s t i c k  
l a t e r a l l y  produced a i l e r o n   i n p u t s  a t  low ang les  of a t t a c k  and  rudder   inputs  
a t  h igh   angles   o f   a t tack .  A s  shown i n   t h e   s k e t c h ,   t h e   a i l e r o n s   f o r t h e  example 
d iscussed  were phased  out by a = 25". A t  t h a t   p o i n t ,  la teral  s t i c k   i n p u t s  
produced  only  rudder   inputs .   In   addi t ion,   the   yawing moments produced  by t h e  
a i le rons   above  a = 25" were used t o   a d v a n t a g e   i n   a n   a d d i t i o n a l   s t a b i l i t y  
augmentat ion  channel   which  augmented  direct ional   s tabi l i ty .  

An example  of t h e   e f f e c t i v e n e s s  of t he   ro l l / yaw  con t ro l - in t e rconnec t   sys -  
tem i n   p r e v e n t i n g   d e p a r t u r e s  is  i l l u s t r a t e d   i n   f i g u r e  8 which  shows two 
at tempted  high-g  rol l ing reversals. With t h e   b a s i c   c o n t r o l   s y s t e m ,   t h e   p i l o t  
a p p l i e d   l e f t   r o l l   c o n t r o l   w h i l e   s i m u l t a n e o u s l y   l o a d i n g   t h e   a i r p l a n e   v e r y  
r a p i d l y .   I n i t i a l l y ,   t h e   a i r p l a n e   r e s p o n d e d  as des i r ed ;  however, as a 
i nc reased ,   an   i nadve r t en t   con t ro l - induced   depa r tu re   t o   t he   r i gh t   occu r red  
d e s p i t e   t h e   a p p l i c a t i o n   o f   f u l l   l e f t   c o n t r o l s .  When the   con t ro l   sys t em was 
mod i f i ed   w i th   t he   i n t e rconnec t ,   t he   p i lo t  w a s  a b l e   t o   e x e c u t e   t h e   t a s k   w i t h  
good cont ro l   th roughout   the  maneuver ( t h e   r o l l  w a s  i n t e n d e d   t o   b e   t o   t h e   l e f t  
i n   b o t h  cases). Th i s   con t ro l  scheme e s s e n t i a l l y   e l i m i n a t e d   i n a d v e r t e n t   s p i n s  
i n   t h e   s i m u l a t o r .  

The n e t   e f f e c t  of the   au tomat ic   in te rconnec t  scheme o n . r o l l   p e r f o r m a n c e  is 
i l l u s t r a t e d   i n   f i g u r e  9. With t h e   b a s i c   c o n t r o l   s y s t e m ,   t h e   r o l l  rate produced 
by la te ra l  d e f l e c t i o n   o f   t h e   c o n t r o l   s t i c k   r e v e r s e d   n e a r  CY, = 20°,  and t h e  
p i l o t   c o u l d   n o t  maneuver a t  h i g h e r   a n g l e s   o f   a t t a c k   w i t h   o n l y   s t i c k   i n p u t s .  
When the   cont ro l   sys tem was mod i f i ed   w i th   t he   i n t e rconnec t ,   t he   p i lo t   cou ld  
maneuver t h e   a i r p l a n e  beyond maximum l i f t   u s i n g   o n l y   s t i c k   i n p u t s   w i t h o u t   f e a r  
o r   u n i n t e n t i o n a l   d e p a r t u r e s .  

I n   g e n e r a l ,   t h e   r e s u l t s  of t h e   s i m u l a t i o n   s t u d i e s   i n d i c a t e   t h a t   t h e   u s e  
of a ro l l /yaw  in te rconnec t   sys tem  can   e l imina te   inadver ten t   depar tures   on  air- 
planes  which are inhe ren t ly   dynamica l ly   s t ab le  a t  h igh  a y e t   p r o n e   t o  
cont ro l - induced   depar tures   due   to   adverse  yaw. In   add i t ion   t o   enhanc ing   depa r -  
t u re   r e s i s t ance ,   i n t e rconnec t   sys t ems   can   a l so   g rea t ly   improve   h igh -a   con t ro l -  
l a b i l i t y   c h a r a c t e r i s t i c s   s u c h   t h a t   t h e   a i r p l a n e  becomes much more e f f e c t i v e   i n  
t racking .  However, i t  shou ld   a l so   be   men t ioned   t ha t   i n  a developed  spin  an 
in te rconnec t   sys tem  can   be   d i sadvantageous   in   tha t  i t  does   no t   a l l ow  the   app l i -  
c a t i o n  of f u l l   r e c o v e r y   c o n t r o l s  (6, with  and g r  aga ins t   t he   sp in ) .   Thus ,  
i n   t h e   e v e n t   o f  a sp in ,   these   sys tems  should   be   deac t iva ted .  
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Latera l -Direc t iona l   S tab i l i ty   Augmenta t ion  

I n   a d d i t i o n   t o   a d v e r s e  yaw and l a c k  of c o n t r o l   e f f e c t i v e n e s s  a t  h igh  
ang le s  of attack, a n o t h e r   f a c t o r   t h a t   c a u s e s   i n a d v e r t e n t   d e p a r t u r e s   f r o m  con- 
t r o l l e d   f l i g h t  is t h e   d e g r a d a t i o n   i n   l a t e r a l - d i r e c t i o n a l   s t a b i l i t y  a t  high 
angles   of  attack. T h i s   c h a r a c t e r i s t i c   c a n   b e   d u e   t o  a l o s s   i n   e i t h e r  s ta t ic  
s t a b i l i t y ,  C and CgB, o r  damping, and Cgp, o r   t o  a combinat ion  of   the 

two. A s o l u t i o n   t o   t h i s   p r o b l e m   t h a t   h a s   b e e n   s t u d i e d   d u r i n g   t h e   s i m u l a t i o n  
i n v e s t i g a t i o n s  is t h e   u s e  of s t ab i l i t y   augmen ta t ion   t a i lo red   fo r   h igh -ang le -o f -  
a t t ack   cond i t ions .  An e f f e c t i v e   c o n t r o l  l a w  has   been  found  to   be 
r - pcx to   rudder   feedback ,  o r  s t a b i l i t y  axis yaw damping. Shown i n  
f i g u r e   1 0  are Dutch r o l l  mode damping c h a r a c t e r i s t i c s   v e r s u s  a i n  1-g f l i g h t  
f o r   a n   a i r p l a n e   w i t h   a n d   w i t h o u t  a s t a b i l i t y  axis yaw damper.  The d a t a  show 
t h a t   t h e  damper w a s  q u i t e   e f f e c t i v e   i n   i n c r e a s i n g  Dutch r o l l   s t a b i l i t y  up t o  
'30" ang le   o f   a t t ack ;  a t  h igher  a ,  i ts  e f f e c t i v e n e s s   d e c r e a s e d   d u e   t o  a combi- 
n a t i o n  of  reduced  rudder power and l o s s  of s ta t ic  s t a b i l i t y .   I n   a d d i t i o n   t o  
augmenting  damping, t h e   u s e  of rs feedback   a l so  restricts t h e   a i r p l a n e   t o  
r o l l   a b o u t  i t s  f l i g h t   p a t h   w h i c h  is necessa ry   t o   p reven t   t he   gene ra t ion  of 
l a r g e  amounts  of s i d e s l i p   d u r i n g   r o l l i n g  maneuvers a t  h igh   ang le s  of a t t a c k .  
If t h e   a i r p l a n e  is ro l l ed   abou t  i ts body a x i s   i n   t h i s   r e g i o n ,  a kinematic  
in te rchange   be tween  angle   o f   a t tack   and   s ides l ip   occurs .  The large  magni tudes 
of s ides l ip   t hus   gene ra t ed ,   coup led   w i th  low d i r e c t i o n a l   s t a b i l i t y ,   c o u l d   r e s u l t  
i n  a depar ture .  However, i f   t h e   a i r p l a n e  i s  r o l l e d   i n  a conical   motion  about  
i ts  f l i g h t   . p a t h ,   t h e n  a/B c o u p l i n g   d o e s   n o t   o c c u r ,   a n d   t h e   s u s c e p t i b i l i t y   t o  
d e p a r t u r e  is decreased.  The s i m u l a t i o n   r e s u l t s   h a v e   v e r i f i e d   t h a t   t h i s   c o n c e p t  
does   i ndeed   enhance   depa r tu re   r e s i s t ance   i n   add i t ion   t o   p rov id ing   i nc reased  
damping a t  h igh   angles   o f   a t tack .  

"B 'nr 

Degradation of l a t e r a l - d i r e c t i o n a l  dynamic s t a b i l i t y  a t  h igh   ang le s  of 
a t t a c k  is most o f t e n   d u e   t o   l o s s  of s t a t i c  d i r e c t i o n a l   s t a b i l i t y  and d i h e d r a l  
effect .  Damper systems  based  on rate feedback,  such as t h e   s t a b i l i t y   a x i s  yaw 
damper discussed  above, are g e n e r a l l y  less e f f e c t i v e   i n   a u g m e n t i n g   s t a b i l i t y  
i n   t h i s   s i t u a t i o n .   O b v i o u s l y ,   t h e   b e s t   s o l u t i o n  is t o   d i r e c t l y  augment 

and CgB by d r i v i n g   t h e   a p p r o p r i a t e   c o n t r o l s   w i t h  a s i d e s l i p   s i g n a l .   F i g -  

u r e  11 shows d a t a   f o r  a c o n f i g u r a t i o n   w h i c h   t y p i f i e s   t h e   l o s s  of  dynamic sta- 
b i l i t y  a t  h igh   ang le s   o f   a t t ack   due   t o   deg raded  CgB and C% c h a r a c t e r i s t i c s .  

The l o s s   i n  s ta t ic  s t a b i l i t y   a b o v e  25" ang le  of a t t a c k  is r e f l e c t e d   i n  a sha rp  
d r o p   i n   t h e   p a r a m e t e r  C which   ind ica tes  a p o s s i b l e   d i r e c t i o n a l   d i v e r - .  

gence a t  a = 30'. Also shown i n   f i g u r e  11 are r e s u l t s   o b t a i n e d  by augmenting 
CnB and  above a = 2 5 " .  The r e s u l t i n g  CnB,dyn va lues   remain   l a rge  a t  

h igh   ang le s  of a t t a c k   i n d i c a t i n g  no i n s t a b i l i t y  i n  th i s   r eg ion .   Th i s   cha rac -  
ter is t ic  is confirmed i n   f i g u r e   1 2   w h i c h  shows t h a t   t h e   r e s p o n s e  of t h e  aug- 
mented a i r p l a n e   t o  an appl ied   rudder   double t  a t  a = 30" is  a well-damped, 
h i g h e r - f r e q u e n c y   o s c i l l a t i o n   t h a n   t h a t   o f   t h e   b a s i c   a i r p l a n e .   I n   t h i s  case, 
the  augmentat ion of C and CgB w a s  accomplished  by  feeding a B s i g n a l ,  

es t imated   us ing   convent iona l ly   ava i lab le   measurements ,   to   d r ive   the   a i le rons  
above a = 25O. A i l e r o n   d e f l e c t i o n   o n   t h e   p a r t i c u l a r   c o n f i g u r a t i o n   p r o d u c e d  
v e r y   l a r g e   a d v e r s e  yawing  moments a t  h i g h   a n g l e s   o f   a t t a c k   s u c h   t h a t   t h e y  

cnB 

nB, dyn 

nB 
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cou ld   no t   be   u sed   fo r   ro l l i ng   above  a = 25’. These   l a rge  yawing  moments, how- ! 

ever, were used  very  advantageously  to  augment s t a b i l i t y  as shown below: 

Augmentation l a w : ’  6 = K B,  KB > 0 
a 1 3  

‘n 
= C  + K  - C  

Baug  n6 a 
Since i s  n e g a t i v e ,   t h e  B f eedback   t o   t he   a i l e rons   augmen t s   d ihed ra l  

e f f e c t ;   i n   a d d i t i o n ,   b e c a u s e  is pos i t ive ,   the   feedback   a l so   augments  

d i r e c t i o n a l   s t a b i l i t y  by the  increment  K 
‘n6 a 

B which is cons ide rab le   s ince  

C is la rge .   Note   tha t   the   s imul taneous   augmenta t ion   of   d ihedra l   e f fec t  

C were not   adverse .   This  case i l l u s t r a t e s   t h e   i m p o r t a n t   c o n c e p t   o f   u s i n g  

n6 a 
and d i r e c t i o n a l   s t a b i l i t y   u s i n g   t h e   s i n g l e   c o n t r o l  would n o t   b e   p o s s i b l e   i f  

n6 a 
a l l  a v a i l a b l e   c o n t r o l  moments for   augmentat ion  and  control  a t  h igh   angles  of 
a t t a c k ,   i n c l u d i n g   t h o s e   t h a t  are convent iona l ly   cons idered   adverse ,   s ince   these  
c o n t r o l s   c a n   o f t e n   b e   q u i t e   p o w e r f u l   i n   t h e  s t a l l  reg ion .  

C O m L A T I O N  WITH FLIGHT  RESULTS 

A s  i nd ica t ed  earlier, a11 t h e  LaRC s t a l l / s p i n   s i m u l a t i o n s   p e r f o r m e d   t o  
d a t e  have invo lved   ac tua l ,   cu r ren t ,  combat a i r c r a f t   c o n f i g u r a t i o n s .   T h i s   s i t u a -  
t i o n   p e r m i t s   c o r r e l a t i o n   o f   t h e   s i m u l a t i o n   r e s u l t s   w i t h   t h o s e   o b t a i n e d   i n  
a c t u a l   f l i g h t .   I n   a d d i t i o n ,   q u a l i t a t i v e   v a l i d a t i o n  of t h e   s i m u l a t i o n s  is 
o b t a i n e d   e a r l y   i n   t h e  programs  by t h e   p a r t i c i p a t i o n   o f   a p p r o p r i a t e   i n d i v i d u a l s  
t o   f l y   t h e   s i m u l a t o r .   T h e s e   i n d i v i d u a l s   i n c l u d e  company as well as m i l i t a r y  
test  p i l o t s   d i r e c t l y   i n v o l v e d   w i t h   f l i g h t   t e s t i n g  of t h e   p a r t i c u l a r   s t u d y  con- 
f i g u r a t i o n .   R e s u l t s   t o   d a t e   h a v e  shown good q u a l i t a t i v e   c o r r e l a t i o n  between 
s imula tor  and f l i g h t   r e s u l t s .  The s imula t ions   have   been   found  to   be   e f fec t ive  
i n   p r e d i c t i n g   t h e   g e n e r a l   h i g h - a n g l e - o f - a t t a c k   s t a b i l i t y  and con t ro l   cha rac t e r -  
istics o f   pa r t i cu la r   con f igu ra t ions ;   i n   add i t ion ,   po ten t i a l   p rob lems  as w e l l  as 
b e n e f i t s  of v a r i o u s   c o n t r o l  schemes ident i f ied   dur ing   the   s imula t ions   have  
agreed w e l l  w i t h   f l i g h t   r e s u l t s .  Thus ,   an   add i t iona l   bene f i t  of t h e   s i m u l a t i o n  
technique is t h a t  i t  can   be   used   to   s tudy   the   e f fec t   o f   genera l   cont ro l   schemes ,  
such as norma l   acce le ra t ion  and r o l l - r a t e  command, o n   h i g h - a   f l i g h t  
cha rac t e r  is t ics  . 

Many of t he   depa r tu re   p reven t ion   concep t s   s tud ied   i n   t he   s imu la t ion   p ro -  
grams  have  been  implemented  and are employed i n   c u r r e n t   f i g h t e r   a i r c r a f t .   F o r  
example, LaRC s tudies   on   ro l l lyaw- in te rconnec t   concepts  were ins t rumenta l  
i n   t he   deve lopmen t  of t h e  ARI sys t em  cu r ren t ly   u sed   on   t he  F-14 a i r p l a n e .  
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CONCLUDING REMARKS 

This  paper has discussed recent NASA s tud ie s  on automatic  spin  pre- 
vent ion  for   f ighter   a i rplanes.   This   approach  to   providing spin r e s i s t a n c e  is 
a promising method to   achieve  this   goal .   This   concept   has  become widely 
accepted by indus t ry   in   the   Uni ted  States, and such  systems  have  been  imple- 
mented on t h e  F-14, F-15, F-16, and F-18 des igns .   In   o rder   to   be   e f fec t ive ,  
however, the  approach must be  considered  early in the   des ign   s tages  of m i l i t a r y  
a i r c r a f t .  
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Figure 1.- Scope of stall/spin research program. 
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Figure 2.- Automatic cont ro l   concepts   for   depar ture / sp in   p revent ion .  

Figure 3. -  General  arrangement  of  the  Langley  differential  
maneuvering  s imulator   faci l i ty .  
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Figure 4.- View of cockpit and visual  display within one sphere of DMS. 
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Figure 9.- E f f e c t   o f   i n t e r c o n n e c t   o n   r o l l   r e s p o n s e   t o  lateral  s t i ck  input .  
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Figure  10.- E f fec t  of s t a b i l i t y  axis yaw damping 
on Dutch r o l l  mode damping. 

1750 



AUGMENTATION - OFF 

35 
30 
25 
40 
20 
0 

-20 
-40 
60 
40 
20 
0 

-20 
-40 

-.l 

- .2 
10 15 20 25 

a, deg 
30 35 

Figure 11.- Variation of lateral-directional stability 
characteristics with and without  augmentation. 

AUGMENTATION - OFF 
ON ” - - 

Figure 12. - 
TIME, sec 

Effect of augmentation on response 

TIME, sec 

to rudder doublet at a = 30”. 

1751 





HIGH ANGLE-OF-ATTACK STABILITY-AND-CONTROL ANALYSIS* 

R o b e r t   F .   S t e n g e l  
T h e   A n a l y t i c   S c i e n c e s   C o r p o r a t i o n  

SUMMARY 

M e t h o d s   o f   l i n e a r   s y s t e m s   a n a l y s i s  are a p p l i e d  t o  ma themat i ca l  
m o d e l s . o f   a i r c r a f t   f l y i n g  a t  h i g h   a n g l e  of a t tack and  maneuver rate. 
F i r s t - o r d e r   l o n g i t u d i n a l   a n d   l a t e r a l - d i r e c t i o n a l   c o u p l i n g  is ob- 
t a i n e d  by l i n e a r i z i n g   t h e   c o m p l e t e   n o n l i n e a r   e q u a t i o n s   o f   m o t i o n  
abou t  a g e n e r a l i z e d   ( q u a s i - s t e a d y )  t r i m  p a i n t .  "Open-loop" sta- 
b i l i t y   b o u n d a r i e s  are d e f i n e d   u s i n g   t h e   l i n e a r   d y n a m i c   e q u a t i o n s ,  
a n d   " p i l o t - i n - t h e - l o o p "   e f f e c t s  are p r e s e n t e d .   S t a b i l i t y  augmen- 
t a t i o n   s t r u c t u r e s   f o r   m a n e u v e r i n g   f l i g h t   c o n d i t i o n s  are shown t o  
be d e f i n e d   r e a d i l y   u s i n g   o p t i m a l   c o n t r o l   t h e o r y .  

INTRODUCTION 

H i g h - p e r f o r m a n c e   a i r c r a f t  are s u s c e p t i b l e   t o   d e g r a d e d   f l y i n g  
q u a l i t i e s   d u r i n g   m a n e u v e r i n g   f l i g h t   f o r  a number  of   reasons.  The  
a i r c r a f t   f l i e s  a t  h i g h   a n g l e   o f   a t t a c k ,  a ,  where  aerodynamic  f low 
f i e l d s  are complex  and are s e n s i t i v e   t o  small v a r i a t i o n s   i n   f l i g h t  
c o n d i t i o n .   L a t e r a l - d i r e c t i o n a l  modes of   mot ion  are a f f e c t e d  by t h e  
n o s e - h i g h   a t t i t u d e ,   a n d   t h e   d e s i r a b l e   c o n t r o l  moments due t o  a i l -  
e r o n  and  r u d d e r  may be o v e r s h a d o w e d   b y   s i g n i f i c a n t   a d v e r s e  e f fec ts .  
L a r g e   r o l l  ra tes  may be commanded f o r   r a p i d   o r i e n t a t i o n   o f   t h e   l i f t  
v e c t o r ,   a n d   t h e   r e s u l t i n g   g y r o s c o p i c   e f f e c t s   c o u p l e   t h e   l o n g i t u -  
d i n a l   a n d   l a t e r a l - d i r e c t i o n a l  modes  of   motion.  To compound t h e  
a b o v e   d i f f i c u l t i e s ,   t h e   p i l o t   m u s t   a d a p t   h i s   c o n t r o l   s t r a t e g i e s   t o  
v a r y i n g  a i r c r a f t  d y n a m i c s   a n d   c o n t r o l   r e s p o n s e s  a t  h i g h  a .  

R i g o r o u s   s o l u t i o n s   t o   t h e   a i r c r a f t ' s   e q u a t i o n s   o f   m o t i o n  are 
d i f f i c u l t   t o   o b t a i n   i n   m a n e u v e r i n g   f l i g h t .   T h e s e   d i f f e r e n t i a l  
e q u a t i o n s   h a v e   c o e f f i c i e n t s   w h i c h  are n o n l i n e a r   a n d  time v a r y i n g ;  
h e n c e ,   s o l u t i o n s   o f   t h e   g e n e r a l   e q u a t i o n s   r e q u i r e  direct i n t e g r a -  
t i o n ,   e i t h e r   b y   n u m e r i c a l  or a n a l o g   c o m p u t a t i o n .   T h e   r e s u l t i n g  time 
h i s t o r i e s   d e s c r i b e   t h e   e v o l u t i o n  of a i r c r a f t   m o t i o n s   f o r   g i v e n   c o n -  
trols, d i s t u r b a n c e s ,  a n d  i n i t i a l   c o n d i t i o n s ,   a n d   e a c h   c h a n g e   i n   a n y  
o f   t h e s e   q u a n t i t i e s   l e a d s   t o  a new t i m e  h i s t o r y .   C o n s e q ' u e n t l y ,   t h e  
n o n l i n e a r - t   i m e - v a r y i n g   e q u a t i o n s  are v a l u a b l e   f o r   d e f i n i n g   s p e c i f i c  
f l i g h t   p a t h s ,   b u t   t h e i r   c o m p l e x i t y   c a n   o b s c u r e   t h e   i d e n t i f i c a t i o n  
o f   t h e   u n d e r l y i n g   m e c h a n i s m s   w h i c h   g o v e r n   a i r c r a f t   r e s p o n s e .  

*This  work was s u p p o r t e d   b y   C o n t r a c t s  N o .  NAS1-13618, NASA Langley 
R e s e a r c h   C e n t e r ,   a n d  N00014-75-C-0432, O f f i c e   o f  Naval Resea rch .  
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T h i s  paper p r e s e n t s  new r e s u l t s   u s i n g   l i n e a r - t i m e - i n v a r i a n t  
dynamic   equat ions  which r e t a i n  much of t h e  c o u p l i n g  of t h e  n o n l i n e a r  
e q u a t i o n s   b u t  which are amenable t o  t h e  comprehens ive   t echn iques  of 
l i n e a r   s y s t e m s   a n a l y s i s .  The s t a b i l i t y  characterist ics of two  con- 
temporary  high-performance a i r c ra f t  are compared a t  v a r i o u s  maneu- 
v e r i n g  f l i g h t  c o n d i t i o n s .  The effects of i n c r e a s i n g  angle  of 
a t tack o n   c o n t r o l   r e s p o n s e  are demons t r a t ed ,   and  a d e t a i l e d  mathe- 
matical model  of t h e  human p i l o t  is appl ied  t o  t h e  p r e d i c t i o n  of 
f l y i n g   q u a l i t i e s .  The f u l l y   c o u p l e d   l i n e a r  a i r c ra f t  m o d e l   a l s o  
forms t h e  basis  for d e s i g n i n g   s t a b i l i t y   a u g m e n t a t i o n  s y s t e m s  t h a t  
i m p r o v e   h a n d l i n g   q u a l i t i e s  and p r e v e n t   d e p a r t u r e   f r o m   c o n t r o l l e d  
f l i g h t .  

SYMBOLS 

F f u n d a m e n t a l   m a t r i x   o f   l i n e a r - t i m e - i n v a r i a n t   s y s t e m  

- f v e c t o r  of n o n l i n e a r   e q u a t i o n s   o f   m o t i o n  

G c o n t r o l  effect  m a t r i x  of l i n e a r - t i m e - i n v a r i a n t  s y s t e m  

I i d e n t i t y   m a t r i x  

K s t a b i l i t y   a u g m e n t a t i o n   g a i n   m a t r i x  

PYqYr body-ax i s   angu la r  rates (roll, p i t c h ,  yaw) 

t time 

U - c o n t r o l   v a r i a b l e   v e c t o r  

u , v , w   b o d y - a x i s   v e l o c i t i e s   ( a x i a l ,   l a t e r a l ,   n o r m a l )  

X - s t a t e  v a r i a b l e   v e c t o r  

x E , y E , z E   t r a n s l a t i o n a l   p o s i t i o n   ( f o r w a r d ,   l a t e r a l ,   v e r t i c a l )  

- Z e i g e n v e c t o r  

a a n g l e   o f  a t tack  

B s i d e s l i p   a n g l e  

x e i g e n v a l u e  

@ , e , $  E u l e r  ang le s  (roll, p i t c h ,  yaw) 

( > T  t r a n s p o s e   o f  a v e c t o r  

( ‘ 1  d e r i v a t i v e  w i t h  respect t o  time 

A (  1 p e r t u r b a t i o n   q u a n t i t y  

1754 



EQUATIONS OF MOTION 

T h e   f u n d a m e n t a l   e x p r e s s i o n  of r i g i d - b o d y   e q u a t i o n s  of m o t i o n  
c o n t a i n s   n o n l i n e a r   a n d   t i m e - v a r y i n g   t e r m s ,   b u t   s i m p l i f i c a t i o n s   c a n  
be c o n s i d e r e d   i n   c e r t a i n  cases. F i g u r e  1 i l l u s t r a t e s  t h e  classes 
of models which c a n  be c o n s i d e r e d  f o r  a n a l y z i n g  f l i g h t  m o t i o n s .  
If t h e  d y n a m i c   c o e f f i c i e n t s  are  c h a n g i n g   r a p i d l y  w i t h  t i m e ,   i n  
c o m p a r i s o n   w i t h   t h e  time scale  o f   m o t i o n s ,  t h e  dynamic   model   mus t  
b e  time v a r y i n g ;  i f  t h e  c o e f f i c i e n t s  are  r e l a t i v e l y   c o n s t a n t ,  a 
t i m e - i n v a r i a n t  model w i l l  s u f f i c e .  If f l i g h t   m o t i o n s   e v i d e n c e  
t h e  s u p e r p o s i t i o n   c h a r a c t e r i s t i c ;   i . e . ,  i f  d o u b l i n g  t h e  i n p u t  
d o u b l e s   t h e   o u t p u t ,   t h e n   l i n e a r  models c a n  be u s e d ;  i f  n o t ,  t h e  
dynamic model must  be n o n l i n e a r .  

T h e   n o n l i n e a r   e q u a t i o n s  of m o t i o n   c a n  be assembled i n   t h e  
s i n g l e  "state-space" ( v e c t o r )   e q u a t i o n  

- & = "- f ( x , u , t )  

where x is a c o l u m n   v e c t o r  of s t a t e  (o r  m o t i o n )   v a r i a b l e s ,  u is 
a v e c t o r  of c o n t r o l   v a r i a b l e s ,  f is t h e  v e c t o r  of dynamic  equa-  
t i o n s ,   a n d  t is  time. F o r  r igid-body m o t i o n ,  f and  x each have  
1 2  e l e m e n t s   r e p r e s e n t i n g  t h e  d y n a m i c   r e l a t i o n s K i p s   a n d  associated 
v a r i a b l e s  f o r  t r a n s l a t i o n a l   a n d   r o t a t i o n a l   k i n e m a t i c s   a n d   d y n a m i c s .  
U s i n g   c o n v e n t i o n a l   n o t a t i o n  f o r  e a r t h - r e l a t i v e   p o s i t i o n ,  earth- 
body E u l e r   a n g l e s ,   a n d  body-axis r a t e s ,  t h e  s t a t e  v e c t o r   c a n  be 
d e f i n e d  as  

where  ( )T  d e n o t e s  t h e  column vector  t r a n s p o s e ,  i .  e .  , a row 
v e c t o r .   T h e   c o n t r o l   v e c t o r ,   u ,   c o n t a i n s  a t  l e a s t  th ree  e l e m e n t s  
f o r  r o t a t i o n a l   c o n t r o l   a b o u t  all axes. F u r t h e r  d e t a i l s  of t h e  
n o n l i n e a r   e q u a t i o n s  of m o t i o n   c a n  be f o u n d   i n   r e f e r e n c e s  1 and  2 .  

N o n l i n e a r - t i m e - i n v a r i a n t  models are  u s e f u l  i f  a m p l i t u d e -  
d e p e n d e n t  e f fec ts  c a n n o t  be i g n o r e d   b u t  time v a r i a t i o n s  of t h e  
c o e f f i c i e n t s  are  n e g l i g i b l e .   N o n l i n e a r   p h e n o m e n a ,   s u c h  as limit 
c y c l e s ,   s u b h a r m o n i c   r e s p o n s e ,   j u m p   r e s o n a n c e ,   a n d   n o n l i n e a r  
cross c o u p l i n g  may be r e s p o n s i b l e  f o r  s u c h  a i r c r a f t  b e h a v i o r  as 
wing rock,  p o r p o i s i n g  (o r  b u c k i n g ) ,   j u m p   r e s p o n s e  of r o l l  r a t e  
t o  a i l e r o n   i n p u t ,   a n d   f o r c i n g  of l o n g i t u d i n a l  modes by l a t e ra l  
o s c i l l a t i o n s   d u r i n g   s y m m e t r i c ,   w i n g s - l e v e l  f l i g h t  ( r e f s .  3 and  4 ) .  

T h e   s t a b i l i t y   a n d   c o n t r o l  of small v a r i a t i o n s   a b o u t  t h e  
r e f e r e n c e  f l i g h t  p a t h   c a n  be i n v e s t i g a t e d   u s i n g   l i n e a r   d y n a m i c  
models whose c o e f f i c i e n t s  may v a r y   i n  time as  t h e  f l i g h t  c o n d i t i o n  
v a r i e s .   L i n e a r - t i m e - v a r y i n g  models c o u l d  be r e q u i r e d  t o  assess 
a i r c ra f t  s t a b i l i t y   d u r i n g  r a p i d  a c c e l e r a t i o n ,   d e c e l e r a t i o n ,  o r  
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f o r  s t e e p ,   h i g h - s p e e d   f l i g h t   p a t h s ,   i n   w h i c h   c h a n g i n g  a i r  d e n s i t y  
a f f e c t s  s y s t e m  dynamics  ( re fs .  5 t o  7 ) .  R e f e r e n c e  2 i n d i c a t e s  
t h a t   t h e   a c c e l e r a t i o n s   a s s o c i a t e d   w i t h  a i r  combat   maneuver ing  
i n t r o d u c e   t i m e - v a r y i n g   c o e f f i c i e n t s   i n   l i n e a r   m o d e l s ;   h o w e v e r ,  
e x p l i c i t   t i m e - v a r y i n g   d y n a m i c  e f fec ts  were n o t   f o u n d  t o  be 
s i g n i f i c a n t ,   a n d  a l l  major c o n c l u s i o n s   r e g a r d i n g   t h e   f l i g h t  
s t a b i l i t y   o f   t h e   s u b j e c t   a i r c r a f t   c o u l d  be drawn from t h e   e q u i v a -  
l e n t   t i m e - i n v a r i a n t   m o d e l .  

T h e   a i r c r a f t   e q u a t i o n s   o f   m o t i o n   c a n  be expressed i n   l i n e a r  
form b y   p e r f o r m i n g  a T a y l o r  se r ies  e x p a n s i o n   o f   e q u a t i o n  (1) and 
r e t a i n i n g   o n l y   f i r s t - o r d e r  terms. T h e   e x p a n s i o n   r e s u l t s   i n  

+ f  
-X 

Ax + f Au - -u - 

where fx and  f u  a r e  p a r t i a l  d e r i v a t i v e  matrices w i t h  respect t o  
t h e  sta€e a n d   F o n t r o l ,   r e s p e c t i v e l y ,   e v a l u a t e d   a l o n g   t h e   n o m i n a l  
f l i g h t   p a t h .   T h e   n o m i n a l   f l i g h t   p a t h   s a t i s f i e s   e q u a t i o n  (l), and 
t h e   d y n a m i c s   o f  small p e r t u r b a t i o n s   f r o m   t h e   f l i g h t   p a t h  are  
described by 

A; - = F Ax + G Au - - 

where  fx and f u  are deno ted   by  F and  G and  may c o n t a i n  time- 
v a r y i n g - c o e f f i E i e n t s .  

L i n e a r - t i m e - i n v a r i a n t  models d e s c r i b e   s m a l l - p e r t u r b a t i o n  
s t a b i l i t y   i n   t h e   v i c i n i t y  of a s i n g l e  f l i g h t  c o n d i t i o n ,   a n d   c a n  
b e   u s e f u l  f o r  p r a c t i c a l   a p p r o x i m a t i o n  of s y s t e m   d y n a m i c s ,   f o r  
s e n s i t i v i t y   a n a l y s e s ,   a n d  f o r  c o n t r o l   s y s t e m   d e s i g n .   ( R e f e r e n c e s  
8 t o  11 u s e   l i n e a r  models i n   t h e   e x a m i n a t i o n   o f   d y n a m i c   c o u p l i n g  
phenomena.)  A s  shown i n   f i g u r e  1, c o e f f i c i e n t s   o f   t h e   l i n e a r  
model  are d e f i n e d   b y  t h e  loca l  s l o p e s  a t  a g i v e n   f l i g h t   c o n d i t i o n ,  
a n d   t h e   p r i n c i p l e  of s u p e r p o s i t i o n   a p p l i e s   i n   c h a r a c t e r i z i n g  
f l i g h t   m o t i o n s .  

T h e   i m p o r t a n c e  of l i n e a r i z i n g   a b o u t  a g e n e r a l i z e d  trim con- 
d i t i o n  is  i l l u s t r a t e d   b y   f i g u r e  2 ,  w h i c h   p r e s e n t s   l i n e a r   a n d  
n o n l i n e a r   r e s p o n s e s  t o  a l a r g e   r u d d e r   i n p u t .   T h e   n o n l i n e a r  
m o d e l ' s  t r ace  d e m o n s t r a t e s   s i g n i f i c a n t   l o n g i t u d i n a l / l a t e r a l -  
d i r e c t i o n a l   c o u p l i n g  as well as large r e s p o n s e s   i n  s i d e s l i p ,  6 ,  
and roll r a t e ,  p .   The  model which i s  l i n e a r i z e d   a b o u t   t h e   i n i t i a l  
" w i n g s - l e v e l "   f l i g h t   c o n d i t i o n   d o e s   n o t   p o s s e s s   t h i s   c o u p l i n g ,  
and t he  m a g n i t u d e s  of 6-p o s c i l l a t i o n s  are u n d e r e s t i m a t e d   ( f i g .   2 a ) .  
U s i n g   t h e   g e n e r a l i z e d  t r i m  p r o c e d u r e *  t o  d e f i n e  a l i n e a r i z a t i o n  

* T h i s  trim p r o c e d u r e ,   d e s c r i b e d   i n   r e f e r e n c e  1, n u m e r i c a l l y   d e f i n e s  
mean v a l u e s  of t r a n s l a t i o n a l   a n d   r o t a t i o n a l  r a t e s  which   min imize  
t r a n s l a t i o n a l   a n d   r o t a t i o n a l   a c c e l e r a t i o n s   f o r   g i v e n   E u l e r   a n g l e s  
a n d   c o n t r o l   s e t t i n g s .  
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p o i n t  4 sec i n t o  t h e  m a n e u v e r   i n t r o d u c e s   t h e   m i s s i n g   l o n g i t u d i n a l /  
l a t e r a l - d i r e c t i o n a l   c o u p l i n g ,   l e a d i n g   t o   s u b s t a n t i a l l y   i m p r o v e d  
modeling  of t h e  n o n l i n e a r  s y s t e m ' s  o s c i l l a t i o n s   ( f i g .   2 b ) .  The  
coup led  l i n e a r  s y s t e m ' s  r e s p o n s e   e v e n t u a l l y   d i v e r g e s   f r o m   t h e  
n o n l i n e a r   r e s p o n s e ,   b u t   t h e   f a c t   t h a t  i t  s t a y s  i n  t h e  p r o p e r  
n e i g h b o r h o o d   f o r   s e v e r a l   s e c o n d s   s u g g e s t s  t h e  u t i l i t y   o f   t h e  
l i n e a r - t i m e - i n v a r i a n t   m o d e l  i n  d e f i n i n g   l o c a l   s t a b i l i t y ,  i n  p ro-  
v i d i n g  a b a s e l i n e   f o r   c o n t r o l  s y s t e m  d e s i g n ,   a n d  i n  a n a l y z i n g  
p i l o t i n g   e f f e c t s .  

MANEUVERING EFFECTS ON STABILITY 

C o n f i g u r a t i o n - d e p e n d e n t   e f f e c t s   a n d  common a t t r i b u t e s   o f  
m a n e u v e r i n g   f l i g h t  can b e   s e e n  i n  c o m p a r i s o n s   o f   t h e   s t a b i l i t y  
b o u n d a r i e s   o f   t w o   c o n t e m p o r a r y   h i g h - p e r f o r m a n c e   a i r c r a f t .  Air- 
c r a f t  A is  a small, s u p e r s o n i c  a i r  s u p e r i o r i t y   f i g h t e r   ( r e f .  1);  
a i r c r a f t  B is a l a r g e r   s u p e r s o n i c   f i g h t e r   w i t h  similar m i s s i o n  
( r e f .  2 ) .  

The s t a b i l i t y  boundar i e s   o f  t h e  a i r c r a f t  are  d e f i n e d  by t h e  
c o n d i t i o n s  a t  wh ich   t he  r ea l  p a r t s   o f  t h e  e i g e n v a l u e s  ( o r  r o o t s )  
of t h e   1 . i n e a r - t i m e - i n v a r i a n t  dynamic  e q u a t i o n   ( e q .  ( 4 ) )  change 
s i g n .   T h e  1 2  e i g e n v a l u e s ,  h i  ( i = 1  t o   1 2 ) ,   o f   t h e   e q u a t i o n  are  
complex   numbers ,   each   o f   wh ich   s a t i s f i e s  t h e  f o l l o w i n g   e q u a t i o n :  

d e t  h i I  - F = 0 ; i =  1 t o  1 2  0 
where  I is t h e  i d e n t i t y  m a t r i x .   E a c h   o s c i l l a t o r y  mode is r e p r e -  
s e n t e d  by  two  complex-conjugate h i ,  w h i l e   e a c h   c o n v e r g e n t   ( o r  
d i v e r g e n t )  mode is r e p r e s e n t e d  by one  rea l  X i .  The X i  d e s c r i b e  
t h e  time scales a n d   s t a b i l i t y   o f   t h e   n o r m a l   m o d e s   o f   m o t i o n ,  
w h i c h   u s u a l l y   p a r t i t i o n   i n t o  a l o n g i t u d i n a l  se t  ( s h o r t   p e r i o d  
o s c i l l a t i o n ,   p h u g o i d   o s c i l l a t i o n ,   a n d   p u r e   i n t e g r a t i o n s  ( X i = O )  
f o r   r a n g e   a n d   a l t i t u d e )   a n d  a l a t e r a l - d i r e c t i o n a l  s e t  (Dutch 
r o l l   o s c i l l a t i o n ,   r o l l  and  s p i r a l ' c o n v e r g e n c e s ,   a n d   p u r e   i n t e g r a -  
t i o n s   f o r   c r o s s r a n g e   a n d  yaw a n g l e )   d u r i n g   " w i n g s - l e v e l "   f l i g h t .  

The  c o r r e s p o n d i n g   c o m p l e x - v a l u e d   e i g e n v e c t o r s ,   z i ,   i n d i c a t e  
t h e   i n v o l v e m e n t   o f   e a c h   m o t i o n   v a r i a b l e   i n   e a c h   m o d e ,   s a t i s f y i n g  
t h e   e q u a t i o n  

( x i l  - F z = o ; i = l  t o  12 ) -i 
For  example,  i n  s y m m e t r i c  f l i g h t  t h e  two  complex-conjugate   e igen-  
v e c t o r s   a s s o c i a t e d   w i t h   t h e   s h o r t   p e r i o d   o s c i l l a t i o n   n o r m a l l y  
i n v o l v e   l a r g e   p i t c h  r a t e  and   normal   ve loc i ty   components  (Aq and 
w ) ,  small p i t c h   a n g l e   a n d   a x i a l   v e l o c i t y   c o m p o n e n t s  (A0 and  Au),  
and  none  of t h e  r e m a i n i n g   l o n g i t u d i n a l   a n d   l a t e r a l - d i r e c t i o n a l  
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components .   Thus ,   the  zi are  s a i d  t o  characterize t h e  "shape"  of 
each   mode ,   wh i l e   t he  X i  c h a r a c t e r i z e   t h e   g r o w t h  o r  decay of t h e  
magnitude of zi. 

S e v e r a l   e f f e c t s  of m a n e u v e r i n g   f l i g h t  c a n  be  n o t e d .  I n -  
c r e a s i n g  mean a n g l e  of a t t a c k   o r   p i t c h  r a t e  a l t e r s  t h e  time s c a l e ,  
s t a b i l i t y ,   a n d   s h a p e   o f   e a c h  mode, b u t  i t  d o e s   n o t   c o u p l e   t h e  
l o n g i t u d i n a l   a n d   l a t e r a l - d i r e c t i o n a l  se t s ,  as symmetry is main- 
t a i n e d ;   t h e r e f o r e ,   t h e  number  of  non-zero elements i n  each  zi is  
unchanged.   In t roducing  mean s i d e s l i p ,   r o l l   r a t e ,  o r  yaw ra te  
leads t o   f u l l   c o u p l i n g ,  and  it a l t e r s  a i r c r a f t   s t a b i l i t y ;   h e n c e ,  
t h e  number  of  non-zero elements i n  each  Z i  i n c r e a s e s .  I t  is 
o f t e n   f o u n d  tha t  s y m m e t r i c  v a r i a t i o n s  have g r e a t e s t   e f f e c t  on 
s t a b i l i t y   ( d u e   t o   c h a n g e s  i n  a e r o d y n a m i c   f l o w   f i e l d s ) ,  w h i l e  
asymmetric v a r i a t i o n s   h a v e   g r e a t e s t   e f f e c t  on mode shape  ( a s  a 
c o n s e q u e n c e   o f   i n e r t i a l   c o u p l i n g ) .  

F i g u r e  3 i l l u s t r a t e s   t h e   e f f e c t s   o f  a. a n d  Bo on the   open-  
loop  s t a b i l i t y  b o u n d a r i e s   o f   t h e  two a i r c r a f t  a t  a n  a l t i t u d e   o f  
6100 m .  The d i f f e r e n t   t r u e   a i r s p e e d s ,  V o ,  used i n  a n a l y s i s  have 
small e f f e c t  on t h e   s t a b i l i t y   b o u n d a r i e s ,   a l t h o u g h  t h e  d i f f e r i n g  
d y n a m i c   p r e s s u r e s   a f f e c t   t h e   n a t u r a l   f r e q u e n c i e s   a n d  time c o n s t a n t s  
of t h e  normal   modes .   Ai rcraf t  A e v i d e n c e s  a n  u n s t a b l e   p h u g o i d  
mode a t  low ct0 and a n  u n s t a b l e   D u t c h  roll mode ( d u e   t o   n e g a t i v e  
damping) a t  h igh  a ,  ( f i g .  3 a ) .  T h e s e  r e s u l t s  are  a p p a r e n t l y  
i n s e n s i t i v e   t o  small s i d e s l i p   a n g l e s ;   h o w e v e r ,   t h e r e  i s  sub- 
s t a n t i a l  change i n  mode shape   (no t   shown) .   Al though  convent iona l  
names a re  u s e d ,  t h e  "phugoid" mode c o n t r i b u t e s   t o   s i g n i f i c a n t   r o l l  
a n g l e   m o t i o n ,  and  t h e   " D u t c h   r o l l "  mode c o n t a i n s   n o n - t r i v i a l  
n o r m a l   v e l o c i t y   r e s p o n s e .  A t  h i g h e r   s i d e s l i p   a n g l e s ,   t h e r e  are  
c o u p l e d ,   u n s t a b l e   o s c i l l a t i o n s   a n d   d i v e r g e n c e s ,   w h i c h   a l s o  are 
f o u n d   i n  t h e  r e sponse   o f  Aircraft  B ( f i g .   3 b ) .  The l a t t e r  a i r -  
c r a f t  is seen t o   p o s s e s s   u n s t a b l e   D u t c h   r o l l   a n d   r o l l - s p i r a l  
o s c i l l a t i o n   b a n d s  i n  t h e   v i c i n i t i e s   o f  20- and  30-deg a n g l e  of 
a t t a c k .   B o t h   i n s t a b i l i t i e s  c a n  b e   t r a c e d   t o  l o s s  o f   d i r e c t i o n a l  
r e s t o r i n g  moments. 

F i g h t e r   a i r c r a f t  are  c a p a b l e   o f   h i g h   r o l l  r a t e ,  and  a i r  
combat   maneuvers   o f ten   inc lude   such   mot ions .   For  t h e  a i r c r a f t   t o  
r o l l   w i t h   c o n s t a n t   a e r o d y n a m i c   a n g l e s ,  t h e  roll r a t e ,  pwo,  must 
o c c u r   a b o u t   t h e  wind  x-ax is   (which  is t h e  same as t h e   s t a b i l i t y  
x - a x i s   f o r   c o n s t a n t   n o m i n a l   a e r o d y n a m i c   a n g l e s ) .   S i d e s l i p   v a r i a -  
t i o n s   a l s o  are c o n s i d e r e d ,  since p i l o t i n g   e r r o r   c o u l d  eas i ly  
r e s u l t   i n   n o n - z e r o  Bo d u r i n g  a r o l l i n g   m a n e u v e r .   B o t h   p o s i t i v e  
and   nega t ive  pw0 are  c o n s i d e r e d ,   t o   a c c o u n t   f o r   r o l l   " i n t o "  o r  
" o u t   o f "  t h e  s i d e s l i p .   ( T h e  senses are  o p p o s i t e  i n  t h e  f i r s t  
c a s e ,   i d e n t i c a l  i n  t h e   s e c o n d . )  

The s t a b i l i t y  b o u n d a r i e s   t h a t   r e s u l t   f r o m   c o m b i n e d   r o l l  r a t e  
a n d   s i d e s l i p  are shown i n  f i g u r e  4 ,  and it  is i n t e r e s t i n g   t o   n o t e  
s t r i k i n g  similarities between t h e   b o u n d a r i e s   o f   t h e  two a i r c r a f t .  
These   boundar i e s  are a n t i s y m m e t r i c   a b o u t   t h e   o r i g i n  ( a s  i n d i c a t e d  
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i n  f i g .   4 b )   b e c a u s e   p o s i t i v e   s i d e s l i p - p o s i t i v e   r o l l  r a t e  h a s   t h e  
same e f f e c t   o n   a i r c r a f t   s t a b i l i t y  as n e g a t i v e   s i d e s l i p - n e g a t i v e  
r o l l  r a t e .  B o t h   a i r c r a f t   h a v e   s t a b l e   b a n d s  near f3,=10 deg when 
pw0 is l a r g e ,  a b e n e f i c i a l   e f f e c t   o f   c o u p l i n g .   I n s t a b i l i t y  is 
s u b s t a n t i a l  when e a c h   a i r c r a f t  is s i d e s l i p p e d   " i n t o "   t h e   r o l l .  
T h e   e i g e n v e c t o r s   ( n o t   s h o w n )   i n d i c a t e   t h a t   h i g h  pw0 c a u s e s   t h e  Ap 
component   o f   the   shor t -per iod  mode t o   b e   g r e a t e r   t h a n   t h e  Aq 
component. 

R e f e r e n c e s  1 and 2 p r e s e n t   r e s u l t s   r e g a r d i n g   t h e   s t a b i l i t y   o f  
symmetric p u l l u p s   a n d  a maneuver known as a " r o l l i n g   r e v e r s a l "  
( h i g h - g   p u l l u p ,  roll, i n v e r t e d   f l i g h t ,   r o l l - o u t ,   a n d   p u l l u p ) .   B o t h  
a i r c r a f t   h a v e   l a t e r a l - d i r e c t i o n a l   i n s t a b i l i t i e s  as a r e s u l t   o f  
l a r g e   p o s i t i v e   p i t c h  r a t e .  A i r c r a f t  A p o s s e s s e s  a n  u n s t a b l e   D u t c h  
r o l l  mode du r ing   mos t   o f  t h e  22-sec  maneuver.  Aircraft  B e v i d e n c e s  
a n  u n s t a b l e   s p i r a l  mode f o r  much o f   t he   maneuver ,   w i th  a Dutch 
r o l l   i n s t a b i l i t y   d u r i n g   t h e   f i n a l   p u l l u p .   T h e s e   r e s u l t s   p r e d i c t  
i n c r e a s e d   p i l o t   w o r k l o a d   d u r i n g   m a n e u v e r i n g   f l i g h t  as a consequence 
o f   f a c t o r s   n o t   n o r m a l l y   c o n s i d e r e d   i n   s t a b i l i t y   a n d   c o n t r o l  
a n a l y s e s .  

CONTROL  RESPONSE 

C o n t r o l   i n p u t  time h i s t o r i e s   d e m o n s t r a t e   t h e  t r a n s i e n t  re- 
s p o n s e   o f   A i r c r a f t  B w i t h   i n c r e a s i n g  ao. The l a t e ra l  c o n t r o l  
i n p u t  is app l i ed   fo r   two   s econds   and   t hen   r emoved ,   and  a l l  re- 
s p o n s e s  a re  c o m p u t e d   u s i n g   t h e   l i n e a r - t i m e - i n v a r i a n t   m o d e l .  
F i g u r e  5 shows t h e   l a t e r a l - d i r e c t i o n a l   r e s p o n s e s   w h i c h   r e s u l t .  A s  
a n g l e   o f   a t t a c k   i n c r e a s e s ,   b o t h   t h e  s y s t e m  e i g e n v a l u e s   a n d   t h e  
c o n t r o l   e f f e c t i v e n e s s   v a r y .  The u n s t a b l e   D u t c h  roll mode is 
e x c i t e d  a t  a. of  20 d e g ,   a n d   t h e  yaw r a t e  r e s p o n s e  is r e v e r s e d .  
A l t h o u g h   t h e   a i r c r a f t  is a g a i n   s t a b l e  a t  25 d e g ,   t h e   c o n t r o l  
r e s p o n s e  is p o o r   d u e   t o   t h e   l a r g e   a d v e r s e  yaw r e s p o n s e .  A t  30 d e g ,  
t h e  l a te ra l  c o n t r o l   i n p u t   e x c i t e s   t h e   u n s t a b l e   r o l l - s p i r a l   o s c i l -  
l a t i o n ,   w h i c h   d o m i n a t e s   t h e   r e s p o n s e .  

A d d i t i o n a l   r e s u l t s   c o n t a i n e d  i n  r e f e r e n c e  2 i n d i c a t e   t h a t  
l o n g i t u d i n a l   r e s p o n s e   t o  l a t e r a l  c o n t r o l  is  abou t  50 p e r c e n t   o f  
d i r e c t i o n a l   r e s p o n s e   l e v e l s  when a0 and Bo are e a c h  1 0  d e g .  When 
pw0 = 75 d e g / s e c ,   t h e   r e s u l t i n g  Aq is o n e - t h i r d  as l a r g e  as Ar, 
and Aa r e s p o n s e  i s  t h r e e  times g r e a t e r  t h a n  Af3 r e s p o n s e .  

PILOTING EFFECTS 

T h e  e f f e c t s   w h i c h   t h e   p i l o t   h a s   o n  a i r c ra f t  s t a b i l i t y  c a n  
be   model led  by a c l o s e d - l o o p  s y s t e m  w h i c h   f e e d s   b a c k   a i r c r a f t  
m o t i o n s   t o   a v a i l a b l e   c o n t r o l  s u r f a c e s .  An o p t i m a l   c o n t r o l   p i l o t  
model  has been u s e d   f o r  t h i s  pu rpose  i n  r e f e r e n c e s  2 and  1 2 ,   a n d  
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i t  c o n t a i n s   t h e   f o l l o w i n g   e l e m e n t s :   a n   e s t i m a t o r ,   w h i c h   p r o -  
cesses t h e   p i l o t ' s   o b s e r v a t i o n s   t o   p r o v i d e  a n  estimate o f   t h e  
a i r c r a f t   s t a t e ;  a c o n t r o l l e r ,   w h i c h   m e c h a n i z e s   t h e   p i l o t ' s   r e g u -  
l a t i n g   f u n c t i o n s   a n d  t r a n s m i t s  t h e  r e s u l t s   t o   t h e   n e u r o m u s c u l a r  
dynamics;  and a neuromuscular   model ,   which   represents   the   dynamics  
o f   t h e   p i l o t ' s  l i m b s .  

I n v e s t i g a t i o n s   o f   p i l o t - a i r c r a f t  i n s t a b i l i t y  u s i n g   t h e   c o n -  
t r o l - t h e o r e t i c   p i l o t  model f a l l   i n t o  t w o   c a t e g o r i e s :   t h o s e  i n  
which t h e  p i l o t   f a i l s   t o   s t a b i l i z e   a n   u n s t a b l e   a i r c r a f t ,   a n d   t h o s e  
i n   w h i c h   t h e   p i l o t   d e s t a b i l i z e s  a s t ab le  a i r c r a f t .  I n  t h e   f i r s t  
c a s e ,   t h e   p i l o t ' s  time d e l a y ,   o b s e r v a t i o n   n o i s e ,   n e u r o m u s c u l a r  
time c o n s t a n t s ,   a n d   s c a n n i n g   f a c t o r s  are  i m p o r t a n t   p a r a m e t e r s .  
Assuming t h a t  t h e   a i r c r a f t ' s   l i n e a r i z e d  dynamics  have  one or  more 
u n s t a b l e   e i g e n v a l u e s ,  t h e  a n a l y s i s  determines p i l o t   p a r a m e t e r s   f o r  
w h i c h   t h e   o p t i m a l   c o n t r o l   m o d e l   f a i l s   t o   e x i s t .  The second 
c a t e g o r y  i s  r e l a t e d   t o  t h e  p i l o t ' s   a b i l i t y   t o   a d a p t   t o   c h a n g i n g  
f l i g h t   c o n d i t i o n s .   P i l o t - i n d u c e d   o s c i l l a t i o n s   ( P I O )   a n d   d e p a r t u r e s  
c a n  occur   because  a c o n t r o l   s t r a t e g y  w h i c h  is a p p r o p r i a t e   t o   o n e  
f l i g h t   c o n d i t i o n  is  d e s t a b i l i z i n g  i n  a n o t h e r .  

The c o n t r o l - t h e o r e t i c   p i l o t   m o d e l  c a n  be u s e d   t o   a n a l y z e  
n o n a d a p t i n g   p i l o t   b e h a v i o r  i n  a s t r a i g h t f o r w a r d  m a n n e r .  I n  t h e  
e x a m p l e   c o n s i d e r e d   h e r e ,   t h e   p i l o t   m o d e l ' s   c o n t r o l   s t r a t e g y  is 
f i r s t   d e t e r m i n e d  a t  a low-a, f l i g h t   c o n d i t i o n .   T h i s   s t r a t e g y  i s  
f r o z e n ,   a n d   t h e   a i r c r a f t ' s   d y n a m i c s  are  a l lowed t o  change.  The 
s t a b i l i t y   o f  t h e  p i l o t - a i r c r a f t  s y s t e m  is determined by  i t s  
e i g e n v a l u e s .  

N o n a d a p t e d   p i l o t i n g   e f f e c t s   o n   p i l o t - a i r c r a f t  s t a b i l i t y  
r e g i o n s  c a n  be p r e s e n t e d  i n  t h e   a i r c r a f t ' s  ao-Bo p l a n e .   F i g u r e  6 
shows t h e  s t a b i l i t y  r e g i o n s   u n d e r  t h e  assumpt ion  t h a t  t h e  p i l o t  
is  a d a p t e d   t o  a. = 1 0  deg  and  Bo = 0 deg.  The i n s t a b i l i t i e s  of 
t h e   l o n g i t u d i n a l  modes  (phugoid a n d  s h o r t   p e r i o d )  are  t h e  same i n  
b o t h   c a s e s ,  s ince  t h e  a v a i l a b l e   c o n t r o l  is t h e  same i n  b o t h  cases. 
F i g u r e  6 s u g g e s t s  t h a t  i f   t h e   p i l o t  model   does   no t   adapt ,  a t  some 
p o i n t  low-a. p i lo t ing   p rocedure   combined   w i th   adve r se  yaw w i l l  
c a u s e   a n   i n s t a b i l i t y .  I n  f i g u r e   6 a   t h i s   o c c u r s  a t  a0117 deg,   and 
t h e   i n c o r r e c t   p r o c e d u r e  is c h a r a c t e r i z e d  by a n   u n s t a b l e   ( c l o s e d -  
l o o p )   s p i r a l  mode. When t h r e e   c o n t r o l s  a re  u s e d ,  t h e  i n s t a b i l i t y  
due t o   i n c o r r e c t   p r o c e d u r e   d o e s   n o t   o c c u r   u n t i l  a o z  26  deg, as 
shown i n  f i g u r e   6 b .   T h e s e   r e s u l t s  are compa t ib l e  w i t h  e x p e r i m e n t a l  
r e s u l t s  o b t a i n e d  from manned s i m u l a t i o n   a n d   f l i g h t  t e s t  of 
A i r c r a f t  B .  
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STABILITY AUGMENTATION FOR  DEPARTURE  PREVENTION 

F l y i n g   q u a l i t i e s   c a n  be improved   by   us ing   an   au tomat ic  s y s -  
tem t o  c o m p e n s a t e   f o r   v a r i a t i o n s  i n  a i rc raf t  dynamic character- 
istics. C o n t r o l   l o g i c   f o r  a D e p a r t u r e - P r e v e n t i o n   S t a b i l i t y  
Augmentation  System (DPSAS) c a n  be deve loped   u s ing   op t ima l   con -  
t r o l   t h e o r y  ( r e f s .  1 and 2 ) .  The l i n e a r - o p t i m a l   r e g u l a t o r  is 
a feedback c o n t r o l  l a w  of t h e  form 

where K i s  a g a i n   m a t r i x  which scales feedback a n d   c r o s s f e e d  
terms f o r   p r o p e r   s t a b i l i z a t i o n   a n d   c o m p e n s a t i o n   o f  t h e  a i r c r a f t ' s  
motion ( r e f .  1 3 ) .  K v a r i e s   t o   m a i n t a i n   g o o d   f l y i n g   q u a l i t i e s  
f o r   l a r g e   v a r i a t i o n s   i n   m a n e u v e r i n g   c o n d i t i o n s ,   g u a r a n t e e i n g  
c l o s e d - l o o p   s t a b i l i t y   a n d   a c c o u n t i n g  f o r  a l l  s i g n i f i c a n t   l o n g i -  
tudinal/lateral-directional c o u p l i n g .  

Comparisons  of DPSAS c losed - loop   r e sponse  w i t h  open-loop 
response   o f  t h e  s u b j e c t  a i rc raf t   a re  p r e s e n t e d   i n   f i g u r e s  7 
and  8 .  Each a i r c ra f t  is pe r fo rming  a c o n s t a n t - r o l l - r a t e  maneu- 
v e r  and  is s u b j e c t e d   t o  a A B  i n i t i a l   c o n d i t i o n   o f  1 d e g .  The 
roll ra te  leads t o   s u b s t a n t i a l   l o n g i t u d i n a l   r e s p o n s e   f o r   b o t h  
a i r c ra f t ,  w i t h  Aircraf t  A e x h i b i t i n g  a l i g h t l y  damped o s c i l l a -  
t i o n   i n  t h e  unaugmented   condi t ion   and  Aircraft B p o s s e s s i n g  a 
rea l  d i v e r g e n c e .   I n   b o t h   c a s e s ,  t h e  DPSAS q u i c k l y  damps a l l  
p e r t u r b a t i o n s ,   u s i n g   g a i n s   w h i c h  are s p e c i f i c   t o  t h e  a i r c r a f t  
and f l i g h t  cond i t ion .   L inea r - t ime- inva r i an t   dynamic   mode l s  
c a n  be u s e d   t o   d e v e l o p  t h e  n e c e s s a r y   v a l u e s   o f  K t h roughou t  
t h e  f l i g h t   e n v e l o p e ,   a n d   g a i n s  c a n  be s c h e d u l e d   i n  t h e  f l i g h t  
c o n t r o l   s y s t e m   t o   m i n i m i z e   t h e   p r o b a b i l i t y   o f   d e p a r t u r e .  

CONCLUSION 

The a n a l y s i s   o f  a i r c ra f t  % l y i n g  a t  h i g h   a n g l e   o f  a t tack  
and  maneuver ra te  can  be aided b y   c o n s i d e r i n g   f u l l y   c o u p l e d  
l i nea r - t ime- inva r i an t   dynamic   mode l s .  The coup led  l i nea r  equa- 
t i o n s  are no  more d i f f i c u l t   t o   h a n d l e   t h a n   u n c o u p l e d   l o n g i -  
t u d i n a l   a n d   l a t e r a l - d i r e c t i o n a l  sets when "state-space" 
methods are u s e d ,   y e t  t h e y  c a p t u r e   s i g n i f i c a n t  aspects of  
maneuvering f l i g h t  which o t h e r w i s e   w o u l d   r e q u i r e  the s o l u -  
t i o n  of n o n l i n e a r   e q u a t i o n s  of mot ion .  New i n s i g h t s  regard- 
i n g   o p e n - l o o p   s t a b i l i t y   b o u n d a r i e s ,   h a n d l i n g   q u a l i t i e s ,   a n d  
c l o s e d - l o o p   c o n t r o l   c a n  be g a i n e d   b y   d i r e c t   e x t e n s i o n   o f  w e l l -  
e s t a b l i s h e d   m e t h o d s   o f  l inear  s y s t e m s   a n a l y s i s .  
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TERMINAL  AREA  GUIDANCE  ALONG  CURVED  PATHS - A STOCHASTIC  CONTROL  APPROACH* 

J. E.  Quaranta  and  R.  H.  Foulkes,  Jr. 
Youngstown  State  University 

ABSTRACT 

In this  paper,  stochastic  control  theory  is  applied  to  the  problem  of  de- 
signing  a  digital  flight  compensator  for  terminal  guidance  along  a  helical 
flight  path  as  a  prelude  to  landing.  The  development  of  aircraft,  wind,  and 
measurement  models  is  discussed  along  with  a  control  scheme  consisting  of  feed- 
back  gains  multiplying  estimate  of  the  aircraft  and  wind  states  obtained  from 
a  Kalman  one-step  predictor,  Preliminary  results  are  presented  which  indicate 
that  the  compensator  performs  satisfactorily in the  presence  of  both  steady 
winds  and  gusts. 

1. INTRODUCTION 

During  the  past  few  decades,  the  number  of  problems  associated  with  air- 
port  traffic  has  risen  dramatically.  Among  the  more  pressing  areas  of  concern 
are  high  noise  levels  near  airports,  fuel  conservation,  and  weather-induced 
delays,  diversions,  or  closures.  In  order  to  alleviate  some  of  these  problems, 
NASA  and  the FAA  have  jointly initiated-a long  range  research  effort,  the  Term- 
inal  Configured  Vehicle  (TCV)  program  (ref. 1). Among  the  objectives  of  the 
TCV  program  are  increased  capability  for  zero-visibility  operation,  reduced  air 
delays  and  route  time,  avoidance  of  sensitive  areas,  and  reduced  noise  source 
intensity.  These  objectives  can  be  met,  at  least  partially,  through  the  devel- 
opment  of  precise  automatic  control  along  steep,  curved  approach  paths. 

A prerequisite  to  such  precise  automatic  control  is  the  development  of  im- 
proved  ground-based  navigation  and  guidance  systems  along  with  improved  airborne 
control  systems.  The  ground  based  improvements  in  terminal  area  navigation  and 
guidance  will  be  provided  by  the  Microwave  Landing  System (MLS). The MLS will 
periodically  provide  accurate  range,  elevation,  and  azimuth  information  to  the 
on-board  control’system. 

trol  theory  to  the  problem  of  designing  an  airborne  control  system  that  uses 
the MLS data  for  terminal  area  guidance of a Boeing 737 along a  helical  flight 
path  as a  prelude  to  landing.  First, a system  model  is  presented  consisting  of 
an  aircraft  model,  wind  model,  and  measurement  model.  Next,  the  digital  compen- 
sator  design  is  presented.  Finally, a digital  simulation  showing  the  system 
response  using  the  above  compensator  is  presented. 

The  purpose  of  this  paper  is  to  present anapplicationof stochastic  con- 

2. THE 

In this  chapter  the  aircraft, 

SYSTEM  MODELS 

wind, and  measurement  models  are  developed. 

*This  work  was  supported  under NASA  research  grant  NSG  1199. 
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2 . 1   T h e   A i r c r a f t  Model 

The n o t a t i o n   i n   t h i s   s e c t i o n   f o l l o w s   c l o s e l y   t h a t   i n   E t k i n   ( r e f .  2): Thus, 
FI and FE d e n o t e   i n e r t i a l   a n d   E a r t h   r e f e r e n c e   f r a m e s ,   r e s p e c t i v e l y .  If V i s  t h e  
mass c e n t e r   v e l o c i t y   o f   a n   a i r c r a f t ,   a n d   d e n o t e   t h e   v e c t o r   q u a n t i t y  meas- 
u r e d   w i t h   r e s p e c t   t o  FI and   FE,   respec t ive ly .   Also  vEv is t h e   v e c t o r   q u a n t i t y  

e x p r e s s e d   i n   t h e  ver t ical  r e fe rence   f r ame   (Fv)   coo rd ina te s .  
The b a s i c   n o n l i n e a r   a i r c r a f t   m o d e l   c o n s i s t s  of t h e   v e c t o r   f o r c e   a n d  moment 

e q u a t i o n s ,  a set o f   k i n e m a t i c   c o n s t r a i n t s ,   i n e r t i a l   v e l o c i t y   e q u a t i o n s ,   a n d  a 
set of a c t u a t o r   e q u a t i o n s .   T h e   f o r c e   e q u a t i o n  i s  f = m a c ,  where i s  t h e  exter- 
n a l   f o r c e   a n d  i s  t h e  mass c e n t e r   i n e r t i a l   a c c T l e r a t i o n .  Assuming t h e   E a r t h  
i s  an i n e r t i a l   s y s t e m   a n d  is l o c a l l y   f l a t ,   a c  - = VE ( t h e   d o t   n o t a t i o n  means time 
d i f f e r e n t i a t i o n ) ,  so t h a t  TcB = WB + GB x V E ~ ,  where G B ~  = [p q r] ’ is  t h e  

a n g u l a r   v e l o c i t y   o f  FB and pB is t h e  mass c e n t e r   i n e r t i a l   v e l o c i t y ,   b o t h  ex- 
p re s sed   a long   t he   body  axes. The  prime  means  transpose.  

ence  frame  and v t h e  mass c e n t e r   v e l o c i t y   w i t h   r e s p e c t   t o  FA. T h e n m B  = L B ~  Vw 
+ &, where L B ~  transforms  wind-axes  components  into  body-axis  components 
( re f .   2 ) .   Hence ,  

- - 

- - 

L e t  v d e n o t e   t h e   w i n d   v e l o c i t y .  A l so ,  l e t  FA be   an   a tmosphere- f ixed   re fer -  - 

(2.1-1) 

The e x t e r n a l   f o r c e  i s  fB Z K B  + TB + mgB, where ZB i s  the  aerodynamic 
f o r c e ,  TB is t h e   t h r u s t ,   a n d  mgB is  t h e   g r a v i t y   f o r c e .   H e n c e ,   t h e   v e c t o r   f o r c e  
e q u a t i o n  is 

d 

- 
- 

- - - 
x (LBw yxq WB) + EBB X (LBwSvw WB) = AB TB + gB 

1 -  1 -  - (2.1-2) 

The v e c t o r  moment e q u a t i o n  i s  = ?;, where i s  t h e   e x t e r n a l  moment and 
is t h e   a n g u l a r  momentum. Assuming I = 0 and  neglected  and e l a s t i c  components 
of   h ,   hg = I ZBB, where I denotes   the   body-axes  moments of i n e r t i a .   T h u s ,  

- -  

(2.1-3) 

The e x t e r n a l  moment zB i n c l u d e s   t h e   e f f e c t s   o f   t h e   g u s t   a n g u l a r   v e l o c i t i e s  
pg, q g ,  and rg. T h e s e   e f f e c t s  show  up e x p l i c i t l y   i n   t h e   p e r t u r b a t i o n   m o d e l .  

The scalar components  of  (2.1-2)  and  (2.1-3)  involve  both  the  body-axes 
E u l e r   a n g l e s  4 ,  0 ,  and J, ( b a n k ,   p i t c h ,   a n d   h e a d i n g   a n g l e s ,   r e s p e c t i v e l y )   a n d  
the  body-axes rates P ,  4, and r. The two sets o f   v a r i a b l e s  are r e l a t e d  by 

4 = p + q s i n  Q t a n  0 + r c o s  Q t a n  0 

0 = q cos Q - r s i n  4 (2.1-4) 

(I = (q s i n  4 + r cos 4) sec CI 

T h e   E a r t h   p o s i t i o n  is d e s c r i b e d   i n   c y l i n d r i c a l   c o o r d i n a t e s   w i t h   o r i g i n  a t  
t h e   h e l i x   c e n t e r  a t  g round   l eve l .   The   pos i t i on  of t h e   o r i g i n  is assumed t o   b e  
known w i t h   r e s p e c t   t o  
ates ( h e l i x   r a d i u s  R ,  

R = V cos  y 

v = - cos  y * v  
R 

h = V s i n  y 

t h e  MLS o r i g i n .  The r a t e s   o f   t h e   E a r t h   p o s i t i o n   c o o r d i n -  
h e l i x   a n g l e  v ,  and a l t i t u d e   h )  are  given  by 

c o s   ( J , ~  - v)  + Wx cos  v + Wy s i n  v 

s i n  ($w - v )  - s i n  v + 2 cos v IJX 

- wz 

(2.1-5) 
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where y and $w are  wind-axes  elevation  and  heading  angles  and W,, Wy, and Wz 
are  coordinates  of  in  the  reference  frame  FE. 

The remaining  equations  result  from  modeling  the  thrust  throttle  and  sta- 
bilizer  actuator  systems.  The  thrust-throttle  relation  is  modeled  as  a  first- 
order  lag  with  a  time  constant  of 0.5 second.  Because  this  relation  is  a  lin- 
earization  about  nominal  values,  the  equation  is  given  with  the  development  of 
the  perturbation  model. In  addition,  throttle  and  stabilizer  rates  are  command- 
ed inputs, so that  throttle  and  stabilizer  positions  are  state  variables. 

The  nonlinear  aircraft  model  consists  of  the  force  equation (2.1-2),  the 
moment  equation  (2.1-3),  the  kinematic  constraints  (2.1-41,  the  inertial  velo- 
city  equations  (2.1-5),  and  the  actuator  relations.  The  model  can  be  written 
in  usual  state  variable  form  as  a  single,  nonlinear  vector  equation 

x = f (x, u, w, W) (2.1-6) 
where X = [V B a p q r I$ €I $ R v h T TT 61' is  the  total  state  vector, 
u = [ i  6e 6r  6a ~SP] is  the  commanded  input  vector, W = Lug vg  wg pg qg rg 
WR WT] ' is  the  wind  vector,  and  where B is the  sideslip  angle, a is  the  angle 
of  attack, T is  the  thrust, TT is  throttle  setting, d is  stabilizer, 6, is  the 
elevator,  6r  is  the  rudder, 6a is  the  aileron,  6sp  is  the  spoiler, ug, vg, and 
wg  are translational  gust  velocities, pg, qg, and  rg  are  rotational  gust  velo- 
cities,  and WR and WT are  radial  and  tangential  components  of  the  steady  wind, 
respectively. 

The  p,erturbation  model  consists  of  the  first-order  terms  in  a  Taylor 
series  expansion  of  (2.1-6)  about  a  descending  helical  equilibrium.  The  equi- 
librium  was  determined  under  a  zero  wind  condition  with  the  aircraft  flying  a 
"truly  banked"  turn  (ref.  2)  for  an  airspeed of64 m/sec (120 knots),  bank  angle 
of 15' and  angle  of  elevation  of -3p, using  data  for  the  Boeing  737  from  the  TCV 
program.  The  coefficients  in  the  perturbation  model  were  computed  by  evaluating 
the  appropriate  partial  derivatives  at  the  equilibrium.  The  coefficients  of 

in the  moment  equations  were  computed  by  evaluating  the  partials 
~ f Y t ~ ~ ' a ~ ~ ~ d ~ ~ a m i c  terms  in  (2.1-3)  with  respect  to  p,  q,  and r, respectively. 
Finally,  the  thrust-throttle  relation  is 6T = - 0.5 6T + 313.33 6a, where  the 
thrust  is  in  pounds,  the  throttle  setting in  degrees,  and  the "6 "  indicates  a 
perturbation  value.  The  perturbation  model  in  usual  state  variable  form  is 

& = Ax + Bu + Dolw + Do2 (2.1-7) 
where x, u, and  w  are  the  perturbation  counterparts,of  the  total  vectors X, U, 
and  W  in  (2.1-6). 

2.2  The  Wind  Model 

A s  seen  in  section  2.1,  the  wind  vector in the  aircraft  model  consists  of 
three  translational  gust  velocities ug, vg, and wg; three  rotational  gust  velo- 
cities pg,  qg, and rg; and  two  steady  wind  components  WR  and  WT. The  gust  velo- 
cities,  all of which  are  components  along  the  body-axes,  are  modeled  as  having 
the  Dryden  spectra  and  are  produced  for  simulation  and  filter  design  purposes 
by a  linear  system  processing  white  noise. A s  an  example  of  the  linear  system 
design,  consider  the  gust  velocity ug, normalized  by  the  equilibrium  airspeed 
Ve. The power  density  spectrum  of  the  normalized ug  is $,(w) = (2LUou.  /Ve ) 
/(1 + (LuW/Ve ),  where Su is  the  rms  gust  velocity, Lu is  a  turbulence  scale 
factor,  and w is  the  frequency  variable  in  radlsec. Now, if  a  linear  system 
with  transfer  function H(jo) = 1/(1 + j w  Lu/Ve)  is  subjected  to  a  white  noise 

2 3  
2 
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input  with  variance  02 = (2Luau2/Ve3),  the  output  is a random  process  with  the 
spectrum I$u (w)  (ref. 3 ) .  A system  with  the  required  transfer  is  described  in 
state-variable  form  by  Awl = (-Ve/Lu)  xwl + (Ve/Lu) <13 w1 = +I, where <I is a 
mean  zero  white  noise  process  with  variance  (2Luau2/Ve ) ,  xwl  is a  state  vari- 
able,  and  w1  is  the  output  having  the  required  spectrum.  The  remaining  gust 
velocities  are  generated  in a similar  manner. 

tial  components of the  steady  wind,  which  are  related  to  the  north  wind  WN  and 
east  wind WE by  the  spiral  angle v: 

A s  indicated  in  the  previous  section,  WR  and  WT  are  the  radial  and  tangen- 

WR = WN COS v + WE sin v (2.2-1) 
WT = WN  sin v - WE cos v 

Thus,  WR = - v WT  and  WT = v WR.  For  the  simulation  purposes,  north  and  east 
winds  are  selected  and  WR  and  WT  are  computed  using  equations  (2.2-1).  For  the 
filter  design,  because  a  constant-coefficient  wind  model  is  desired  and  the 
equilibrium  wind  is  zero, WR and  WT  are  approximated  by 

(2.2-2) 

where +e is  the  equilibrium  spiral  angle  rate,  which  is  constant  and  equal  to 

Putting  together  the  gust  system  equations  and  the  steady  wind  equations 
Ve COS Ye/Re- 

(2.2-2)  yields a time-invariant,  linear  wind  model  of  the  form Gw = A, xw + Bw< 
and w = C, x,, where < is  the  white  noise  vector  generating  the  gusts,  xw  is  the 
state  vector of the  wind  model,  and w is  the  wind  vector  used  in  the  perturba- 
tion-model.  In  order  to  use  xw in the  perturbation  model  equations, w = % 
and 1.7 = & Aw  Xw + cw % < are  substituted  into  equation  (2.1-7)  to  give a com- 
bined  aircraftjwind  model: 

(2.2-3) 

where DO = Dol & + Do2 % A, and Dl = Do2 Cw B, 

2.3  The  Measurement  Model 

Measurements  available f o r  control  purposes  consist of the MLS data  (range, 
azimuth,  and  elevation)  and a number  of  on-board  sen5or  readings.  The  total 
measurement  vector  is Y = [ t r  Az €1 p q r I$ 8 I/J v hb  hb 2, j;, i'B]', where tr, A z ,  
EL are  the MLS data;  p, q, r are  angular  velocities  from  rate  gyros; 9 ,  0 ,  I/J are 
bank  angle,  pitcb,  and  heading  from  position  gyros; V is  an  airspeed  indicator 
reading,  hb  and  hb  are  barometric  altimeter  and  vertical  speed  indicator  read- 
ings;  and s ~ ,  y ~ ,  i ' ~  are  body-mounted  accelerometer  readings. 

the  total  state  variables  as  equilibrium  values  plus  increments  and  expressing 
the  measurements  in  terms  of  the  states. In order  to  compute  the MLS data,  it 
is  assumed  that  the k, A z ,  and EL are  measured  with  respect  to a common  origin 
and  that  the  helix  center  is  known  with  respect  to  that  origin. If the  ground 
coordinates  of  the  helix  center  with  respect  the MLS origin  are  (xo, yo), then 

The  total  measurements  are  computed  for  simulation  purposes  by  computing 
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& =  d (xo + R COS v ) ~  + (yo + R sin v) + hz 

I: - 1 - 
yo + R sin v 
x. + R cos v Az = tan-' 

I h 
EX = tan-1 ' L (xo + R cos v>2 + ( y o  + R sin v>2 J 

where R, v,  and h  are  coordinates 10, 11, and 12 of  the  total  state  vector, 
The  fourth  througb  eleventh  measurements  are  the  same  as  total  states. 

Also  hb = Ve sin  ye + x12,  where  the  derivative x12  is computed  from  equation 
2.2-3). Finally,  expressions  for  the  accelerometer  readings  are  obtained  by 
writing  out  the  scalar  components  of  the  acceleration ZcB from  equation (2.1-1). 

In the  simulation,  the  measurements  are  generated  using  the  above  relations 
alongwithrandom noise  effects.  Except  for  the  airspeed  and  vertical  speed 
indicators,  the  noise  is an  additive,  white,  mean  ze-ro  Gaussian  process  with 
standard  deviation  as  shown  in  Table 1 (ref. 4 and 5). The  airspeed  and  verti- 
cal  speed  indicator  noises  are  multiplicative,  where  the  indicated  measurement 
is  obtained  by  multiplying  the  actual  measurement  by a  normal  random  variable 
of  mean 1 and  standard  deviation  as  given  in  Table 1. 

The  incremental  measurements  to  be  used  with  the  perturbation  model  are 
calculated  by  subtracting  the  equilibrium  measurement  values  from  the  total 
measurements  discussed  above  except  for  the  first  three  incremental  measurements. 
For these  first  three,  total  helix  radius R, helix  angle  v,  and  altitude  h  are 
computed  from  range,  azimuth,  and  elevation  using  the  following  equations: 

R =  ,/ (IL cos EL cos AZ - xo)2 + (f~ cos EL sin AZ - yo)2 

y = tan-' 

h = IL sin €1 
[ 1 cos EL sin AZ - yo 

k cos EL sin Az - x. 

Then  the  equilibrium  radius,  angle,  and  altitude  are  subtracted  to  generate  the 
incremental  measurements. 

The  fifteen  incremental  measurements  are  linear  functions  of  x  and x,. 
Hence,  the  incremental  measurement  veccor  y  can  be  written  as y = C, + C, Xw+ v, 
where  v  is  a  noise'term  whose  coordinates  are  assumed  to  be  white,  mean  zero 
Gaussian  processes  with  standard  deviations  that  are  the  same  as  for  the  total 
measurements  except  for  the  noise  terms  in y1, y2,  y3, y 1 0 ,  and  y12  (see  Table 
1) * 

3 .  THE  CONTROL  SYSTEM  DESIGN 

Using  the  aircraft,  wind,  and  measurement  models  presented in the  previous 
chapter,  the  total  system  model  is 

i(t) = Ax(t) + Bu(t) + Dow(t) + D1c(t) (3-1) 

;JW = &w(t> + B&t) (3-2) 
y(t) + Cx(tj + Cww(t) + v(t)  (3-3) 

where x, u, w and y sre  the  state,  control,  wind  disturbance,  and  measurement 
vectors  resp., v(t) is a  white,  Gaussian  vector  of  measurement  noise  and <(t) is 
a white,  Gaussian  noise  vector  that  drives  the windsystemand corrupts  the  air- 
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craft  system.  The  matrices A,  B y  Do, Dl, 45, %, C  and C, are  time-invariant 
with  appropriate  dimensions. 

The  problem  of  designing  a  feedback  compensator  is  posed  as  the  usual  lin- 
ear,  stochastic  regulator  problem.  For  the  regulator  problem,  a  quadratic  cost 
functional  of  the  form 

is  used,  where E is  the  expectation  operator,  the  prime  denotes  the  transpose, 
and  both Q and  R  are  positive  definite,  time-invariant  weighting  matrices.  The 
problem  can  now  be  stated  as  follows.  Given  the  linear  system  of  equations 
(3 -1  to 3 - 3 ) ,  find  a  control  u  such  that  the  cost  functional J of  equation (3 -4 )  
is  minimized. 

tions ( 3 - 1  to 3-4)  into  their  discrete-time  equivalents.  This  is  done  for 
several  reasons.  First,  a  digital  compensator  is  desired  since  the  on-board 
computer  is  digital  and  any  control  algorithm  must  be  compatible  with  a  digital 
system.  Secondly,  the MLS data  is  only  provided  periodically.  Therefore,  the 
measurement  system  is  inherently  a  discrete-time  one.  Finally,  a  digital  simu- 
lation  is  used  to  test  each  design.  Therefore,  the  discrete-time  equivalent 
difference  equations  make  the  simulation  very  easy  to  implement  on  a  digital 
computer. 

tions  and  cost  functional  over  each  sampling  period  (ref. 6 ) .  

discrete-time  equations  are 

The  first  step  in  solving  this  problem  is  to  transform  the  system  of  equa- 

The  equivalents  are  obtained  by  integrating  the  system  differential  equa- 

If we  restrict u(t) to be  constant  over  the  sampling  period,  the  resultant 

xk+l = $xk + r 2  Wk + rl Uk + ck (3 -5 )  

wk+l = $w Wk qk (3 -6 )  
where  the  subscript k denotes  the kth  sample  and [EL ~$1' is  a  mean  zero , 
white  noise  sequence  whose  variance  depends  on  the  variance of the  continuous 
noise  vector s(t). 

from  the  continuous  time  equation: 
The discrete-time  equivalent  measurement  equation  can  be  obtained  directly 

y = CXk + CWWk + Vk (3 -7 )  
Finally,  the  discrete-time  equivalent  of  the  cost  functional (3 -4 )  can  be 

written  as  a  sum  of  n  integrals.  The  resultant  expression  for  the  cost  func- 
tional  becomes : 

Note  that,  since  the  original  system  and  cost  matrices  are  time-invariant, 

The  problem  can  now  be  restated  as  follows.  Find a control  sequence  uk 
so are  the  discrete-time  system  and  cost  matrices. 

which  minimizes  the  cost  functional J in  equation (3-8) subject  to  the  con- 
straints  that  the  state  equations (3 -5 ,  6 ,  7) must  be  satisfied  and  that  {uk) 
must  explicitly  depend  only  on  the  past  measurements yk = {yo, y1, ..., yk-l), 
where  Vk  is  a  zero-mean,  Gaussian,  white  noise  sequence  independent  of 
[ C i : n i l '  - 

The above  system of equations ( 3 - 5 ,   6 ,   7 ,  8) can  be  augmented  to  obtain  a 
form  very  similar  to  the  discrete  linear  quadratic  Gaussian  stochastic cmtrol 
problem.  However,  if  the  normal  method of solution  is  applied,  an  important 
difficulty  surfaces. The total  system  may be  unstable  and  uncontrollable  due 
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t o   a n   u n s t a b l e  wind  system.  Therefore, i f  the augmented  system i s  solved  with 
an   uns t ab le  wind   sys tem,   the   so lu t ion   to   the  Riccati  equat ion   d iverges   due   to  
the   p re sence   o f   uns t ab le   and   uncon t ro l l ab le   po le s .   Bu t ,   unde r   ce r t a in  con- 
d i t i o n s   t h e   g a i n s  w i l l  be  bounded. 

t r o l  problem  described  previously exists and i s  given by: 
It can  be shown ( r e f .  6 ) t h a t   t h e   s o l u t i o n   t o   t h e   s t o c h a s t i c   o p t i m a l  con- 

where xk and wk are one-step  predicted estimates of Xk and Wk given  by: h h 

It should  be  noted  that   the   above  gain  equat ions  remain  val id   for   any  i -s tep 
p red ic t ed  estimate (where i = 0 r ep resen t s  a f i l t e r e d  estimate). The one-step 
predic t ion-was   used   here   in   o rder   to   account   for   computa t iona l   de lays   p resent  
i n   t h e  on-board  computer. 

Also,  the  equat ions  above are of a r ecu r s ive   na tu re .   The re fo re ,  a t  each 
sampl ing   ins tan t  a new opt imal   ga in  i s  c a l c u l a t e d .  To implement t h i s  would 
r e q u i r e   s t o r i n g  a l l  t he   i n t e rmed ia t e   va lues  of   each   ga in   mat r ix .   This ,   in   tu rn  
would r e q u i r e  a g r e a t e r  amount  of s t o r a g e   t h a n  is  norma l ly   ava i l ab le   fo r  small, 
on-board  computers.  For  these  reasons, a subopt imal   design was used   cons is t ing  
of   on ly   the   s teady  s ta te  ga ins   ob ta ined  when the   i ndex   on   t he   r ecu r s ive  rela- 
t i o n s   t e n d s   t o   i n f i n i t y .  

It should   be   emphas ized   tha t   the   op t imal   cont ro l   for  a sys t em  wi th   d i s tu r -  
bances  consis ts   of  two p a r t s .  The f i r s t   p a r t   f e e d s   b a c k  s ta te  estimates mult i -  
p l i e d  by an  opt imal   gain Hk. This   gain i s  e x a c t l y   t h e  same as would  have  been 
c a l c u l a t e d   w i t h  no d i s tu rbance   p re sen t .  The second term feeds   back   t he   d i s tu r -  
bance estimates mul t ip l i ed  by a ga in  Hwk, which  depends  on  the  disturbance. 

The next  step is  t o   o b t a i n   t h e  state and  wind estimate. This  is accom- 
p l i shed  by f i r s t  augmenting  the  discrete-t ime  equations (3-5, 6 ,  7 ) :  

xk is a wh i t e   no i se  cerm represent ing   model ing   e r ror .  

p red ic t ed  estimates of Xk+l and Wk+l are given by the   equa t ions  below: 
Given  the  past  measurements Yk, i t  can  be shown ( r e f . 7  ) t ha t   t he   one - s t ep  

[ ""] = [ ':fl] [:E] f [ 21 Uk + Lk { yk - [c i  &] [ ?]} 
'k+l 01 9, 

where x. = mo = E {xo}, wo = 0 ,  and A A 
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er ror ,   and   ck   can   be   found  by   so lv ing   the  Riccat i  type  equat ion: :  

j = O ,  1, 2 ,  .... 
r e c u r s i v e .   F o r   t h e  same r e a s o n s   d i s c u s s e d   p r e v i o u s l y ,  a s u b o p t i m a l   p r e d i c t o r  
was implemen ted   u s ing   on ly   t he   s t eady  s t a t e  s o l u t i o n s   t o   t h e   a b o v e   e q u a t i o n s .  

t he   ma in   conce rn   becomes   t e s t ing   t o  see i f   t h e   c h o s e n   c o s t  matrices l e a d   t o   a n  
a c c e p t a b l e   s y s t e m   r e s p o n s e   o r   i f   t h e y   m u s t   b e   m o d i f i e d   t o   a c h i e v e   t h i s   g o a l .  
The d i g i t a l   s i m u l a t i o n   d e s c r i b e d   i n   t h e   n e x t   s e c t i o n  w i l l  p r o v i d e   t h e   f i n a l  
s t e p  of t h e   d e s i g n   p r o c e d u r e   s a t i s f y i n g   t h e   a b o v e   t e s t i n g   a n d   m o d i f i c a t i o n  
requi rements .  

It mus t   be   no ted   t ha t ,  as w i t h   t h e   c o n t r o l   e q u a t i o n s ,   t h e s e   e q u a t i o n s  are  

Now t h a t   t h e   o p t i m a l   c o n t r o l s   h a v e   b e e n   d e f i n e d   f o r   s p e c i f i c   c o s t  matrices 

4 .  SIMULATION  RESULTS 

T h e   m a i n   o b j e c t i v e   c o n s i d e r e d   i n   g e n e r a t i n g   t h e s e   r e s u l t s  was t o   d e s i g n  
t h e   c o n t r o l   s y s t e m  s o  t h a t   t h e   a i r c r a f t   p o s i t i o n  w a s  k e p t   c l o s e   t o   t h e   e q u i l i b -  
r ium i n   t h e   p r e s e n c e   o f   v a r i o u s   s t e a d y   w i n d   m a g n i t u d e s .   T h u s ,   t h e   o b j e c t i v e  was 
t o   k e e p   t h e   h e l i x   r a d i u s ,   a l t i t u d e ,   a n d   a i r s p e e d   p e r t u r b a t i o n s  small w h i l e  
a l l o w i n g  some of  t h e   o t h e r   p e r t u r b a t i o n s ,   s u c h  as t h e   a l t i t u d e   v a r i a b l e s ,   t o  
become r e l a t i v e l y   l a r g e .  

i n c r e a s i n g   s t e a d y   w i n d s ,   T h r e e   s i m u l a t i o n   r u n s  were made wi th   s teady   wind   ve lo-  
c i t ies  of 3.05 m/sec (10 f t / s e c ) ,  6 . 1  m/sec ( 2 3  f t / s e c ) ,   a n d  12.2 m/sec ( 4 0  
f t / s e c ) .  The rms g u s t   v e l o c i t y   i n  a l l  r u n s  was 0.61 m/sec ( 2  f t / s e c ) .  The 
r e s u l t s  i n  T a b l e  2 i n d i c a t e   t h a t ,  as t h e   s t e a d y  wind i n c r e a s e s ,   t h e  maximum 
d e v i a t i o n s   i n   t h e   b a n k   a n g l e ,   h e a d i n g   a n g l e ,   a n d   h e l i x   a n g l e   a l s o   i n c r e a s e   p r o -  
p o r t i o n a l l y ,   w h i l e   t h e  maximum d e v i a t i o n s   i n   h e l i x   r a d i u s ,   a l t i t u d e ,   a n d  a i r -  
s p e e d   i n c r e a s e  a t  a much smaller ra te .  

The r e s u l t s   i n   T a b l e  3 show t h e   i m p o r t a n c e   o f   t h e   c o n t r o l   g a i n   m a t r i x  H, 
i n   c o n t r o l l i n g   t h e   a i r c r a f t   i n   t h e   p r e s e n c e   o f   w i n d s .  Two r u n s  were made w i t h  

The f i r s t  set o f   r e s u l t s   ( T a b l e  2 )  shows how t h e   c o n t r o l   s y s t e m  reacts t o  
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12.2  m/sec (40 ft/sec)  winds,  one  with H, used  in  the  control  scheme  and  one 
without G. As  the  results  indicate,  the  Hw  term  in  the  control  calculations 
has a  large  effect in providing  satisfactory  control  in  the  presence  of  winds. 

5. CONCLUDING REMARKS 

A  linear,  time-invariant  perturbation  model  of an aircraft  flying  a  des- 
cending  helix in the  presence  of  winds  was  developed. An automatic  control 
system  was  designed  through  an  application  of  the  linear-quadratic-Gaussian 
discrete-time  regulator  theory. 

Using a  performance  criteria  including  maintaining  a  circular  ground 
track  of  correct  radius  as well as maintaining  proper  altitude  and  airspeed, 
preliminary  simulation  results  have  shown  that  the  control  system  can  perform 
satisfactorily  in  the  presence  of  steady  winds  without  excessively  large  devi- 
ations in other  variables,  such  as  bank  and  pitch  angles. 
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TABLE 1. MEASUREMENT  NOISE  STANDARD  DEVIATIONS 

MEASUREMENT 

Range 

Azimuth 

Elevation 

Helix  Radius 

Helix  Angle 

Altitude 

Rate  gyros  (P, q, r) 

Bank  .gyro 

Pitch  gyro 

Heading  gyro 

Airspeed  (total) 

Airspeed  (incremental) 

Barometric  altimeter 

Vertical  speed  indicator  (total) 

Vertical  speed  indicator 
(incremental) 

Accelerometer  (SB, ZB) 

Accelerometer (vB) 

NOISE  STANDARD  DEVIATION 

.305 m (1 foot) 

0.41 x rad 

0.61 x  rad 

1.52  m (5 feet) 

rad 

3.05 m (10 feet) 

0.1 deg/sec 

0.5  deg 

0.15 deg 

1. deg 

.02 

.02 ve 
8.38 m (27.5  feet) 

.05 

.05 l& e 

4 . 9 1  cm/sec2 (. 161 ft/sec2) 
.491 cm/sec2 (.016 ft/sec2) 
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TABLE 2 .  EFFECT  OF  STEADY WINDS 

Steady  Wind Magnitude, m/sec ( f t / s e c )  

Maximum Per tu rba t ion   Magn i tude  

Bank ang le ,   deg  

Heading   angle ,   deg  

H e l i x   a n g l e ,   d e g  

Airspeed ,  m/sec ( f t / s e c )  

H e l i x   r a d i u s ,  m ( f t )  

A l t i t u d e ,  m ( f t )  

3.05  (10) 

2.0 

9.1 

5.2 

1.7  (5.6) 

5.6  (18.3) 

7.3  (24.0) 

6.1  (20) 

3 .1 

16.3 

9.7 

1.4  (4.5) 

7.3 (24.0) 

8.1  (26.7) 

12.2  (40) 

6.7 

31.4 

19.5 

2.0 (6.6) 

11.0 (36.0) 

10.0 (32.8) 

TABLE 3. EFFECT OF  CONTROL GAINS % 

I 2 

Maximum Per tu rba t ion   Magn i tude  w i t h o u t  w i t h  % 7.7 
Airspeed ,  m/sec ( f t / s e c )  

16.0  (52.4) 10.3 (33.8) A l t i t u d e ,  m ( f t )  

81.7  (268.1) 11.3  (37.0) H e l i x   r a d i u s ,  m ( f t )  

3.2  (10.4) 2.1  (6.8) 

, 1 
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